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Introduction 


This monograph deals with certain aspects of the general theory of systems. We develop 
the ergodic theory (i.e., the theory of quasiinvariant and invariant measures) in such infinite- 
dimensional vector spaces which appear as models of various (physical, economic, genetic, 
linguistic, social,etc.) processes. The methods of ergodic theory are successfully applied 
to study properties of such systems. For example, the problem of measurability is directly 
connected with notions and methods of the theory of games (in this context, see, e.g., the 
Steinhauss-Mycielski determinateness axiom about the existence of winning strategy [81], 
Banach-Masur’s infinite game on the real axis [124] and so on). The foundation of the 
ergodic theory was stimulated by the necessity of a consideration of the problem of statis- 
tical mechanics and was directly connected with works of G.Birkhoff (1943), Kryloff and 
Bogoliuboff (1946), E.Hoph (1949) and other famous mathematicians. 


Our XXI century can be called a century which intensively applies improvements in 
the mathematical theory of information transmission. In this theory the following one- 
dimensional linear stochastic system 


E(t,@) = O(t) + A(t, @) 


is under consideration, where t € T C R, H is any topological vector space,@ is a vector 
subspace of H7, (0(t))rer € © C H” is a useful signal, 


(A(t, -) rer :Q—H" 


is any Gaussian process (so called a “white noise”) defined on the probability space 
(Q, F ,P). Let us denote by u a probability Baire measure in HT defined by 


(VX)(X € Ba(H’) > u(X) = P({@: (A(t,@)):er € X})), 


where Ba(H" ) denotes the Baire o-algebra of subsets of H”. 
In information transmission theory the general decision is that the Baire measure A, 
defined by the transformed noise 


(Elt, Jer: Q —> HT 
coincides with any shift uo, (9o € ©) of the measure u, i.e., 
(YX) (X € Ba(H7) — M(X) = ua (X)), 


where ue (X) =u(X — 98o) for X € Ba(H"). 
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A good estimation of the parameter 89 can be obtained by the so-called optimal estima- 
tion 6: HT — © which satisfies the following condition 


(v0) (0 € © > po({(x(1) rer : O((x(4) rer) = (8(t))rer}) = 1). 


Actually, a necessary condition for existence of optimal estimation is © N Q(u) = 
{0}, where Q(u) denotes the group of all admissible translations (in the sense of quasi- 
invariance) of the measure u and 0 denotes the zero of HT. Consequently, there arises the 
necessity of consideration of the group Q(u) for investigation of the general problem of 
the filtration of the observed stochastic process. In this direction similar problems were 
discussed in the works of J. von Neumann (1935), S. Kakutani (1943), V. Sudakov (1959), 
J. Feldman (1966), I. Rozanov (1968), Xi Dao Xing (1972), A. Skorokhod (1975), H. Shi- 
momura (1975), A. Kharazishvili (1985) and so on. At the present time a rich methodol- 
ogy of quasiinvariant measures has been created which essentially is applied for investi- 
gation of actual problems of the general theory of infinite-dimensional systems (see, e.g., 
[31],[64],[80],[88],[161],[178] ). 


For some time, an application of the methods of the theory of invariant measures 
in infinite-dimensional topological vector spaces was impossible because of a such an 
“elementary” reason that the problem of the definition of partial analogs of Lebesgue 
measures in such spaces was open and was connected with a number of difficulties. Hence, 
mathematicians were focused on the following problem: 


What measures in infinite-dimensional topological vector spaces can be assumed as 
partial analogs of the n-dimensional classical Lebesgue measure (defined on the Euclidean 
vector space En)? 


In this direction, the results of I. Girsanov and B. Mityagyn [50] and Sudakov [170] 
about nonexistence of nontrivial translation-invariant 0-finite Borel measures in infinite- 
dimensional topological vector spaces were very important. Their results asserted that the 
properties of o-finiteness and of translation-invariance were not consistent. Supported by 
this result, one group of mathematicians was forced to weaken the property of translation- 
invariance for analogs of the Lebesgue measure and was trying to construct nontrivial © 
-finite Borel measures which are invariant under everywhere dense linear manifolds. In this 
context, a result of A. Kharazishvili [87] was of special interest. He constructed a nontrivial 
o-finite Borel measure in infinite-dimensional separable Hilbert space £2 which is invariant 
under an everywhere dense linear manifold consisting of eventually zero sequences. The 
second group of mathematicians has investigated the problem of the existence of nontrivial 
translation-invariant measures on such spaces without the property of o-finiteness. In this 
direction, the results of C. Rogers [155] and D. Fremlin [45] were of interest. 

The necessity of the consideration of Borel measures on infinite-dimensional topologi- 
cal vector spaces (which are not 0-finite) can be based on the following discussion: 

Let B be an infinite-dimensional separable Banach space. Let P be any sentence for- 
mulated for elements in B and let u be any probability Borel measure on B. Let us discuss 
what information the following sentence yields 


“u-almost every element of B satisfies the property P.” 
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Note here that if B is separable then an arbitrary non-zero 0-finite Borel measure defined 
on B is concentrated on the union of countable compact subsets (Fk)zen in B (cf.[86]) 
and for arbitrary k € N there exists a vector vg € B which spans a line Lx such that every 
translation of L; meets Fẹ in at most one point(cf.[70],p.225,Fact 8). In such a way, the 
support of u may be regarded as the union of a countable family of “surfaces”. Hence, 
the information provided by above-mentioned sentence, in general, may be very poor. For 
this reason to study the behavior of various general systems defined in infinite-dimensional 
separable Banach spaces in terms of any partial 0-finite Borel measure is not recommended 
and needs to extend the measure theoretic terms “measure zero” and “almost every” in terms 
of such Borel measures, which are not concentrated in the poor sets. In this direction, we 
focus on partial analogs of Lebesgue measures ( which are translation-invariant and quasi- 
finite, but are not o-finite) in infinite-dimensional separable Banach spaces and introduce 
new classes of null sets in terms of such measures in Solovay’s model. Note that the support 
for such a measure is prevalence in the sense of [70]. The o-ideal of null sets generated by 
such a measure is contained in the class of shy sets introduced by J.Christensen [29] and 
in general, above-mentioned information formulated in terms of such a measure is more 
reliable then analogous information formulated in terms of any non-zero o-finite Borel 
measure. Here we demonstrate also that every shy set defined by any finite-dimensional 
probe is a quasi-finite Lebesgue null set, too and give the new interpretations of several 
interesting early obtained results in terms of partial analogs of Lebesgue measures. 

Above-mentioned discussions concerned with quasiinvariant and invariant measures, 
show us the necessity of an investigation of their main properties. The present monograph 
deals with certain aspects of above-mentioned theory and some of their applications. Prob- 
lems considered in this monograph are actual and considered in a large number of publica- 
tions. 

Here we assume that the reader is acquainted with main methods of the measure the- 
ory, of the various set-theoretical formal systems techniques and infinite combinatorics, 
elements of group theory and of functional analysis, which has been systematically applied 
in this monograph. 

In 1948 Kakutani (cf.[79]) characterized a group of all admissible translations (in the 
sense of quasiinvariance) of the Borel probability product-measures in RY, where RY de- 
notes a vector space of all real-valued sequences equipped with Tykhonoff topology. This 
method has remained a powerful tool to characterize a group of all admissible translations 
of Borel probability measures with domains in various infinite-dimensional vector spaces 
(cf.[31],[39],[52],[165]). Similar problems are under consideration for Borel extensions of 
the probability product-measures in R® (in the case of an arbitrary parameter set &). The 
main technique of our investigation, which applies the Kakutani method, is supported also 
on the specific properties of Tykhonoff topology. Using this method a general assertion 
is obtained, such that one result of A.Kharazishvili [88] may be obtained as its partial re- 
alization. In 1981 the French mathematician M. Talagrand [171] proved that an arbitrary 
cylindrical Gaussian measure u defined in R’ is t-smooth for an arbitrary parameter set 
I. This result immediately implies that the measure has a unique Borel extension in R’. 
Here we present a different proof of this result for canonical Gaussian measures and give 
its several interesting applications. 
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By using the method of separating families of real-valued functions, we present the 
solution of the problem of the existence of Radon quasi-invariant probability measures in 
the topological space R’ for card(7) > c, where c denotes the cardinality of the continuum. 
Using the method of an isomorphic embedding we give a construction of such nontrivial ©- 
finite Radon measures in R° which are invariant under everywhere dense vector subspaces. 
We give also a description of a linear manifold of all admissible (in the sense of invariance) 
for a sufficiently large class of 6-finite Borel measures in RY. 

Here we also give a construction of a standard translation-invariant Borel measure in 
RY, which obtains the value one on the infinite-dimensional cube [0,1[‘. Actually, we are 
free from the demand of o-finiteness, because the space R is covered by the uncountable 
family of pairwise disjoint shifts of [0,1{’. Measures with above-mentioned properties are 
adopted as partial analogs of the Lebesgue measure in the infinite-dimensional topological 
vector space RY. Partial analogs of the Lebesgue measure in general Banach spaces are 
assumed as translation-invariant Borel measures which obtain the numerical value one on 
the unit sphere or on the standard infinite-dimensional parallelepiped ( generated by any 
basis ). The fundamental works of English mathematicians C. Rogers[155] and D. Fremlin 
[45] are devoted to problems of the existence of such measures. Here we consider the 
following problem posed by C. Rogers (1998): 


Does there exist a such translation-invariant Borel measure in €° which obtains the 
numerical value one on the closed unite sphere? 


An approximate solution of this problem is given in this monograph. In particular, 
applied methods of the theory of a Haar measure, a construction of a translation-invariant 
Borel measure defined in £” is given in the well-known Solovay’s [167] model such that this 
measure takes the value 1 on the unite sphere. Note that many problems of this area of math- 
ematics are intersected with the problems of the theory of shy-sets elaborated by B.R. Hurt, 
T. Sauer and J.A. Yorke in [70]. We demonstrate that in Solovay’s model an arbitrary set of 
Vp -measure zero is shy-set in lp, where v, denotes a such translation-invariant Borel mea- 
sure in l, (p > 1), which yields a numerical value one the compact set [];< n|- z; zH]. 
It is showed also that the opposite relation is not valid. A detailed description of some new 
results obtained in the theory of shy-sets is given in this monograph. 

Here we give a construction of various invariant extensions of Haar measures. This con- 
struction is based on the combinatorial methods of infinite sets. This method has recently 
been successfully used in different areas of mathematics. Among them, special mention 
should be made of the method of construction of a maximal (in the sense of cardinality) 
family of independent sets in an arbitrary infinite basic space. The question of the existence 
of a maximal (in the sense of cardinality) family of independent subsets of E was considered 
by A. Tarski [107]. He proved that this cardinality is equal to 2¢ard(£) This result found 
an interesting application in general topology by means of which it was proved that in an 


arbitrary infinite space the cardinality of the class of all ultrafilters is equal to 2 acide), Us- 
ing the method of independent sets in the case of the Euclidean space E,,, A. Kharazishvili 
constructed a maximal (in the sense of cardinality) family of orthogonal elementary D,,- 
invariant extensions of the Lebesgue measure [85]. E. Szpilrajn (E. Marczewski)[169] was 
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the first who suggested the method of a construction of nonseparable extensions of the 
Lebesgue measure /,,. In 1950 S. Kakutani, J. Oxtoby [80], later K. Kodaira and S. Kaku- 
tani [99] constructed nonseparable invariant extensions of the Lebesgue measure. In 1974, 
the method of independent sets was used by A.Kharazishvili to construct an example of a 
nonelementary D,,-invariant extension of the Lebesgue measure u such that the topological 
weight of the metric space (dom(w),p,,) associated with the measure u was maximal (see, 
e.g., [84],[85]); 

In this monograph, the method of independent sets of A. Tarski is generalized and 
successfully used to construct a maximal family of orthogonal invariant (elementary and 
nonelementary) extensions of the Haar measure defined on an arbitrary locally-compact 
o-compact topological group. One method of the construction of nonelementary invariant 
extensions of the Haar measure is considered, by means of which we solve the following 
problem posed by A.B. Kharazishvili [85] in 1977: 


Does there exist a D -measure u in the Euclidean space such that some u-measurable 
subset has only one point of density with respect to the Vitali standard system generated by 
the family of all n-dimensional cubes of the space R” ? 


In the general theory of statistical decisions there often arises a question of transition 
from a weakly separated family of probability measures to the corresponding strictly sepa- 
rated family. In 1981 A. Skorokhod [73] obtained a result which stated that if the Contin- 
uum Hypothesis is true then an arbitrary weakly separated family of probability measures, 
whose cardinality is not greater than the cardinality of the continuum is strictly separated. 
In this monograph we show that a converse relation is also valid. In particular, we demon- 
strate that if an arbitrary weakly separated family of probability measures whose cardinality 
is less or equal to the cardinality of the continuum is strictly separated, then the Continuum 
Hypotheses is true. Applying Martin’s axiom, in 1984 Z. Zerakidze [180] proved that an 
arbitrary weakly separated family of Borel probability measures defined in the Polish space 
is strictly separated if its cardinality is not greater than the cardinality of the continuum. 
In this monograph, we give a generalization of this result for such complete metric spaces 
whose topological weight are not measurable in the wider sense. 

The following aspects of measure theory are considered in this monograph: 


1. The methods for the construction of some dynamical systems in infinite-dimensional 
vector spaces; 

2. The behavior of dynamical systems under motion generated by one parameter groups 
of transformations of corresponding spaces and an investigation their some properties (for 
example, invariance, quasi-invariance, ergodicity, metrical transitivity, stability in the sense 
of Poisson, topological stability, stability in the sense of Steinhauss, uniqueness property, 
analogue of 0-1 law, strict transitivity property, separation property, essential uniqueness, 
etc); 

3. An analog of Lioville’s theorem in infinite-dimensional vector space RN and a de- 
scription of the class of all continuous asymmetrical unit impulses under the action of which 
the designated phase flows preserve the conservation property; 
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4. A discovering of the deep connections between dynamical systems and various for- 
mal systems of mathematical logic and set theory (for example, Zermelo-Fraenkel’s model, 
Martin’s model, Solovay’s model, Mycielski-Steinhaus model, etc.); 

5. Some applications of the techniques of infinite combinatorics (independent families 
of sets, almost disjoint families of sets, separating families of functions, etc.) to measure 
extension problems and the method of construction of various (elementary, nonelementary, 
separable, nonseparable) invariant extensions of the Haar measure; 

6. An investigation of the property of quasi-invariance of the entered and trans- 
formed signals (“white noise”, Gaussian process) in terms of Gaussian measures on infinite- 
dimensional vector spaces. 

7. An elaboration heuristic algorithm for the “Taxonomy” problem to recognize forms 
in the Martin-Solovay’s model and some of its applications in information theory to recog- 
nize the form of entered and transformed white noise. 
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Chapter 1 


Basic Concepts 


In this preliminary chapter we introduce and recall some notations and elementary facts 
from set theory, general topology and measure theory. We will systematically use these 
facts in our further considerations. 

The symbol ZF denotes the so-called Zermelo-Fraenkel set theory which is one of the 
most important formal systems of axioms in modern set theory (cf. [12]). The basic notions 
of the Zermelo-Fraenkel system are sets and the membership relation € between them. The 
ZF system consists of several axioms which formalize various properties of sets in terms of 
the relation €. We are not going to point out here the precise list of these axioms and will 
actually work within the framework of the so-called “naive set theory”. 

The symbol ZFC denotes the Zermelo-Fraenkel theory with the Axiom of Choice AC. 
In other words, ZFC is the theory 

ZF&AC, 


where AC stands for the Axiom of Choice. 

Presently, one is well aware of the fact that the ZFC theory forms the basis of all modern 
mathematics, i.e., almost all modern mathematical areas can be developed starting with 
the ZFC theory. The Axiom of Choice is a very powerful set-theoretical assertion which 
gives rise to many unusual and interesting consequences. Sometimes, in order to get some 
required result, we do not require the whole power of the Axiom of Choice. In such cases, 
it is sufficient to apply one of its weak forms. 

If x and X are any two sets, then the relation x € X means that x belongs to X. In this 
situation we also say that x is an element of X. 

The relation X C Y means that a set X is a subset of a set Y. 

The relation X C Y means that a set X is a proper subset of a set Y. 

If R(x) is a relation depending on an element x (or, in other words, R(x) is a property 
of an element x), then the symbol 


{x : R(x)} 
denotes the set (the family, the class) of all those elements x for which the relation R(x) 


holds. 
The symbol @ denotes as usual the empty set, i.e., 


0={x:x £x}. 
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If X is any set, then the symbol P(X) denotes the family of all subsets of X, i.e., we 
have 
P(X) ={Y 2Y CX. 


The set P(X) is also called the power set of a given set X. 
Let X and Y be any two sets. Then as usual: 


X UY denotes the union of X and Y; 


X MY denotes the intersection of X and Y; 
X \ Y denotes the difference of X and Y; 
X AY denotes the symmetric difference of X and Y,i.e., 
XAY = (X\Y)U(Y \X). 


Let X be an arbitrary nonempty set and R be some class of its subsets. The class R is 
called a ring of subsets of X if the following condition holds: 


(VX 1)(VX2)(X1 ER & X E R — (Xı UX? € R) & (Xi NX € R) &(Xı \X2 € R)). 


If the condition X € R holds too, then a ring % is called an algebra of subsets of X. 
A ring (an algebra) Xt is called a o-ring ( 6-algebra) of subsets of X if 


(Vk) (VX) (k EN & Xg ER Upen Xe € R). 


A measurable space is a pair (E, S), where E is a nonempty set and S is an o-algebra 
of subsets of E. Each element X of S is called a measurable subset of E. 
We place 
X xY =4(x,y):xEX,y EY}. 


The set X x Y is called a Cartesian product of given sets X and Y. 
In a similar way, applying recursion, one can define the Cartesian product 


Xi XX. X- -XXn 


of a finite family {X1, X2,- -- ,Xn} of arbitrary sets. 

If X is a set, then the symbol card(X) denotes the cardinality of X. Sometimes card(X) 
is also called the cardinal number of X. 

@ is the first infinite cardinal (ordinal) number. In fact, œ is the cardinality of the set 


N = {0,1,2,---,n,---} 


of all natural numbers. Sometimes it is convenient to identify the sets w and N. 

œ; is the first uncountable cardinal (ordinal) number. Notice that, as usual, œ; is iden- 
tified with the set of all countable ordinal numbers (countable ordinals). 

Various ordinal numbers (ordinals) are denoted by 


a,B,Y,5,-°°- 
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Let & be an ordinal number. We say that o is a limit ordinal if 


a = sup{B:B < a}. 


The cofinality of a limit ordinal is the smallest ordinal € such that there exists a family 


{04 21 <6} 


of ordinals satisfying the relation 
O <a (1<&), 


a = sup{a, :1 < E}. 


The cofinality of a limit ordinal & is denoted by the symbol c f(a). 
Clearly, we have the inequality 
cf(a) <a 


for all limit ordinal numbers &. 
A limit ordinal number © is called a regular ordinal if 


cf(a) =a. 
A limit ordinal number © is called a singular ordinal if 
cf(a) <a. 


For example, œ and @, are regular ordinals (cardinals) and @j is a singular ordinal 
(cardinal). 

If k is an arbitrary infinite cardinal number, then the symbol k* denotes the smallest 
cardinal among all those cardinals which are strictly greater than k. For example, we have 


ot =o! ,@2 =(01)* 


Kees 


The symbol Q denotes the set of all rational numbers. 

The symbol R denotes the set of all real numbers. If the set R is equipped with the stan- 
dard mathematical structures (order structure, algebraic structure, topological structure), 
then R is usually called the real line. 

Let n be a fixed natural number. The symbol R” (respectively, $”) denotes as usual the 
n-dimensional Euclidean space (respectively, the n-dimensional Euclidean unit sphere). 

Let X and Y be two sets. A binary relation between X and Y is an arbitrary subset G of 
the Cartesian product of X and Y, i.e., 


GCXxY. 


In particular, if X = Y, then we say that G is a binary relation on the basic set X. 
For a binary relation G C X x Y, we put 


pri (G) = {x: (3y) (x,y) € G)}, pro(G) = ty: (Ax) (x,y) € Gf. 
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It is clear that 
G C pr, (G) x pr2(G). 


The Axiom of Dependent Choices is the following set-theoretical statement: 


If G is a binary relation on a nonempty set X and, for each element x of X, there exists 
an element y of X such that (x,y) € G, then there exists a sequence (Xo,x1,--+ ,Xn,--+) of 
elements of X such that (Xn,Xn41) € Gforalln EN. 


The Axiom of Dependent Choices is usually denoted by DC. Actually, the statement 
DC is a weak form of the Axiom of Choice which is completely sufficient for most areas 
of classical mathematics: geometry of a finite-dimensional Euclidean space, mathematical 
analysis of the real line, the Lebesgue measure theory and so on. 

We will consider some important results and facts from measure theory which have 
various interesting applications to the theory of invariant and quasiinvariant measures in 
infinite-dimensional vector spaces. 

The following notion of a specific kind of partial ordering frequently turns out useful in 
studying various questions of measure theory and general topology. 

A partial ordering (7, x) is called a tree if T has the least element and, for each y € T 
the set {x € T : x < y} is well-ordered by <. The least element of T is called a root of T. 
For any ordinal number o the o-th level of T is the set 


Ty ={y: {x ET : x< y} has order type a}. 


The height of a tree is a least ordinal & such that the &-th level of T is empty. 

Let A be a non-empty set and let œ be an ordinal. A complete A-ary tree of height o, 
which consists of all functions from Up oA? and is ordered by inclusion, is denoted by A™®. 
If A = {0; 1}, then complete A-ary trees are called binary trees. 

Any linearly ordered subset of the tree (T, <) is called a branch in T. A subset P of T 
is called a path through the tree T if P is a branch and contains exactly one element from 
each nonempty level of T. 

The following fundamental statement was established by König (cf.[25]). 


Theorem 1.1 Suppose that (T, <) is a tree of height œ such that all levels of T are finite. 
Then there exists a path through T. 


Proof. Let xo be the root of T. For each n € @\ {0}, we can recursively pick an element 
Xn € T, such that x, > x,_1 and the set 


{YET 2x, <y} 


is infinite. This is possible since every level T, of T is finite. Then (x, )nen is a path through 
T. 


Let us recall some notions which are necessary to formulate the Axiom of Determinacy. 

An arbitrary subset A C @® determines a game of type G4 between two players denoted 
by Z and JI. A game of type G4 is described as follows: 

Player J writes a natural number dag. His opponent player Z, knowing the number ao, 
writes a number a1. Player 7, knowing the number a; and remembing his number ao, writes 
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his new number a2. Further, player II, looking at aọ,a1,a2, writes a number a3, and so 
on. In this infinite game, the sequence of natural numbers & = (aọ,a1,: +- ,) is obtained. 
If this summarizing sequence belongs to the set A, then player Z wins a game of type G4. 
Otherwise, player JI wins this game in other cases. 

Various kind of games (for example, chess, checkers and so on) can be represented by 
the above scheme. 

Let ©) be the set of all finite sequences of natural numbers, including an empty set. 
The last set can be considered as a sequence of length zero. 

A function © : @) — o is called a strategy in the game of type Ga. 

Let © be a strategy for the player Z and t be a strategy for the player //. 

According to the strategies © and T, we have 


ao =0(0), 


aı = (ao) = 7(0(0)), 
a = 0(a0, a1) = 6(0(0),t(0())),--- 
A function o : o®) — @ is called a winning strategy for the player Z if 
(a0,41,42,° j -) EA 


for an arbitrary strategy t for the player JI. 
Analogously, a function t : @œ®) — @ is called a winning strategy for the player J if 


(a0,41,42,°-*) ¢A 


for an arbitrary strategy © for the player Z. 

An infinite game of type G4 is called determined if there exists a winning strategy for 
at least one of two players in this game. 

The Axiom of Determinacy (denoted by AD) is the assertion that every infinite game of 
type G4 (for arbitrary A C w®) is determined. 


The classical theorem of Mycielski and Swierczkowski is formulated as follows. 


Theorem 1.2 If the Axiom of Determinacy is valid, then every subset of the real axis R 
is Lebesgue measurable. 


The proof of Theorem 1.2 can be found in [81]. 
The following result is a simple consequence of Theorem 1.2. 


Theorem 1.3 The Axiom of Determinacy contradicts the Axiom of Choice. 
The symbol ¢ denotes the cardinality of the continuum, i.e., 

c = 2® = card (R). 
The Continuum Hypothesis (shortly, CH) is the assertion that 


c = 0]. 
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K. Gödel showed that the (ZFC) & (CH) theory is consistent since it is valid in the Con- 
structible Universe (see [77]). On the other hand, P. Cohen showed that the 


(ZFC)&(-=CH) 


theory is also consistent (see [26],[27]). Hence the sentence CH is independent of the ZFC 
theory. 

A stronger form of the Continuum Hypothesis is the Generalized Continuum Hypothe- 
sis, denoted by GCH, which states that 


(Vk > w)(2* =k*). 


K. Gédel also showed that the (ZFC) & (GCH) theory is consistent because it is valid in 
the Constructible Universe [53]. 

From the moment it turned out that the Continuum Hypothesis was independent of 
ZFC, the issue of adding new axioms became really unbalanced. While the Continuum 
Hypothesis is an extremely powerful assertion, perhaps even too strong, its negation is 
rather weak. Hence a natural necessity arose to find an appropriate axiom which even in the 
absence of the Continuum Hypothesis could give tools efficient enough for mathematical 
constructions. Martin’s axiom turned out to be a very good candidate to fill this place. 

To formulate Martin’s Axiom, we need some notations and definitions. 

Let P be an arbitrary nonempty set. 

A binary relation of G C P x P is called an equivalence relation on P if the following 
three conditions hold: 

1) (p,p) € G for all elements p € P; 

2) (p,q) € G and (q,r) € G imply (p,r) € G; 

3) (p,q) € G implies (q, p) € G. 

If G is an equivalence relation on P, then the pair (P,G) is called a set equipped with an 
equivalence relation. 

Obviously, if G is an equivalence relation on P, then we have a partition of P canonically 
associated with G. This partition consists of the sets 


G(p) (p €P), 


where G(p) denotes the section of G corresponding to an element p € P; in other words, 


G(p) = {4: (p,q) € G}. 


Conversely, every partition of the set P canonically defines an equivalence relation on 
P. 

Let P be an arbitrary set and let G be a binary relation on P. We say that G is a partial 
order on P if the following three conditions hold: 

1) (p,p) € G for each element p of P; 

2) (p,q) € G and (q,r) € G imply (p,r) € G; 


3) (p,q) € G and (q, p) € G imply p =q. 
Suppose that G is a partial order on a set P. As usual, we write 


pxq iff (p,q) EG. 
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The pair (P, <) is called a partially ordered set. 

Let (P, <) be a partially ordered set. We say that a set D C P is dense in P if for each 
p EP there is q € D with p = q. (This is actually the density in the topological sense for a 
suitable topology on P, viz., that having as a base all sets of the form {p : p = q}, where 
q€P). 

A set D C P is called a subnet if for arbitrary two elements pı € P and p2 € P there 
exists an element q € D such that pı < q and p2 < q. Two elements p and q are called 
compatible if there is an element r € P such that p xr and q xr. Finally, we say that (P, x) 
satisfies the countable chain condition (or, simply, c.c.c.) if every uncountable subset of P 
contains at least two compatible elements. 

Martin’s Axiom usually denoted by MA is the following statement: 

If (P, <) is a partially ordered set satisfying c.c.c. and (Di)icr is a family of dense 
subsets in P with card(I) < 2, then there is a subnet D C P which intersects each Dj. 

The Continuum Hypothesis readily implies Martin’s Axiom. Indeed, let us assume CH. 
Let (P, <) be any partially ordered set and let (D,,)nc@ be any sequence of dense subsets of 
P. Then we can recursively construct an increasing sequence (P,)new of elements of P such 
that p, € Dn for each n € œ. Now, put 


D={peEP: (An €)(p, X p)}. 


Evidently, D is a subnet in P which intersects every D,. 

Martin and Solovay proved that the statement (MA)&(—=CH) is consistent with 
ZFC (see, e.g. [77]). 

Let E be a basic set (in general, E is assumed to be infinite) and let T be a topological 
structure on E, i.e., a topology on E. As a rule, the pair (ET) is called a topological space. 

Let (E,T) be an arbitrary topological space. 

We say that a set X C E is nowhere dense (in E) if int(cl(X)) = 0. 

We say that a set Y C E is a first category subset of E if Y can be represented in the 
form Y = UnewYn, where all Y,(n € œ) are nowhere dense subsets of E. 

We say that a set Z C E is a second category subset of E if Z is not a first category 
subset of E. 

Let us consider some facts from general topology which we will need to make use of in 
the sequel. It is understood that the reader knows some elementary facts and notions from 
this area of mathematics, for instance, such notions as continuous mapping, separation 
axioms and their corresponding classes of topological spaces (Hausdorff spaces, regular 
spaces, completely regular spaces, normal spaces and other spaces), quasi-compactness, 
metrizability of a topological space, completeness for metric spaces and so on (see, e.g., 
[34] or [83]). 

The notion of quasi-compactness is one of the most important ones among the topolog- 
ical notions listed above. Let us recall that a topological space E is quasi-compact if every 
open covering of E contains a finite subcovering of E. 

A space E is called compact if it is Hausdorff! and quasi-compact at the same time. 
There are a lot of remarkable theorems connected with the notion of quasi-compactness. 
The main one, of course, is the classical Tykhonoff theorem. 


‘A topological space G is called Hausdorff if for arbitrary two different points x,y € G there exists open sets 
G, and Gy such that x € Gy, y € Gy and Gy NG, = 0. 
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Theorem 1.4 (Tykhonoff) The topological product of an arbitrary family of quasi- 
compact spaces is a quasi-compact space. Conversely, if the topological product of the 
family of nonempty spaces is quasi-compact, then each of these spaces is quasi-compact. 

The proof of this theorem can be found in [34] or [82]. 


Theorem 1.5 (Banach) Let E be any topological space and let (V;) icy be any family of 
open first category subsets of E. Then the union V = Uje,V; is an open first category set, 
too. 


The proof of this theorem is given in [25]. 
From Theorem 1.5 we immediately obtain the following result. 


Theorem 1.6 Any topological space E can be represented as the union 
E=E,UVE), 


where the set E; is an open first category subset of E, the set E> is a closed Baire subspace 
of E and E; QE, =9. Similarly, any topological space E can be represented as the union 


E = Ef UE3, 


where the set Ef is a closed first category subspace of E, the set E3 is an open Baire 
subspace of E and EX NE; = 9. 


The following classical definition plays one of the main roles in this work. 
Let E be any topological space and let X be a subset of E. We say that the set X has the 
Baire property in E if X can be represented as 


X =(VUY)\Z, 


where V is an open subset of E£, and Y and Z are first category subsets of E. It is easy to see 
that a set X C E has the Baire property if and only if there exist an open set V C E anda 
first category set P C E such that 

X =VAP. 


The class of all sets which have the Baire property in E will be denoted by the symbol 
B(E) and the class of all first category subsets of E- by the symbol K(E). 
It is easy to prove the following theorem. 


Theorem 1.7 The class B(E) is ao-algebra of subsets of E. This o-algebra is generated 
by the union T(E) UK(E), where T(E) is the topology of the space E. 


Let us recall that the Borel o-algebra of a topological space E is the o-algebra generated 
by the topology T(E). The Borel o-algebra of the topological space E is denoted by the 
symbol B(E). Every element X € B(E) is called a Borel set in E. 

It is clear that the inclusion 

B(E) C B(E) 


always holds true. 
Let (E1,S1) and (E2,S2) be two measurable spaces and let f be a mapping from E; into 
E2. We say that f is a measurable mapping if 


(VX)(X € S2 > f-1(X) € S1). 
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We say that a mapping f : E; — E> is a measurable isomorphism from E; onto E> if f 
is a measurable bijection and the inverse mapping f~! is measurable, too. 

Let E; and E> be two topological spaces. We can consider two measurable spaces 
(E,,B(E,)) and (Ez, B(E2)). Let f be a mapping from E; into E>. Let us recall that f is 
called a Borel mapping if f is a measurable mapping from E; into E>. 

We say that a mapping 

f i Ei —> Ez 


has the Baire property if, for each open set V C Eo, the set f7! (V) has the Baire property 
in the space EF. 
It is easy to show that the following statement is true. 


Theorem 1.8 Jf E; and E are topological spaces and if f is a mapping from E; into 
En, then the next three statements are equivalent: 

1) the mapping f has the Baire property; 

2) for any closed set Z C E; the set f~'(Z) has the Baire property in the space E,; 

3) for any Borel set Z C E, the set f7! (Z) has the Baire property in the space E). 

In particular, any Borel (hence, any continuous) mapping f : E; — E> has the Baire 


property. 
The following useful result is valid. 


Theorem 1.9 Let E; and E be two topological spaces such that E> satisfies the second 
countability axiom (i.e., there exists a countable base for T(E )). Let f be a mapping from 
E; into E2. Then the next two statements are equivalent: 

1) the mapping f has the Baire property; 

2) there exists a first category set Z C E; such that the restriction of the mapping f to 
the set E; \ Z is continuous. 


The proof of Theorem 1.9 can be found in [25]. 
Now we introduce some simple cardinal-valued functions describing various properties 
of topological spaces. We put 


(E) = inf{card(B) : B is a base of T (E) } + @; 
c(E) = sup{card(B) : B is a family of pairwise disjoint nonempty open sets 
in E} +0; 
d(E) = inf{card(X) : X is a dense subset of E} + @; 
mo(E) = inf{card(B) : B C T(E) \ {0} and B is coinitial in (T(E) \ {0}, C)}+o. 
These functions are usually referred to as: 
@(E) is the weight of a space E; 


c(E) is the Suslin number of a space E; 
d(E) is the density of a space E; 


T(E) is the t-weight of a space E. 
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A topological space E is said to satisfy the Suslin condition if c(E) = œ. 

A topological space E is called separable if d(E) = ©. 

A family B C T(E) \ {0} is said to be a m-base of the topological space E if B is a 
coinitial subset of (T(E) \ {0}, ©) 

The following inequalities are obvious: 


c(E) <d(E) < 1@(E) < @(£). 


As is well known, for a metric space E all these inequalities become equalities (see, 
e.g., [25]). 
It is also easy to prove that the inequality 


card(E) < 22) 


holds for any Hausdorff topological space E. 


Example 1.1 Let & be any infinite cardinal. Let us consider the space R“ equipped 
with the product topology. It can be shown that this space satisfies the Suslin condition, i.e., 
c(R“) = œ. Moreover , if a = 2°, then it can be shown that the space R is separable, i.e., 
d(R“) = œ. Indeed, in that case the space R“ can be identified with the space RO) consist- 
ing of all real functions defined on [0,1], equipped with pointwise convergence topology. 
Using, for instance, the classical Weierstrass theorem on approximation, we deduce that 
the countable set of all polynomials on [0,1] with rational coefficients is dense in the space 
ROU, 

If a > 2®, then the topological space R® is not separable but, as mentioned above, it 
always satisfies the Suslin condition. 


Next, we will introduce one notion which is important for our purposes and plays a 
remarkable role in classical descriptive set theory. 

A topological space E is a Polish space if E is homeomorphic to a complete separable 
metric space. 

It is clear that any compact metric space is a Polish space. In particular, the Cantor 
discontinuum {0, 1 }® (where the set {0, 1} is equipped with the discrete topology) is a Polish 
space. The space œ® = N®, where N is equipped with the discrete topology, is another 
standard example of a Polish space. The space N® is usually called the canonical Baire 
space. It is not difficult to prove that N® is homeomorphic to the set of all irrational numbers 
inR. 

The following statement contains topological characterizations of some important met- 
ric spaces. 


Theorem 1.10 The following three statements hold: 

1) any nonempty Polish space is a continuous image of the space N®; 

2) any nonempty compact metric space is a continuous image of the Cantor discontin- 
uum {0,1}°; 

3) any separable metric space is topologically contained in the Hilbert cube {0, 1]®. 

The proof of Theorem 1.10 can be found in [25]. 

In context of Theorem 1.10 the following proposition is of some interest (cf. [94]). 


Basic Concepts 11 


Theorem 1.11 An arbitrary infinite-dimensional separable Banach space H is the con- 
tinuous linear image of the space lı, where 


li ={(xn)kew E RY & Yuen [xe] <}. 


Let us consider some facts from measure theory. 

A measure of a set is a generalization of the notion of length of an interval, area of 
a plane figure, and volume of a three-dimensional body. The notion of a measurable set 
appeared in real function theory during investigations and generalizations of the concept of 
an integral. A standard example of a measure is the Lebesgue measure on the real line R 
defined by Lebesgue in 1902. It extends the notion of interval length to a much wider class 
of subsets of R. This class of sets contains all Borel and all analytic subsets of the real line 
and many other subsets of R (see e.g.[112]). 

Let E be a nonempty basic set, let S be any algebra of subsets of E, and let u be a 
function from S into the extended real line 


R= RU {—c, +00} 


such that 
card(ran(u) N { 29, +00}) < 1.? 


We say that u is finitely additive (or, simply, additive) if for every finite family 
{X1,--- Xn} C S of pairwise disjoint sets, we have 


n 
H(UEL1X) = Ya(X). 
i=l 
Similarly, we say that u is countably additive (or o-additive) if for every countable 
family {X; : i € I} C S of pairwise disjoint sets such that Uj-7X; € S we have 


oo 


u(Uic1Xi) = } u(Xi). 
i=l 


Finally, we say that a function u : S — R* is a measure (defined on the algebra S) if the 
following conditions hold: 

a) u(0) =0; 

b)(VX)(X € S — u(X) > 0); 

c) u is ©-additive. 

A measure space is a triple (E,S,u), where E is a nonempty basic set, S is an o-algebra 
of subsets of E and u is a measure on S. 

A measure u is called 0-finite if there exists a countable family {X, : n E€ N} of subsets 
of S such that 

UnenXn = E, (Wn € N)(u(Xn) < +). 


A measure u is called finite if 
(VX)(X € S > p(X) < +e). 


2ran(u) = {u(X) : X € S}. 
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We say that a measure u is a probability measure if u(E) = 1. 
We say that a measure u is complete if for every X € S with u(X) = 0 we have 


(VY)(Y CX =YES). 


A measure u is called nonzero (nontrivial) if u(E) 4 0. 
A measure u is called nonatomic if 


(VX)(X € S & U(X) > 0 > (IY)(Y CX &Y ES & 0 < u(Y) < u(X))). 


A measure u is called diffused (or continuous) if 


(Vx) (x € E > ({x} E€ S & u({x}) = 0). 


For any nonzero measure u we denote 


L(u) = {X : (AY)(X CY &Y € S & u(Y) =0)}. 


If S is a o-algebra, then it is clear that the class L(u) is a o-ideal > of subsets of E. 
Moreover, one can see that the measure u is complete if and only if L(u) C S. 

The members of the class L(u) are called u-measure zero sets or u-negligible sets. 

For every measure v, there exists the smallest (with respect to inclusion) complete mea- 
sure u extending v. The measure u is called a completion of the original measure yu. 

The following fact is fundamental for the whole measure theory. 


Theorem 1.12 (Carathéodory) Let u be a measure on an algebra S of subsets of the 
basic set E. Then there exists a measure extending the original measure u onto the ©- 
algebra generated by the algebra S. If the original measure u is 6-finite, then this extension 
is unique. 


The proof of Theorem 1.12 is presented e.g. in [11], [37], [54]. 
Suppose that u is a measure on the algebra S of subsets of E. We define a real-valued 
function u* on the class P(E) by the formula 


u* =inf{ } u(Yn) : {Yn:n EN} CS & X C UnewYn}. 
neEN 


This function is called a outer measure associated with u. 


We say that a subset Z of E is w*-measurable if, for any set X C E, the following 
Carathéodory condition holds: 


u*(X NZ) tut (XN (E\Z)) =H" (X). 


It can be shown that the class of all u*-measurable sets Z C E is a o-algebra of subsets 
of E which contains the original algebra S. Moreover, the function u* considered only on 
the class of all u*-measurable sets is countably additive and therefore it is a measure. It also 


3The class T of subsets of E is called o-ideal if the following conditions hold: 
ajE¢€T; 
b) (VX)(VY)(XET&YCX >YET); 
c) if Xg E€ T fork € N then Ugen X E€ T. 
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extends the original measure u and is complete. These facts immediately imply Theorem 
1.12. It is sometimes useful to consider, along with outer measures, their dual object, the 
so-called inner measure. Recall that if the original measure u is defined on a o-algebra, then 
a function u, defined on the class P(E) by the formula 


U(X) = sup{u(Y):YeS&YCxX} 


is called a inner measure associated with u. 
A set X C E is called u-massive (or a set with a full outer measure with respect to u) if 
the equality 
u.(E\X) =0 
holds. It is easy to see that when we have a finite measure u, a set X C E is u-massive if and 
only if 
u"(X) =4(E). 
The complements of u-massive subsets of E can be successfully applied to various 
problems connected with measure extensions. 
The following statement is valid. 


Theorem 1.13 Let (E,S,u) be a measure space and let I be a o-ideal of subsets of E 
such that 
(VY)(Y €l—u,(Y) =0). 
Then the formula 
V(XAY) = u(X) (X €S,Y ET) 


correctly defines a measure v on the o-algebra S(T) which extends the original measure u, 
where S(I) denotes, as usual, the o-algebra generated by the class SUI. 


The proof of Theorem 1.13 is given e.g. in [25], [85]. 

Let E be again a basic set and let S be a o-algebra of subsets of E. The pair (E,S) is 
usually called a measurable space. 

A real function f on E is called S-measurable if, for every Borel set X C R, the set 
f'(X) is in S. The simplest examples of S-measurable functions are characteristic func- 
tions /y defined by 


1, ifxeY; 
r=] 0, ifx¢Y, 


where Y € S. 
Any linear combination of several characteristic functions is called a step function. 
The following theorem shows that the class of all S-measurable functions is closed 
under all natural algebraic operations. 


Theorem 1.14 Let E be a basic set and let S be some o-algebra of E. Suppose that 
®:RxR—R 


is a B(R x R)-measurable function, and suppose that f and g are two S-measurable func- 
tions. Then the function h : E — R defined by the formula 


h(x) = ®(f(x),8(x)) (x € E) 
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is S-measurable, too. 


The proof of Theorem 1.14 can be found e.g. in [25]. 
Let f : E — R be a function. We put 


f* (x) =max{f(x),0} (x € E), 
f(x) =max{—f(x),0} (x € E). 


It is evident that 
0< f+ OSF, ff S. 
From Theorem 1.14 it follows at once that the function f is S-measurable if and only if 
both functions f* and f~ are S-measurable. 
The class of S-measurable real functions is also closed under limit operations: if (fi)new 
is any sequence of S-measurable functions and 


f= lim fa, 8 = inf fn, h = sup fr, 
n n n 


then f, g and h are also S-measurable functions. 

Let (E,S,u) be a measure space, letX be a u-measurable subset of E, and let f : E — R 
be an S -measurable and nonnegative function. 

The w-integral of the function f on the set X is defined by the formula 


fdu= sup{)? inf(f|X,) x u(Xn) : {Xn :n E N} C Sis a partition of the set X }. 
X n 


In many cases, the real number f fdu is also denoted by the symbol 
X 


f 1o 


Suppose now that f : E — R is any S-measurable function. Then we put 


| tae= | Fdu- f fdu 


if at least one of the integrals from the right-hand side of this equality is finite. If both 
integrals from the right-hand side of this equality are finite, then we say that the function f 
is integrable on the set X, and the real number fy fdu is called a u-integral of f on the set 
X. We say that the function f is u-integrable if it is u-integrable on the whole basic set E. 
The class of all u-integrable functions on E is a Banach space with respect to the norm 


l= [t+ de 


Of course, we identify here the functions which are equivalent with respect to the mea- 
sure u, i.e., we identify the functions which coincide almost everywhere (with respect to u) 
on the basic set £E. 
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We expect the reader to know some standard facts about integrable real functions such 
as the Lebesgue theorem on majorated convergence, the Fatou lemma, absolute continuity 
of integrals, etc. 

Let us take one more look at the notion of a measure space with a o-finite measure. 
Suppose that (E, S,u) is such a space and assume that u(E) = œ. Let {X,:n€N}CSbea 
countable family of pairwise disjoint sets, such that U,cyX, = E and 


0 <p(X,) < + 
for each n € N. Let us consider the measure v on the o-algebra S defined by the formula 


1 u(XNXn) 


v(X) iLa e (X €s). 


Observe that v is a probability measure on S. If X is an arbitrary set from S, then v(X) > 
0 if and only if u(X) > 0. In this case we say that the measures u and v are equivalent. 

Let I be a nonempty set of indices and suppose that ((E;, Si,ui))icz is a family of proba- 
bility spaces. In the usual way, we define the product 


(E,S,u) = [ [(Ei; Siu) 
ic] 
of this family of measure spaces. 
Let E = J] E; be the Cartesian product of the family of basic sets (E;)jc7. A subset X of 
ic] 
E is called a rectangle if it can be represented in the form 


X= []%. 
ic] 
where X; € S; for every i € J and the set 
{icI: X; # Ei} 


is finite. 

The family of all rectangles X of E is denoted by the symbol Pp and the family of all 
finite unions of rectangles - by the symbol P. Obviously, the family P is an algebra of 
subsets of E generated by Pp. We define a function 


u: Po — R 


by the formula 
u] [X= ] Jux). 
icl icl 
It is easy to verify that the function u can be uniquely extended to a o-additive function 
on the algebra P. We denote this extension by the same symbol u. Hence, by Theorem 1.8, 
the measure u can be extended to the uniquely termined measure on the o-algebra S = o(P). 


The latter o-algebra is denoted by []$;. The extended measure defined on the o-algebra 
ic] 
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I] S; is denoted by Į] u; and is called a product measure of the family of measures (u;)iez. 
icl icl 
The product of the family (£;,S;,u;)icy is the measure space 


(Qe: [] Si [ [eo 
ier iT iT 


Now, we recall another classical fact from measure theory, namely, the well-known 
Fubini theorem, which reduces the integration of real functions on the product measure 
space to the integration on the factors. 


Theorem 1.15 (Fubini) Let (E1,S1,u1) and (E2,S2,u2) be two measure spaces with 
0-finite measures and let 


(E,S,u) = (E1,S1,u1) X (E2,S2,"2). 


Suppose that f : E — R is a u-integrable function. Then: 
1) for uy-almost every x € E; the function 


y — f(x,y) (y € E2) 


is un-integrable; 
2) for un-almost every y € En the function 


x — f(x,y) (x€ E1) 


is u;-integrable; 
3) the function 


x— | foy)dn0) 
Ez 


is u;-integrable and the function 


is u2-integrable; 
4) the equality 


[iftam = [Cf aydm) = 


E Ey Ey Ei 


=| J f(x,y)d(ui(x) x u2(y)) 
Ei xE 


holds. 


Analogously, one can formulate and prove the Fubini theorem for the product of finitely 
many measure spaces with o-finite measures. 
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Let S be a given o-algebra of subsets of a basic set E. A function 


v:S— R 


is called a signed measure on S if 
a) v(0) = 0; 
b) card(ran(v) N { 2°, +00}) < 1; 
c) v is G-additive. 


The next result actually reduces the notion of a signed measure to the usual notion of 
measure 


Theorem 1.16 (Hahn) Suppose that v is a signed measure on a 6-algebra S of subsets 
of the basic set E. Then there exist two sets A C E and B C E, such that: 

1) ANB=0,AUB=E; 

2) AES,BES; 

3) for every X € S we have V(ANX) > 0 and v(BNX) <0. 


The decomposition {A,B} of the basic set E, corresponding to the given signed measure 
v, is called a Hahn decomposition of E with respect to v. 
We define 
vt (X) =v(XNA) (X €85), 


Vv (X) =—v(XNB) (X €85). 


It is obvious that vt and v~ are ordinary measures on the o-algebra S. Moreover, we 
have 
v=vi-v. 
Hence any signed measure v can be represented as a difference of two ordinary mea- 


sures. This representation is called a Jordan decomposition of the signed measure v. 
Note that the function |v| defined by the formula 


|v] = vt +v 


is a measure on the o-algebra S and is called a total variation of a given signed measure v. 
We say that a signed measure v is 0-finite if there exists a family (X,)nen C S such that 
UnenXn = E and |v|(X,) < +% for every n € N. 
Suppose now that (£,S,) is a measure space and v is a signed measure on the same 
o-algebra S. We say that v is absolutely continuous with respect to u if 


(VX €S)(u(X) = 0 — v(X) =0). 


The next result plays an important role in modern analysis and the probability theory. 


Theorem 1.17 (Radon-Nikodym) Suppose that (E,S,u) is a measure space with a ©- 
finite measure and v is a 0-finite signed measure on S, absolutely continuous with respect 
to u. Then there exists a u- measurable function f : E — R such that for every X € S we 
have 


v(X) = l Tas 
X 
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The function f is called Radon-Nikodym derivative of the measure v with respect to u 
and is denoted by ae 

Let E be an arbitrary topological space and let B(E) be the Borel o-algebra of this 
space. We say that a measure u is a Borel measure (on E) if the equality 


dom(u) = B(E) 


holds. It is obvious that the specific properties of the original topological space E often 
imply the corresponding specific properties of the Borel measures on E. 

The following definition describes a very important class of Borel measures. 

Let E be an arbitrary Hausdorff topological space and let u be a Borel measure on E. 
We say that the measure u is a Radon measure if for each set X € B(E) we have 


u(X) = sup{u(K) : K is compact in E & K C X}. 


We say that a Hausdorff topological space E is a Radon space if every o-finite Borel 
measure on E is a Radon measure. From the latter definition it immediately follows that 
any Borel subset of a Radon topological space is also a Radon space. 

The following proposition is essentially due to Ulam (cf.[8],[86],[173]). 


Theorem 1.18 Any Polish topological space E is a Radon space. 


In context of Theorem 1.18 see Remark 12.8. 
Let (E,S,u) be a measure space. 
A transformation g : E — E is called admissible (in the sense of invariance for measure 
u if 
(WX)(X € S > g(X) € S & u(8(X)) = u(X)). 


A transformation h : E — E is called admissible (in the sense of quasiinvariance for 
measure u ) if 


(VX)(X ES A(X) €S & (u(X)=0 = u(h(X))=0)). 


Note that an arbitrary admissible transformation in the sense of invariance is also an ad- 
missible transformation in the sense of quasiinvariance for an arbitrary nontrivial measure. 
In general, the converse proposition is not valid. 

Another important mathematical structure closely connected with measures is a group 
structure. 

Let E be a basic set and let G be some group of transformations of this set. Further, let 
D be some class of subsets of E. We say that the class D is G-invariant if 


(VX)(Vg)(X ED&gEG—>g(X) ED). 


Let S be some o-algebra of subsets of E and let u be a measure defined on S. We say 
that the measure u is G-quasiinvariant if: 

1) Sis a G-invariant class of subsets of E; 

2) the class L(u) of all u-measure zero sets is also G-invariant. 
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If instead of the condition 2) the stronger condition 
3)(VX)(Vg)(X ES & gE G > u(g(X)) =u(X)) 


holds, then we say that the measure u is G-invariant. 

We say that a G invariant measure u has the property of metrical transitivity (or is met- 
rically transitive) if, for an arbitrary set X € dom(u) with u(X) > 0, there exists a countable 
family (g,)xen of transformations from G such that 


U(E \ Ugengn(X)) = 0. 


A subset X C E is called an almost invariant set with respect to G-invariant (G- 
quasiinvariant) measure u, if 


(Vg)(g € G > u(g(X)AX) = 0). 


A structure (E,S,G,) is called an invariant measure space if the following conditions 
hold: 

1) E is a nonempty set; 

2) Gis some group of transformations of E; 

3) S is some G-invariant 6-algebra of subsets of E; 

4) wis a G-invariant measure defined on S. 

The following definition is important for the theory of invariant measures. 

Let (E,S),G,u,) and (E,S2,G,u2) be two invariant measure spaces such that Sı C S2. 
We say that u2 is a G-invariant extension of u; if 


(VX)(X € Sı > po(X) = u (X)). 


Remark 1.1 By using the well-known Carathéodory theorem, we can easily establish that 
usual extension of an arbitrary invariant O-finite measure, defined on some invariant o-ring 
of subsets of the basic space, is an invariant measure, too. Note that an analogous result, in 
general, is not valid for quasiinvariant measures. Indeed, if we consider the canonical Gaus- 
sian Borel measure À in RY, then its restriction on the Baire algebra is R -quasiinvariant 
whenever A, following Kakutani’s one result, is not R’-quasiinvariant. 


Below, we will consider some properties of products of invariant (quasiinvariant) mea- 
sures. 


Let (G;) icy be an arbitrary family of groups. Let e; be a neutral element of the group 
G; (i € I). The direct sum of the family of groups (G;)je7 is denoted by }, G; and defined as 


iel 


LG = {(gi)iez : (vi) (i EI—>giEGi& card({i : gi F ei}) < @)}. 
ic] 
By using the Fubini theorem, one can obtain the validity of the following assertion. 
Theorem 1.19 Let (E;,S;,G;,uj)icr be a family of invariant (quasiinvariant) probability 
measure spaces. Then the product-measure |Jjc;Mj is a Xic; Gj-invariant (quasiinvariant) 
probability measure. 
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Observe that an analogue of Theorem 1.19 also holds for 6-finite invariant (quasiinvari- 
ant) measures when card(/) < œ. 

Let (G, .) be an arbitrary locally compact topological group. For such a group, we have 
the well-known result, belonging to Haar, which states the existence (and, in a certain sense, 
the uniqueness) of a nonzero invariant Borel measure u on G (see e.g. [54]). Speaking more 
exactly, the measure u satisfies the following relations: 

1) wis a locally finite measure, i.e., for each point x € G there exists an open neighbor- 
hood V (x) of this point, such that u(V (x)) < +0; 

2) wis a Radon measure; 

3) wis a left invariant measure on B(G), i.e., 


(VX) (Vg)(X E B(G) & ge G —u(g-X) =u(X)). 


The measure u is called a (left) Haar measure on the group G. 

If the group G is o-compact, then the Haar measure u on G is a O-finite measure. If 
the group G is compact, then the Haar measure u is a finite measure, and we can obviously 
assume that, in this case, u is a probability measure. 


Chapter 2 


Gaussian Measures 


The theory of Brownian motion occupies an important place in modern science because 
it realizes a permanent and fruitful exchange of physical and mathematical problems 
(cf.[178]). 

Brownian motion was discovered by botanist Brown in 1829 and was studied by many 
physicists in the 19-th century (see [119]), but the first satisfactory mathematical model 
was developed by Einstein in 1905. The basic hypothesis has been formulated for particles, 
moving along the real axis, as follows: if x(t) is an abscissa of the particle at the instant 
t and to < tı < -++ < tn, then the sequent differences x(t;) — x(tiz1) (for 1 < i < n) are 
random Gaussian variables. We are not going to discuss in detail the important experimental 
works of G. Perrone which confirmed Einstein’s theory. We only want to recall Perron’s 
wonderful remark that the observation of the Brownian motion trajectory led him to an 
idea of such ”mathematical functions”that have no derivatives. This remark served as the 
starting stimulus for Wiener. 

The quite different ideas, originating in the kinetic theory of gas, has been developed 
by Boltzmann and Gyps between 1870 and 1900, as follows: let us consider some gas 
consisting of N molecules with mass m and with absolute temperature T. Let us denote 
by v; the velocity of the i-th molecule of the given gas (1 < i < N). Note that the kinetic 
energy of this system is equal to 

m 


OONA =3NKT, 


where k denotes the Boltzmann constant. 

According to Gyp’s ideas, the huge number of collisions between molecules does not 
allow us to find the molecule velocities and we ought to introduce the law of probability 
distribution on the sphere S with dimension 3N defined by the above equation. The “micro- 
canonical” condition is a statement that the probability measure p defined on the sphere $ 
is invariant under the group of all rotations of the sphere S. On the other hand, the Maxwell 
law is a statement that the probability p is a Gaussian measure with variance T, We must 
say that Borel noted in 1914 that the Maxwell law is a direct consequence of Gyps’ hy- 
pothesis and the property of a sphere when the number of molecules contained there is very 
large. He considered the sphere S as a subset of a multi-dimensional Euclidean space and 
probability p as an invariant measure under the group of all rotations of the sphere S. Using 
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one classical approach based on the Stirling formula, he proved that the projection of p on 
the real axis is an appropriate Gaussian measure. Later, these results were defined more 
precisely by Gato and Levy. 

Let m > 1 be the integer number and r be the real positive number. Consider 


Si = Crane tee Over eae Eee Sr 


Let us denote by Om, the probability measure defined on Sm, and being invariant under 
the group of all rotations of the given space. The main result of Gato and Levy can be 
formulated in modern terms as follows: the sequence of measures (Om,1)meN is weakly 
convergent to the unit mass, concentrated at the initial point (0,0, ---); the sequence of 
measures (O, dm) men is Weakly convergent to the measure I defined by 


dV (x1, = av) 


where by v is denoted the canonical Gaussian probability measure in R. 

The measure I plays the role of a Gaussian probability measure, when the dimension of 
the basic space is infinite. Levy hoped that it was possible to define the Gaussian probability 
measure in an arbitrary infinite-dimensional Hilbert space by using the inner form. Indeed, 
Levy and Wiener showed that the measure T is invariant (in some sense) under some group 
of automorphisms of the space £2, but unfortunately the space 42 of all square summable se- 


quences (x;,x2,--+ ,X,-+-) has measure zero with respect to I. At present, it is known that 
we can confine ourselves to the Gaussian semi-measure defined in an infinite-dimensional 
Hilbert space. 


The following essential advancement belongs to Wiener: if a reasonable Gaussian mea- 
sure exists in an infinite-dimensional Hilbert space, then the required measure @ can be 
constructed on the space of all continuous functions by proceeding from a “weakly canoni- 
cal distribution” (see [177]). 

An initial construction of the Wiener measure based on the important formula of Gato 
and Levy is the following statement: 

T= lim On ym: 

For arbitrary m > 1, denote by H, the set of all functions which are defined on T =]0; 1] 
and have a constant value on each interval J4; 4] (k = 1,2,---,m). Denote by Tm a 
probability Borel measure on the unit Euclidean sphere in R”, which is invariant under the 
group of all rotations of this sphere. 

Let fm be an isomorphism between Hm and R”, to which, for every function taking the 
value a, on the interval =, £], there corresponds the vector (a1,a2 — 41, + ;4m —am-1). 
Denote by @,, the measure defined on Hm and being the image of the measure Tm at the 
reflection f,,!. Wiener denoted by œ the limit of the family of measures (@m)mew- 

More exactly, denote by H the space of all step-functions on T, equipped with the 
topology of uniform convergence. It is clear that 


(Vm)(m E N > Hy, CH). 
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We may assert that, for an arbitrary uniformly continuous bounded function F on H 
there exists the limit 
A(F) = lim | F(x)d@ (x). 
m—-oo 


Hm 


Using thin analysis of the oscillation phenomenon of the “heads or tails” game and the 
argument of compactness developed by Daniel, Wiener showed that Daniel’s theorem about 
the existence of a measure can be applied to this situation. He concluded that there exists 
a measure @ which is concentrated on the space C(T) of all continuous functions on T and 
can be defined by 


A(F) = / F(x)do(x). 
C(T) 


Wiener proved that the measure œ satisfies Einstein’s hypothesis. In particular, the 
formula 


[ flat). edol = 2r) TY 0-1) Fx 


cir) i=1 


Xi —Xi—1 


j? 
dx, ---dXp 
ti—ti—1 Jani i 


n 
x [fe a n)exp(—5 y l 
R i=1 
holds, where f is an arbitrary bounded continuous function on R” and 0 < to <t <+- <tn 
(by the definition x(0) = 0). 

Various methods are presently available for the construction of Wiener measures. For 
example, Paley and Wiener use Fourier random series. Let, for an arbitrary sequence of 
real numbers a = (an)n>1 and for an arbitrary positive integer number m > 0, Sina be the 
function defined on the interval |0; 1] by the formula 


q+ 1 


Jma =q; +2. L gg”! Sin Mkt). 


We can show that the sequence ( fina)men tends to some continuous function f, for a 
T-almost sequence a and the Wiener measure is the usual image of the measure I’ under the 
mapping F defined almost everywhere by 


Kac, Donsker and Erdös showed in 1950 why one can replace the spherical measures 
T, defined in R” by general measures in the initial construction of Wiener measures. Their 
results allow us to establish a close connection of the Wiener measure with the so-called 
limit theorems. 

The Brownian motion is now regarded only as an important example of the Markov 
Process. One can also find Kac’s application of the Wiener measure to solve parabolic 
partial differential equations (investigations in this direction can be found in [31],[49]). 

The problem connected with a finite sequence of random variables 


X = (X1, ,Xn) 
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can, in fact, be easily solved by using the Charathéodory theorem when Py, defined by 
n 
Px = {@:X(o) € | [[ax;b]}, 
i=l 


is known for an arbitrary closed rectangle of R”. 

In various situations, the measure Py has discrete support or density with respect to the 
Lebesgue measure. When we have an infinite sequence (X,,),cy of random variables, the 
law P, of the partial sequence (X,,--- ,X,,) is known for an arbitrary integer n > 1. These 
laws satisfy the consistency conditions under which the sequence (P,)nen is a projective 
system of measures. The probability of events connected with infinite sequences of random 
variables was defined by using “usual” tending to limit in 1920. For example, the probabil- 
ity of an event that the “heads and tails” game will be finished, was assumed to be equal to 
the limit of probability of an event that this game will be over during no more n trials, as 
well n — œ. Usually, such a theory is not correct and we obtain a variety of “paradoxes” 
when a concrete random event may have different probabilities. 

Steinhaus was probably the first of the mathematicians who felt the necessity of con- 
sidering the projective system of measures (P,,)ncy together with its limit. Daniel proved 
the existence of such projective limits in general cases in 1919. This result was probably 
not known in Europe. It was again obtained by Kolmogorov in [104], where the author 
formulated an axiomatic concept of probability theory. We must say that an important cir- 
cumstance on which the proofs of Daniel and Kolmogorov are based is the compactness of 
the considered spaces. 

The method of the construction of probability measures in general function spaces, 
elaborated by Kolmogorov, Feller and Dub in 1935, has difficulties of other kinds. Let 
us consider, for example, an interval T in R as the set of observation moments for some 
“stochastic process”. A set of all possible trajectories is the product-space R? which can 
be considered as a projective limit of the partial products R”, where H runs the class of all 
finite subsets in T. The projective system of measures is defined here in general cases. The 
Kolmogorov theorem gives the measure on R7, but this measure is defined on a o-algebra 
smaller than the o-algebra of all Borel subsets of RT. One version of the Kolmogorov con- 
struction, belonging to Kakutani [78], is devoted to measures on general topological spaces. 
In his method, uy is considered as the measure in R” concentrated on RË; the compact 
space E = R’ isthe projective limit of finite-dimensional product-spaces (R”) HcT, and we 
can define the measure y in E as the projective limit of measures (up )ycr. Unfortunately, 
his method has many inconveniences, because the elements in R’ do not have the regular- 
ity properties. This phenomenon does not allow us to do steps to forward and to exclude 
parasitic values +œ appearing in the compactification process of the real axis R. It may be 


correct if we induce the measure u from R’ on some subspace (for example, on C(T) in 
the case of the Brownian motion). The main difficulty arises from the fact that, in general 
cases, functional spaces, even similar to usual spaces, are not u-measurable in R', and the 
choice of such functional spaces may be very difficult. 

Remark 2.1 By using the properties of thick nonmeasurable (in the sense of the Haar 
measure) subsets in R’, in Chapter 4 we will force above-mentioned inconveniences in 
order to construct the Borel product-measures in RT when card(T) > œ). 
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A decisive step made in this direction by Prokhorov in 1956 in [153] influenced the the- 
ory of stochastic processes. Giving an axiomatic form to the methods applied by Wiener, he 
proved an important theorem about the existence of a projective limit for measures defined 
on a wide class of function spaces. 

A more narrow class of projective systems of measures was considered by Bochner in 
1947 (see [9]). 

Remark 2.2 Many interesting and important methods of the existence of projective 
systems of measures are available at the present time. In Chapter 5 we will apply such 
technique to invariant Borel measure construction problem. 

Remark 2.3 In Chapter 4 we will discuss some properties of so-called Gaussian pro- 
cesses which have been successfully used in various applied theoretical-probabilistic as- 
pects(cf.[51]), in various topics of statistics, prognosis and filtration of random processes, 
in the theory of optimal management of solutions of differential equations indignated by 
random processes (cf.[111],[119],[178] and others). Here we focus on the property of 
equivalence (under translations) of Gaussian Baire measures in the functional space R™ 
for an arbitrary nonempty parameter set &. We must say that a general problem of abso- 
lute continuity of Gaussian measures in various functional spaces itself is interesting and it 
is an important that has been studied for more than a half century ago by many people in 
various styles. For example, equivalence and orthogonality relations between two infinite 
direct product-measures has been investigated by S. Kakutani [79]. Similar dichotomies 
have revealed themselves in the study of Gaussian stochastic processes. C. Cameron and 
W.E. Martin proved in [21] that if one considers the measures induced on path space by 
a Wiener process on the unit interval, then if the variances of the processes are different 
the measures are orthogonal. This sort of result was generalized by U. Grenander in [52], 
starting from the viewpoint of statistical estimation, and utilizing a Karhunen representa- 
tion for the processes involved. The conditions of absolute continuity and the formula of 
density of Gaussian measure under translation is obtained also in [52]. Wider sufficient 
conditions for orthogonality of the measures induced on path space by continuous Gaus- 
sian processes on the unite interval were obtained by G.Baxter[7]. R.H. Cameron and W.T. 
Martin [22] have recently investigated certain aspects of the Wiener integral and have ob- 
tained for instance a result which shows how the integral is transformed under the nonho- 
mogeneous transformation-translation plus linear homogeneous transformation. They also 
examined the effect on the induced measures of taking certain types of affine transforma- 
tions of a Wiener process. I.E. Segal extended their results in [158], made the situation 
more transparent by using his notion of “weak convegence”, and found the conditions for 
equivalence in more large class of function spaces. In [39] it is shown that the equivalence- 
or-orthogonality dichotomy holds in general for pairs of measures induced by Gaussian 
stochastic processes, and Segal’s necessary and sufficient conditions for equivalence are 
extended to cover the case of nonzero mean. A structure of admissible translations has been 
studied by T.S. Pitcher [150]. The measures with everywhere dense group of admissible 
translations has been considered by V.N. Sudakov [170]. The theory of Gaussian measures 
in linear spaces has been elaborated by A.M. Vershik [174]. Some results about absolute 
continuity of measures generated by Markov processes have been considered by I.I. Gih- 
man and A.V. Skorohod [47]. Investigations of the absolute continuity of Gaussian mea- 
sure under nonlinear transformations have been made by V. Baklan and A.D. Shatashvili 
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[4]. Various questions devoted to absolute continuity of measures in functional spaces are 
considered also in [48]. Finally, we want to indicate the well-known result of M. Talagrand 
[171] asserted that an arbitrary Baire Gaussian measure in RT is t-smooth for an arbitrary 
parameter set T. 

We must say that above-mentioned notes consist of some comments which only touch 
upon the problem but is not based on a full bibliography or an elucidation of the history of 
all significant works in the theory of random processes which are elaborated to study main 
problems of Gaussian measures in various functional spaces. 


Chapter 3 


Dynamical Systems 


Mathematical modelling is a science whose main goal is to construct such mathematical 
models that can fully represent quantitative behaviour of an observed process. 

In a wide class of mathematical models we distinguish the so-called dynamical systems 
describing the behaviour of various physical, economic and social processes. 

Let us recall the classical notion of a dynamical system due to Birkhoff (see [120]). 

Let (X,p) be a metric space, and let f(x,t),cxzer be a family of transformations of X, 
i.e., the condition f(x,t) € X holds for arbitrary t € R and x €X. 

We say that the family (f(x,t))xcxrer is a dynamical system if the family 
(f(x,t))xcx rer, considered as the mapping of two variables satisfies the following three 
conditions: 

1) f(x,0) =x for each element x € X; 

2) the mapping f is continuous with respect to the variables x and t; 

3) ifx © X,t; E€ Randt ER, then f(f(x,t1),t2) = f(x,t) +h). 

The parameter t is understood as time. The transformation 


(f(t) rer: X >X 


is called a motion of a dynamical system. 
For concrete x € X, the set 


{f(x,t):t ER} 


is called a trajectory of the corresponding motion. 
For concrete x € X, the set 


{f&xt): Ti <t <D}, 
where —œ < Ti < Ty < +%, is called an arc of the trajectory denoted by 
fT; T). 


If —co < Ti < To < +00, then the arc is called finite. 
The positive number T, — T; is called a time length of the corresponding arc f(x; Ti; T2). 
Now let us assume that an element x € X is fixed. 
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If the condition 
(Ve) (t E R—> f(x,t+s) = f(x,t)) 


is fulfilled for some parameter s € R, then (f(x,t));cr is called a periodical motion. 
The smallest positive number T for which the condition 


(vtt ER > f(x,t+T) = f(x,t)) 


holds is called a period of the motion (f(x,t)) ser. 
Sometimes, we have situations where the condition 


(Ve) ER > f(x,t) =x) 


holds for a concrete point x € X. 

The point x, which corresponds to such a “motion”, is called a rest point. 

Clearly, periodical motion that does not have the smallest positive period coincides with 
a rest point. 

Some motion (f(-,¢));er may also occur when 


(Yt) (Yt2)(—œ < tı < t2 < œ > f(x,t1) Æ f(x,t2)) 


for any x € X. 

Therefore, in the case of a dynamical system, we can distinguish three topological types 
of trajectories : 1) a point; 2) a simple closed arc; 3) a continuous and one-to-one image 
of the open interval ]0; 1[. The corresponding types of motions are: 1) rest; 2) periodical 
motion; 3) nonperiodical motion. 


Remark 3.1 One can generalize the Birkhoff notion of a dynamical system for all topo- 
logical vector spaces (X,t) in terms of the convergence generated by the topology 7. 


Example 3.1 The classical dynamical system theory considers motions defined by the 
system of ordinary differential equations 


dx; i 
. = X;(x1,%2,° ae Xa) (1 < l Š n), 
dt 
where the right-hand sides are the continuous functions of x = (x1,x2,--+ ,Xn) in some closed 


domain D of an n-dimensional Euclidean “phase space.” 
A solution of the system is a set of functions of the form 


xı = x1 (t), x2 =x2(t), HG) 


which reduces the system to the identity. 
A general solution of such a system contains n arbitrary constants. 
To specify a unique solution, we can write the initial conditions as 


GOE x2(0) E ++, xn(0) =n”. 


Cauchy proved that the above system has a solution 


Xi = (xy, asi) (i=1,n) 
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satisfying the initial conditions and this solution is unique if the right-hand sides of the 
system are continuous and possess first order finite partial derivatives with respect to the 


0 0 
variables x; ,x2,--- ,Xn for the values t = tọ, x1 = x! ee Xn = xí J 
0 0 a ; ; , 
Note that x; = fils ) e ax 4) (i= 1,n ) can be considered as a motion of the classical 


dynamical system starting at the point 


As is well known, an arbitrary solution can be extended, when t — +œ, or it reaches, 
for the finite value t = T, the boundary of the domain D. An arbitrary solution 


x)= files an st) = Tn) 


is a continuous function with respect to t and the coordinates of the initial point. Since the 
right-hand sides of this system do not depend on the parameter t, as the motion started at 
the point x at the instant t; reaches the point xı, the motion started at x; at the instant t2 
reaches the point x2. Hence the motion reaches the point x2 at the instant tı +t2. Now it is 
not difficult to verify that the function f(x,t) defined by 


f (x,t) = (fi(x1,x2, a jet) en 
is a dynamical system in the sense of Birkhoff. 


Example 3.2 Let (X,p) be an arbitrary metric space. Let us put 
(Vx)(Vt)(xEX &t ER —> f(x,t) =x). 


Note that every trajectory of the given dynamical system is a rest point. 


Example 3.3 Let R” be the n-dimensional Euclidean space. Put 
(Vx) (Yt) (x E€ R” \ {0} & t ER > f(x,t) =e'-x). 


It is obviously that (f(x,t))rer is a nonperiodical motion (starting at the point x) for all 
x € R” \ {0}. 


Example 3.4 Now, let C be the two-dimensional space of complex numbers. Put 
(V) (VE (ZEC &t ER > f(z,t) =z: e"). 


Similar calculations show us that (f(x,t))xex rer is a dynamical system whose every 
motion is periodical. 
Example 3.5 If (X,||.||) is an arbitrary infinite-dimensional Banach space, then the 
system (f(x,t))xex rer defined by 
(Vx)(Vt)(xEX &t ER —> f(x,t)=x+a-1), 


where a € X and ||a|| Æ 0, is an example of a dynamical system whose every motion is 
nonperiodical. 
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Let (f(x,t))xex ter be some dynamical system defined in a metric space (X,p). The 
Borel measure v defined in X is called invariant under the group of all motions of the 
dynamical system (f (x,t))xex rer if for an arbitrary v-measurable set A C X the relation 


(vt)(t€ R- v(f(A,t)) = v(A)) 


holds. 

N. Krylov and N. Bogolyubov constructed invariant probability Borel measures for dy- 
namical systems defined in compact metrizable spaces (see [120]). Their construction is 
essentially based on some well-known facts of measure theory, which will be formulated 
below. 

Recall that the family (V,)nen of probability Borel measures defined in a compact met- 
ric space X is weakly convergent to the measure v if the condition 


lim | Q(x sae il 


are 


holds for an arbitrary continuous function 9: X — R. 
It is well known that the space C(X) of all continuous functions defined on X and 
equipped with the metric p, where 


(V¥@1)(V@2)(@1 E€ C(X) & G2 E€ C(X) > p(G1,92) = max |1 (x) — 2(x)| ), 


is a separable metric space. 
Note that a functional 
A:C(X)-R 


defined by 
(¥p)(@EC(X) a= [99 OCx)dv(x 


where v is some fixed probability Borel measure in (X,p), is a normed linear positively 
definite functional. 

Riesz and Radon proved that the converse proposition is also true. In particular, the 
following assertion is valid. 


Theorem 3.1 Let X be a compact metric space. Let C(X) be the space of all continuous 
functions defined on X. Then for an arbitrary normed linear positively definite functional 
A : C(X) — R, there exists a probability Borel measure v in X such that 


(Vp) (@ € C(X) a= {90 o(x)dv). 


The proof of Theorem 3.1 can be found in [8]. 

We say that a family (Un)nen of probability Borel measures is weakly compact if there 
exists a subsequence (Un,)key weakly converging to some probability measure uin X. 

The following proposition is due to Helly (see [8]). 
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Theorem 3.2 An arbitrary countable family of Borel probability measures defined in an 
arbitrary compact metric space is weakly compact. 


Below, we will consider the proof of the famous result due to N. Krylov and N. Bo- 
golyubov. 


Theorem 3.3 Let (f(x,t)) exer be a dynamical system defined in a compact metric 
space X. Then there exists a probability Borel measure which is invariant under the group 


(f(-.t))rer (x € X). 


Proof. Let m be an arbitrary probability Borel measure defined in X. For concrete 
t € R \ {0} and ọ € C(X) we set 


Ad(o) = 1 f dt fo f(x.t))dm(x). 
0 x 


By Theorem 2.1, we easily obtain the existence of a probability Borel measure m, such 


that 
sfafar f(x,t))dm(x )= fae) )dm,(x 


By Theorem 3.2 we can construct a sequence (Ta )ney with lim T, = œ and find a prob- 
n—-oo 


ability measure u such that the family (m,,),cy of probability Borel measures is weakly 
convergent to the measure u. Therefore, the condition 


aad fa fou f(x,t))dm(x Geaa x)dmy, (x = fae )du(x). 


n—-oo Thn 
is fulfilled for an arbitrary continuous real function @ on X. 


We have to show that the measure u is invariant under the group (f(-,t))rer - 
Indeed, the measure u is invariant under the group (f(-,t));cr if and only if the equality 


J% Jats )= fous (xst0)) du) 


holds for an arbitrary parameter tọ € R and for an arbitrary continuous function @ € C(X). 
The above relation remains true when @ = Qg is the indicator-function of an arbitrary 
open set G C X. Hence, having the validity of the relation 


/ a(x) du ai Po(f(x+t0))du(x) 
for an arbitrary open set G, we get 


[ ocle)du(x) =n(G) = | a fle.t0) dele) = H(F(G.—10)) 
x 


i.e., 
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Note that this relation can be easily extended to the class of all measurable subsets of 
X. 
Conversely, the validity of the condition 


u(G) =u(f (G, —to)) 


for an arbitrary measurable subset G C X and for an arbitrary parameter tọ € R implies the 
equality of the integrals f ọ(x)du(x) and f @(f(x,to))du(x). This equality is equivalent to 
X X 


the condition 


unt fa fon f (x,t) )dm(x omy t fa fou (x,to +t) )dm(x). 


By the Fubini theorem, the functions under the limit operation can be rewritten as fol- 
lows: 


and 


Tn 
1 
J im f o(flesto-+1))at 
X "0 
Obviously, we get the following estimation: 
1 Tn 1 Tn 
I= f oDd- = fo f(x,t +10))d| = 
"0 "0 
Tr+to 


+ / Ed- fof (x.t-+t0))dt| = 


to 


Tn tto 2| IM 
to 
= t))dt| < —— 
If oreas EE, 
Tn—to 


where M is the maximum of |g] on X. 
Note here that M < œ because @ is a continuous real function defined on the compact 
metric space X. Hence there exists a finite limit 


and for a sufficiently large natural number n, the module of the difference given above 
becomes less than an arbitrary small positive number €, which completes the proof of the 
theorem. 


Dynamical Systems 33 


In general cases, the behaviour of some dynamical systems can be characterized by the 
following important theorem. 


Theorem 3.4 (Markov-Kakutani) Let E be a Hausdorff topological vector space over 
R, let T be a nonempty compact convex set in E, let U be a set of linear transformations of 
the space E into itself such that the conditions 


(Vu)(Vv)(ue U & VEU —>uov=vou), 


(Vu)(u € U > u(T) CT), 
(Vu)(u € U = the restriction ofu to T is continuous) 


hold. 
Then there exists a point xy € T such that 


(Vu)(u € U — u(xo) = xo). 


The proof of Theorem 3.4 can be found e.g. in [85]. 


Corollary 3.1. Krylov-Bogolyubov theorem is a direct consequence of the Markov- 
Kakutani theorem. 
Proof. Let us denote by C(X) a vector space of all continuous functions 


f:X>R 


equipped with the usual norm 


II FI] = max |f (x)|. 


Obviously, C(X) is a vector space over the field R of all real numbers. On the other 
hand, C(X) is a Banach space under the norm defined above. 
Taking into account the definition 


FSF -x EX > fx) < f')), 


we conclude that the space C(X) is a partially ordered Banach space. 

Let E be the space of all linear continuous functionals defined in C(X). Note that E is a 
Hausdorff locally convex topological vector space over the field R. Let us denote by T the 
subset of E consisting of linear functionals 


®:C(xX) -R 


which satisfy the two conditions: 

a) (Vo) (VO )(PEC(X) & P1 EC(X) KYP<S fı + P(Q) < P(G))), 

b) (Ix) = 1, where Iy is an indicator-function of the set X. 

It is easy to see that T is a convex closed subset in E£. Let us show that T is a compact 
subset in E. 

If we set 


P” (x) =max(@(x),0), 


xEX 
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P (x) = min(p(x),0) 


for all functions @ € C(X), then 


|P(9)| = |P) + BG )| < P) + B(—G) < 2llọll. 


This means that 


e J] [-2llell.2ilgllle. 
geC(X) 


i.e., 


TC [J i-2llẹll,2llẹlllo- 
gEC(X) 


Following Theorem 2.4, the set 


IT [-2Il¢ll,2Ilellle 


gEC(X) 


is compact in RO), Hence, taking into account the pointwise convergences in E and in 
RO), respectively, we conclude that T is compact in E. Now let us verify that the set T is 
not an empty one. Indeed, if xo is an arbitrary element of X, then for all @ € C(X) we can 
put 
Pole) = 9x0). 

It is clear that Bp is a linear positively definite continuous functional on C(X) and 

®o(Ix) = 1. Since 
Do ET, 

we conclude that T is not empty. 

Let us define Ọ; : X — R by the formula 


(z) = Qf (z,t)) (z € X), 


where t € R,z € X and ọ € C(X). 
Clearly, the relation 
(vt) (t E R > œ €C(X)) 


is valid. 
For arbitrary ® € E we set 


(VEER & p E C(X) = P, (f) = P(¢:)). 


Define also the mapping 
u: E —E 


for an arbitrary parameter t € R by the formula 


(VS) (Ð € E > u ($) =®,). 


Now it is easy to verify that the following conditions are satisfied: 
a) (Vt)(t € R > u, is a continuous linear mapping of E into itself ); 
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b) (Vt) (t E R > u(T) CT); 

c) (Vt1) (Vio) (t ER & t2 ER > ün OU, = Un OUr ); 

d) The family (u;);cr of mappings is a group with respect to the usual composition 
operation, being isomorphic to the one-parameter group 


(8r)rer = (f(-,t) rer. 
Indeed, we have: 


Proof of a). 
uy (P1 + B2)((O(x) )xex) = (P1 + B2):((P(%))xex) = (P1 + P2)(O((F(%,1))xex)) = 
D1 (O((F(x,1))xex)) + P2(@((F(%,t))xex)) = (P1) (P) rex) + (P2)e((@() )xex) = 
u (B1)((@(x) rex) + u (Pz) ((P(%))xex)- 
Last relation means that u, : E — E is linear. Let show that u; is continuous. Indeed, let 
lim ||®n((@(%) rex) — B((O(2) )xex)|| = 0 
for arbitrary (Ọ(x))xex € C(X). Then we have 


lim ||u+(Pn((P(2))rex)) = u (P((P(%) )xex)) |] = 


lim ||®n((f(%,t)) rex) — PE (1) xex) || = 0, 


because @(f (x,t) )xex € C(X). 


Proof of b). Let ® € T. It means that 
1) (V1) (V2) (1,92 E C(X) & M1 < G2 > B(G1) < B(g2)); 
2) @(Iy) =1. 
We have 
Ur(®)( (i (x) )xex) = Pr ((P1(X) nex) = P1 (F (x,t) xex) < P2((F(%,1)) vex) = 


®;((2(x) )xcx) = u (P) (P2) )xex). 


u (P) ((Ux (x) )xex) = P(x (x) ex) = Ux (F(t) )xex =1. 


Last relation means that 
u,(®) ET. 


Hence, we have proved that u, (T) C T. 


Proof of c). 
For t1,t2 E€ R we have 


Uy, © Un (B((P(x) )xex)) = un (Un (P((@(%) )xex))) = un (Pa ((P())xex)) = 


Ur (P (a t1))xex)) = Pa (O((F (2,11) )xex)) = PP (11), 12) vex) = 
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D((P(x,t1 +12) )xex) = P((O(X,t2 +41) )xex) = P((OUF (x, 12), t1)) vex) = 
D, ((O(F (x, t2)) ex) = un (P((F(%, f2)) xex)) = un (Pr ((P(x))xex)) = 
Up, (Un (P( (P(x) )xex)) = un o un (P((P(X)) vex). 


Proof of d). We set 
(Vt)(t € R > O(u,) = g;). 
We have 
O(un oun) = OU +n) = Sry ty = 8p 08n- 


Accordingly, we can imply the Markov-Kakutani theorem for T and (u;);cr. Let ® be 
an element in T such that 


(vt)(t€R—u,(6)=@), 


The latter condition shows that 
(vt) (tER =$, =P), 


n (Vt)(Vo)(t ER & @ € C(X) > B(o,) = BQ). 


Since ® is a normed linear positively definite functional, the Riesz-Radon theorem im- 
plies that there exists a probability Borel measure u such that 


(¥p)(@EC(X) a= [ot Jdu). 
On the other hand, the equality P(g,) = P(g) (t € R) means that the condition 
(ve)(@ec(x > fous (x1))du(x )= fe Jd 


holds. 
Thus, to prove Corollary 3.1, it remains to repeat the final part of the proof of Theorem 


3:3: 


If the group of all motions (f(-,f));cr does not have rest points and trajectories are 
uncountable, then the measure u constructed in Theorem 3.3, is diffused. 

If we ignore the continuity of (f(x,t)):erx.<x with respect to variable x € X and preserve 
only a measurability of f : X x R — X, then an analogue of Theorem 3.3 is not valid. In 
particular, the following result is valid. 

Theorem 3.5.Let X be an uncountable compact metric space. Then there exists a family 
(f(x,t))xex.rer of two variables satisfies the following four conditions: 

1) f(x,0) =x for each element x € X; 

2) the mapping f is continuous with respect to the variable t; 

3) the mapping f is measurable with respect to the variables x and t; 

4) if x € X,tı © Rand t2 ER, then f(f(x,t1),t2) = f(x,t1 +h) 


Dynamical Systems 37 


and there exists no a probability Borel measure which will be invariant under the 
group of all motions (f(-,f));er. 
Proof. Let ® be a Borel isomorphism between X and R. We set: 


(Vx)(Vt)(xEX &t ER —> (f(x,t)) cr =O | (B(x) +12). 


Assume the contrary and let u be a Borel probability measure on X which is invariant 
under the group of all motions (f(-,t)) rer. 

Let consider a set Y = ®~'([0,1[). Then, on the one hand, (f(¥,k))xez is an infinite 
family of pairwise disjoint Borel subsets in X and 


(Vk)(kEZ > u(f(Y,k)) =u(¥)). 


The last relation contradicts the finiteness of u and Theorem 3.5 is proved. 

Remark 3.2 Note that for the dynamical systems constructed in examples 3.1, 3.2, 3.4, 
3.5, we cannot apply the Krylov-Bogolyubov theorem (also the Markov-Kakutani theorem), 
but there exist non-trivial o-finite Borel measures which are invariant under the group of 
all motions of the corresponding dynamical systems. It is clear that such a measure does 
not exist for the dynamical system constructed in Example 3.3. On the other hand, we 
can indicate a probability Borel measure (for example, a canonical Gaussian probability 
measure in R?) which satisfies the condition 


(VA)(Vt)(A € B(X) & t € R > (u(f(A,t)) = 0 > (A) = 0)). 


A measure satisfying the above condition is called quasiinvariant under the group of all 
motions generated by the dynamical system f(x,t)xex eR- 


Here we want to discuss some analogous questions related to the Krylov-Bogolyubov 
theorem on unit sphere in infinite-dimensional separable complex-valued Hilbert spaces. 
Briefly speaking, we consider some statements of functional analysis and measure theory, 
which are frequently applied in constructions of invariant (under one-parameter group of 
unitary operators) measures in such spaces. 

Here we introduce some notations: 

C - complex numbers space; 

RY- a topological vector space of all real-valued sequences, equipped with the 


Tykhonoff topology; 
C^ = JT] Cr, where C = C for k € N; 
keN 


CO) = { (ze)een ze € C & card({k : zz # 0}) < Xo}; 
W? = { (ze)ken : zk EC,k EN, Y |z? <+% } - an infinite-dimensional separable 
kEN 
complex-valued Hilbert space equipped with the usual inner scalar product < -,- >, defined 
by 


(V(ze)eew »; (wWe)ren EW? >< (zk)ren, (We)ken >1= È, zk x WE), 
keN 


where wz denotes the conjugate of the complex number wz (k € N); 
S? = { (ze)een : (Ze)kew € Wo & X |z|? = 1 } - the unit sphere in W?; 
keN 


B(W?) - the o-algebra of all Borel subsets of W?; 
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B(S?) - the o-algebra of all Borel subsets of S?; 

R” - the n-dimensional Euclidean vector space; 

B(R") - the o-algebra of all Borel subsets of R”; 

L? (R?,C) - the infinite-dimensional separable complex-valued Hilbert space defined by 


L?(R3,C) = { YP: R >C & [OPa <+}, 
R3 


equipped with the usual inner scalar product < -,- > defined by 
(VE, € 12(R3,C) >< By, Wy >2= f PiE Fa(x)dy), 
R? 


where Y, denotes the conjugate of the complex-valued function Y3. 

S*? - the unit sphere in Z? (R?,C). 

|| - ||, and ||- ||2 denote usual norms in W? and in L? (R?,C), respectively. 

Let (f(-,t))rer be one- Pao group of unitary operators on W?. Here we recall the 
well-known result of Stone! (cf.[94],[154]) giving information about the structure of such 
groups. 


Theorem 3.6 (Stone) For an arbitrary one-parameter group (f(-,t))rcr of unitary 
operators in W? there exists a Hermitian? operator A in W? such that 


f(t) =e™(-) GER). 


As the unite sphere S? does not satisfy conditions in theorems 3.3 and 3.4, here naturally 
the following arises 


Problem 3.1 Let A be an arbitrary Hermitian operator on W°. Does there exist a Borel 
probability measure on S* which is invariant under the one-parametric group of unitary 
operators (e@ Jier on W? ? 


Remark 3.3 We can easily demonstrate that on the unit sphere S7, there exists no prob- 
ability Borel measure invariant under the group of all unitaryy operators in W?. Indeed, as- 
sume the contrary and let p be a such measure. Denote by (‘Y;)<y any orthonormal basis in 
W?. Itis clear that ||¥,—,|| = V2 for k,n € N and kÆ n. Let U(¥,r) be a spherical neigh- 
borhood of a point ¥ € S? with r < 2 On the one hand, we must have that p(U (¥,r))=0 
for an arbitrary ¥ € S?. Indeed, if we assume the contrary and p(U(¥,r) > 0, then from 
the invariance of the measure p under the group of all unitaryy operators , we conclude that 


P(UkenU ( (Pkr) =F p(U (Pkr) atr, 
keN 


since (U(Y;,r))xen is a family of disjoint Borel sets in S? every element of which is an 
image of the set U(Y,r) under action of some unitary operator. Note that last relation 
contradicts the condition p(S?) = 1. 


1A linear operator U : W? — W? is called unitary if < U(z1),U(z2) >1=< 21,22 >1 for every z1,z2 E€ W?. 
2A linear operator A : W? — W? is called Hermitian if < U(x),y) >1=< x,U (y) >1 for every x,y € W?. 
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Now, let M be a everywhere countable dense subset in S*. On the one hand, we have 
S? = UpeyU(¥,r). 
On the other hand, we must have 


p(s’) = p(UyemU (¥,r)) < Ł P(Y,r) =0, 
YEM 


which contradicts the condition p(S?) = 1 and the impossibility of the definition of the 
Borel measure with the above-mentioned properties is showed. 
One can extend above-mentioned fact as follows: 


There exists no probability Borel measure on S? which is quasiinvariant under the group 
of all unitaryy operators in W°. 


Now let, for k € N, r denotes a such positive number that 


1 _4+3 zd; 
T —e 7 dxjdxx=e *. 
i4x3</2 20 


Let, fork E€ N, ug denotes a such two-dimensional Gaussian Borel measure in R? 
whose density has the form 
ath 


e 257 f 
2187 


where R; = R, && = oe 
In the sequel we need some auxiliary results. 


Lemma 3.1 We have 


6(Rec(C) A (UpenBn)) = 6(Rec(W7) NA (UnenwBn)) 


= B(C’) A (UnenBn) = B(W? A (UnewBn)); 


where Rec(-) and B(-) denote the algebra of all cylindrical sets and the Borel 6-algebra of 
the subsets of corresponding spaces, respectively . 


The proof of Lemma 3.1 relies on direct checking of the equality above, and therefore 
is left to the reader. 


Lemma 3.2 Let E be a basic space, S be a G-invariant algebra of subsets of E, and u 
be a G-invariant probability measure defined on S. Then the extension fi of the measure u 
to the minimal o-algebra 6(S) (generated by S) is a G-invariant probability measure. 


Remark 3.4 The Lemma 3.2 is a simple consequence of the well-known Carathéo- 
dory theorem. Note that analogous result, in general, is not valid for quasiinvariant 0-finite 
measures. Indeed, let u; be the restriction of the canonical Gaussian measure u in RY to 
the algebra of all rectangular sets. One can easily demonstrate that uı is quasiinvariant 
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under the group of all translations of RY, whenever, according to Kakutani’s well-known 
result(cf.[31]), the group of all admissible (in the sense of quasiinvariance) translations for 
the measure u coincides with 42. 


Lemma 3.3 Let (E;,S;,Gj,Ui)1<i<n be a family of invariant measure spaces with invari- 


ant 0-finite measures. Then |] wu; isa [| G;-invariant measure. 
1<i<n 1<i<n 


The proof of Lemma 3.3 can be obtained by using Fubini theorem. 


Theorem 3.7 Let 
(WX) (X € B(RZ) > ug (X°) = ux(X)), 


where X° = { x+iy: (x,y) EX }. 
Then, for the measure [J yt, the following conditions are fulfilled: 
keN 
1) TT a¿(W°) = 1; 
keN 


2) The measure me is invariant under action of an arbitrary linear transforma- 
€ 


tion A : W? — W? whose corresponding matrix in the standard basis is a diagonal matrix 
(dkm)k meN with akk = elt (k EN, dk E R). 


Proof. Let 


Bopa = { (xy): (x,y) ERE & x +y? <2}, 


(Vn)(n€ N >B, = =TIc x Į [Bo2=) 
k=1 k>n 


It is clear that 

(Yn)(n € N — B, € B(W’)). 
Hence, UnenBn € B(W?). 
Let us show that pi | pa (UnenBn y=: 


It is clear that eee E€ N — By, C Bn41).- 

By the property of lower semicontinuity of probability measures, it is sufficient to show 
that lim, ,..u(By) = 1. 

Indeed, using the property of continuity from the left of the function e* at the point 
x = 0, for an arbitrary positive number € we can choice a positive number 6 such that 


(¥x)(-8<x<0-1-e€<e* <1). 


Let nę be a natural number such that 
1 
-8<-— } — <0. 


k Palit 
k>ng 2 


Then, for n > ng, we obtain 
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JJ (Bn) = [Jas 1c) x [e ([] 402) =k 


kEN k>n k>n 
1 


1 =) 
= [le 7 =e ion 


k>n 


Hence 


l-e< JJ (Bn) < 1, 
keN 


and the validity of the equality 


is proved. 
Note that, on the one hand, we have 


[Ja (w*) <1 
keN 


and, on the other hand, the relation 
Uren Be C W? 


implies 


[lai (W°) > [a (Cee Br) = 1. 


keN keN 
Finally, we get [J „$ (W?) = 1 and the validity of the condition 1) in Theorem 3.7 is 
keN 


proved. 
2) Let us show that the measure [J] wf is invariant under the transformation A. 


keN 
According to lemmas 3.1 and 3.2 , the condition 2) in Theorem 3.7 will be proved if 
we show that the i Lie measure of the set X x [] Bo 2~ is invariant under the action of the 


transformation A for all X € B(C”). 
Indeed, 


Jei (AX x T] Boo) = [Jui (An (X) x [Te (Bo 2+) 


keEN k>n keEN k>n 
= JJ (An (X) x TIo) k -JJ& (An(X)) x B ([ [B02 
keN k=1 k>n k>n 
n 
= JJe (X) x JJa (B02) k =I ( (Xx BEZ k 
k=1 k>n k>n keN 


where Ay = (akm)1<km<n is an n-dimensional diagonal matrix with ay, = elk 1<k<n. 
This ends the proof of Theorem 3.7. 
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Let X € B(S”). We say that a set Iy C W? is the X-cone if 


Iy = {WP ew? & (Ja)(aeR* > ae Xx)}. 


Lemma 3.4 (VX)(X € B(S?) — Ix € B(W7)) and the class K(W*) of all conical 
subsets in W? is an A-invariant 6-algebra of subsets of W?  { 0}, where A is the same 
transformation defined by the condition 2) in Theorem 3.7 and 0 is a zero of W°. 


Proof. Let us denote by G the class of all open sets in $°. It is clear that o(G) = B(S’). 
Let us show that, for arbitrary Y € G, the Y-cone ly € B(W7). 

Indeed, let zo € Jy. This means that there exists & € R* such that atzg € Y. 

There are possible two cases: 0< a<lora>l. 

Case 1. If 0 <a < 1, then |zo| > 1 and there exists r (0 < r < 4) such that 


{z:zES* &||z—zolli<r} cY. 
It follows that 
{z:zE€W* &||z—zolli<r} Cly. 


Case 2. If œ > 1, then |zo| < 1 and 


ZO\r 
{2:26 W? &|le—29]li < EEVI} ch 


Lemma 3.4 is proved. 


Theorem 3.8 The functional u defined by 


(VX)(X € B(S*) > u(X) = [] wea) 
keEN 


is an A-invariant Borel probability measure defined on S*, where A is the same transforma- 
tion mentioned in Theorem 3.7. 


Proof. The functional u is a probability Borel measure. Indeed, if (X;)xen is the family 
of disjoint Borel subsets in $°, then the family (Jy,)xew is also a disjoint family of Borel 
subsets in W? and 


= [| est (W*\ {0})= 


keEN 


(VX) (X € B(S*?) > u(X) = [Jug (x) = 9), 
keEN 


H(UmenXm) = B (inenXn ) = Ł Já (Ix, ) = ae H(Xm). 
keEN m=1keEN m=1 
Let us show that the measure u is A-invariant. Indeed, 


(VX)(X € B(S?) > u(A(X)) = r (Lw) = 
EN 
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J [ak Ax) = [oe (x) =H). 


keN keN 
This ends the proof of Theorem 3.8. 


Let recall the following well-known result from functional analysis. 


Theorem 3.9 (Hilbert-Schmidt) Zf A is a bounded by the norm Hermitian operator 
defined in the infinite-dimensional complex-valued separable Hilbert space H, then for an 
arbitrary element x € H the element Ax may be represented as the Fourier series of its 
proper vectors. 


Corollary 3.2 If A is a bounded by the norm Hermitian operator defined in the complex- 
valued separable Hilbert space H, then there exists an orthonormal basis in H whose every 
element is a proper vector of the operator A (cf.[94]). 

In the sequel we consider so-called normal Hermitian operators which have the property 
that there exists an orthonormal basis in H consisting only of its proper vectors. Note here 
that no every normal Hermitian operator is bounded by the norm in H. 

The main result of the present chapter is contained in the following proposition. 


Theorem 3.10 Let A be a normal Hermitian operator in W*. Then there exists such 
a Borel probability measure v on the unite sphere S? which is invariant under the one- 
parametric group of unitaryy operators (e"), cr. 


Proof. Let (A,)xen be a family of all proper numbers of the operator A. According to 
Corollary 3.2, we conclude that there exists an orthonormal basis (Yx)zen in w? consisting 
of the corresponding proper vectors of the operator A. 

We define the functional v by 


(VX)(X EB(S)>v( {P:P EW? & (< Y, Y; >1)xen EX } ) =u(X)). 


It is clear that the probability measure v is defined on the Borel o-algebra of subsets 
of the unit sphere $? in W?. A matrix defined by the operator A coincides with the infinite 
diagonal matrix (a;;j); jen in the basis (Wx)xen such that aj; = A;. Hence eA = (Dmn)mnen 
is also a diagonal matrix with bmm =e" (m € N). 

Let us show that the measure v is invariant under (e!4),cr. 


Indeed, for arbitrary X € B(S*), we have 
vie" {Ws (<P Pr >1)eew EX }) =V({ MAW: (< Y, Pr >i) EX }) 
=v( { B: (< e" I Pr > 1) pen EX }) 
=v {Bs (< P, Pk >1)ken € eM (X) } ) = ule" (X)) =u(X) 
=v({ P: (< P,P; >i )eew € X } ). 


Theorem 3.10 is proved. 


Corollary 3.3 Let us consider the Schrédinger equation 
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where A is a normal Hermitian operator in L?(R?,C), Y € S° , h is Plank’s reduced 
constant. 
Then there exists a Borel probability measure in S*? which is invariant under the one- 


parametric group of unitary operators ( e~*'A rer: 

Remark 3.5 As we know, Problem 3.1 remains open for the one-parametric group of 
unitary operators generated by the non-normal Hermitian operators. 

Now, we are going to discuss the following important notion. 


The dynamical system (f(x,t))xcex ser with an invariant (or quasiinvariant) measure u 
defined on some invariant (under the group of motions) 6-algebra of subsets of X, is called 
a dynamical (quasi-dynamical) system in the wide sense. 


Remark 3.6 Various equivalent definitions of the ergodicity of dynamical systems are 
presently available (for example, see [46], [49]). 

By using similar methods of the theory of invariant and quasiinvariant measures, we 
can obtain the following classical results due to Poincaré and Carathéodory. 


Theorem 3.11 (Recurrence of a Subset) Let u be a probability measure defined in a 
metric compact space X and being invariant under the group of all motions of the dynamical 
system (f(x,t))xex rer. IfA € dom(u) and u(A) > 0, then there exists an instant t such that 

1) |t|>0. 

2) u(AN f(A,t)) > 0. 


Proof. We set 
B= {x:xE€A& (Vt)(\t| >0— f(x,t) A)}. 


One can easily verify that B € B(X). 
Let us show that u(B) = 0. 
We begin by noting that 
f(B,ti)Of(B,t2)=0 


for all distinct t1, t2 E€ R. 
Indeed, if we assume the contrary, then 


f(B,ti) Of (B, 12) #0 


for some distinct nonzero tı, t2 E€ R. 
Let y € f(B,t)) Of (B,t2). Then 


ye f(F(B,ti),—t1) ASF (F(B, 2), -t) = f(B,0) Of (B,t2—-1t1) = BO f(B,tz =t). 
But the last relation means that for y € B there exists an element x € B such that 
y= f(x, ti), 


i.e., 
f,ti—t2)= f(x,0) =x. 


Thus, we obtain a contradiction with the definition of the set B. 
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Now, if we consider an infinite sequence of distinct instants (t,),ey, then 


(f(B, tk) ken 


will be an infinite family of disjoint images of the set B. If we assume that u(B) > 0, then 
we obtain a contradiction to the finiteness of the measure u. Indeed, on the one hand we 
have, 

U(X) =1 < +o. 


On the other hand, 


U(X) > u(Urenf(B,tk)) = Yo wf (B, th) = +o. 
keEN 


We obtain a contradiction, and the validity of the relation u(B) = 0 is proved. Conse- 
quently, u(X \ B) = 1, i.e., 


u({x:x EA & (At)(|t| > 0 — f(x,t) € A)}) =u (X) = 1. 


The proof of Theorem 3.11 is completed. 


We say that a point x is stable in the sense of Poisson if for an arbitrary neighbourhood 
U of x and for arbitrary T > 0 there exist tı > T and t2 < —T such that f(x,t)) € U and 
f(x, tz) € U, respectively. 


Theorem 3.12 (Recurrence of Points) Let X be a metric compact space, and let u be a 
Borel probability measure being invariant under the group of all motions of the dynamical 
system (f(x,t))xexter. Then p-almost every point of X is stable in the sense of Poisson; 
moreover, 


(VT)(VA)(T >0 & A € B(X) > u({x:x € A & (Vt)(|t| >T & f (x,t) €A)}) =0), 


where B(X) denotes the o-algebra of all Borel subsets of X. 


Proof. Let T be an arbitrary positive number. Let U be an arbitrary open set in X. Note 
that U can be considered as a neighbourhood of its points. Define 


B={x:x€EU & (Vt)(|t| >T — f(x,t) EU)}. 
First, let us show that 
(Vt1)(Vt2)(|tr —t2| > T > f(B,t1) Of (B,t2) =9). 
Indeed, if we assume the contrary, then there exist t4 € R,t2 E R & tı —t2 > T, such that 
f(B,ti)Of(B,t2) #0. 
Hence 


f(f(B.t1), th) N F((B,t2),—t1) £0 — BN f(B,t2—t1) #0. 
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Ify € BO f(B,t2 —1,), then there exists x € B such that y = f (x,t) — tı). Consequently, 
x= f(y,t —t2) 
and we obtain a contradiction with the condition 
yEB & (vt)(|t|>T > f(x,t) £ A), 


so that f(y,tı —t2) € U and |ti -t| >T. 

Now, we are going to show that u(B) = 0. 

Indeed, if we assume the contrary, then (f(B,2kT)),<z must be an infinite countable 
disjoint family of images of the set B, and from the invariance of u we obtain 


1 = u(X) > u(Urezf(B,2kT)) = } u(f(B,2kT)) = +0. 
kez 


This is a contradiction and Theorem 3.12 is proved. 
The following proposition is of some interest. 


Theorem 3.13 Let (X ,p) be a metric space equipped with the discrete metric p defined 
by 


_Jl, fxFy; 
p(x,y) z { 0, ifx=y 
forx,yEX. 
If the cardinality of X is finite, then an arbitrary dynamical system 


(f (%,t)) vex rez 


is periodical. 


Proof. Obviously, X is a metric compact space. Let us consider a classical prob- 
ability measure u defined in X and being invariant under the group of all motions of 
(f (x,t) )xexrer- 

Let X = (x;)1 
that f(x;,7;) = xi 
Indeed, 


By Theorem 3.11, we obtain the existence of an instant T; > 0 such 


i<n- 
1 <i<n). Let us show that f(x;,kT7;) = x; for arbitrary k € Z & k > 0. 


A 
FEKT) = (FF ET), T) +++) T) = 


Analogously, above-mentioned result is valid when k € Z & k < 0. 
Let T* be the least common multiple of numbers (7;)1<i<n. Clearly, 


(f (2,1) )xex rez 


is a periodical dynamical system with period T*. 


We say that a dynamical system defined on a finite set X is homogeneous if a least 
positive period of the motion of an arbitrary point is equal to its trajectory cardinality. 
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Remark 3.7 Let (f(x,t))xex rez be a homogeneous dynamical system defined on the 
finite set X and let (X;) 1<k<q be the family of all trajectories. It is clear that the relation 
On the one hand, we have 


Le.m(|Xf],---,|X¢1) < [I 1X, 


1<k<q 
where I.c.m.(|X7'|,--- ,|Xj|) denotes the least common multiple of numbers 
Xip [Xgl 
On the other hand, 
Esl, 
Sk<q 
[[ xl s (———)* = (-)1. 
1<k<q q q 
Obviously, 


n n 
Sje —). 
pa = gees, 


Eventually, we arrive at the estimate 
n 
T* <exp(—). 
exp 


Let card(X) =n. A positive number T*(n) is called a period of the family of all 
homogeneous dynamical systems defined on X if T*(n) is a least positive natural num- 
ber such that every homogeneous dynamical system (f(x,t))xex rez satisfies the condition 
f(x,t+T*(n)) = f(x,t) for every x €X and t €Z. 

The following assertion is valid. 


Theorem 3.14 Let card(X) = n. Let (px) 1<k<q be the family of all simple natural num- 
bers such that 
(Vk)(1<k<q— py <n). 


Let us denote by ng (1 < k < q) a largest natural number such that 
Pye <n. 
Then the following formula 
q 
T*(n) = [Toi 
k=1 
is valid. 


Example 3.6 If one assumes the existence of a family X = {xz }1<k<n of symbols (let- 
ters) such that for some natural number m every word, being in profit, can be represented 
as the concrete sequence (y;)1<j<m, where y; € X for arbitrary i, then the process of devel- 
opment of the native language can be considered as the system (f(x,t))xex rez. The step 
of time is the mean time which defines the mean leaving time of the native language. The 
word transits from one form x to another form f (x,t) after time t. It is also assumed that 
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the trajectory of a word x is, as usual, the set of all words (so-called synonyms) (f(x,t))rez 
which represent only one sense during all time of motion. For example, if x corresponds to 
the word “table” at the instant t = 0, then f(x,t) also corresponds to the word “table” at an 
arbitrary instant t. 

Assuming that the system f(x,t)xex rez is dynamical, by Theorem 3.13 it can be easily 
concluded that there exists a natural number T* such that the above system is periodical 
with period T*. 

This quotation means that each dead language will be a living language after concrete 
time 7* as well each living language will be a dead language after the same time. 

If we consider theorems 3.13 and 3.14 for an analogous genetic model of beings, then 
in our assumptions each creature is ‘repeated’ (in the sense of genetic composition) after 
the concrete interval of time T** (by the unit of time is denoted the mean living time of the 
family). 


Example 3.7 (Zermelo’s paradox) By Poincare’s theorem, the interesting property of 
recurrence is generic for many dynamical systems, including the motions of the molecules 
of gas in an insulated bottle (assuming the validity of classical physics), which has a state 
space of huge dimensionality, say 1025 or much more. One of the most basic and fa- 
miliar physical facts is that when left alone, macroscopic matter tends to thermodynamic 
equilibrium, and this happens largely independently of initial conditions or even of the com- 
position of the matter. In the early days of the kinetic theory of gases, J. Clark Maxwell 
and L.Boltzmann hoped to explain this striking phenomenon by appealing to recurrence. 
Boltzmann enunciated the ergodic hypothesis, the original form of which posits that the 
trajectory of any given every initial condition passes through every point of the surface in 
phase space having the same total energy as the initial condition. This portion of phase 
space is known as the energy shell, and because of conservation of energy, we may treat the 
energy shell as the state space. If the ergodic hypothesis were true, Boltzmann felt, then 
the time averages of physical observables would tend, as t — ©, to a spatial average, the 
average of the observable over the energy shell. That average is what we would recognize 
as the thermodynamic equilibrium for the observable. (Caution: Equilibrium has a different 
meaning here. Thermodynamic equilibrium certainly does not mean that molecules are at 
rest, which would only happen at absolute zero temperature.) Enrenfest later realized that 
the original form of the ergodic hypothesis was probably impossible for physical systems, 
and modified it to something more in the spirit of Poincare recurrence. 

While initially attractive, the ergodic hypothesis leads to some troubling paradoxes, no- 
tably Zermelo’s paradox: If the gas is initially released from one corner of an insulated 
bottle, Poincare’s recurrence theorem predicts that, according to classical physics, at some 
time all the molecules will suddenly rush back into the corner of the bottle. According to 
the ergodic hypothesis, some analogous phenomenon should eventually happen for almost 
every trajectory. But this has never happened in all of history! The difficulty is that the time 
required for recurrence in a typical dynamical system of more than very low dimensionality 
is vast. Following [Thirring, 1980], imagine ten clocks running at a frequency of roughly 1 
Hertz, i.e., 1 revolution per second, but suppose that the clocks are not quite accurate, and 
the precise frequencies are incommensurate (have irrational ratios). This dynamical system 
is mathematically identical to the free motion on a ten-dimensional torus, with irrational 
speeds, and every trajectory is recurrent and has an equidistribution property. Let us esti- 
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mate the time it takes for all the clocks to return to the initial position in synchronism within 
1 per cent of a second. The state space can be divided into 1 per cent of 10 is equal to 1020 
cells of this margin of error, so it should take 1020 seconds to sample them all and return. 
The universe is believed to be less than 1018 seconds old. 


Example 3.8 Let us show that the state of the nine planets of the solar system is stable 
in the sense of Poisson. 

Indeed, it can be assumed without loss of generality that each planet is a point with mass 
1 and moves in its orbit around the Sun not influenced by the motions of the other planets. 
Then the phase space of such a system is a 27-dimensional space in R*’, because every 
planet has three spatial coordinates. Since the k-th planet moves along the circle, its spatial 
coordinates (x, ,x42,.x%3)(1 < k < 9) satisfy the condition x7; +x? +x{; = r, where rz is 
the radius of the k-th planet’s orbit. This means that the configuration point x representing 
the state of all nine planets moves along the boundary of the 9-dimensional torus, 


where, for arbitrary i (1 < i < 9) the circle with radius r; is denoted by Sj. 
Let Gy (1 < k < 9) be the group of all rotations of the circle Sz, and let Ay, be the Haar 


n n 
probability measure defined on B(S;). It is clear that, on the one hand, [] A, is the [] G;- 
k=l k=1 


n 
invariant probability Borel measure defined on [] S;. On the other hand, the joint motion 


=I 
of the planet system can be described by the formula 


f (x,t) = (80, (%1,t), .809(%9,t)), 


where 2%, (xx,t) is the uniform motion of the k-th planet along the circle Sọ with a constant 


n 
angular velocity œ. It is clear that, for arbitrary t € R and x € J] Gx, the value f(x,t) is 
k=1 


n 
an element of the group [] Gz and, using theorems 3.11 and 3.12, we easily conclude that 
the joint motion of the solar planet system is stable in the sense of Poisson. 


Remark 3.8 It is interesting to observe that as far back as 1734, Daniel Bernoulli con- 
sidered the plane of orbits of the planets known at the time as accidental points on the 
sphere surface and showed that they are uniformly distributed. We must say that the theory 
of uniform distributions is nowadays well developed (see, for example, [106]). 


Remark 3.9 The trajectory of each planet of the solar planet system is an ellipse with 
the Sun put at one of its focuses. Nevertheless, theorems 3.11 and 3.12 hold for such a 
model of joint motion of the solar system planets. 


Remark 3.10 Let Yọ be a Borel subset of S*. Then, applying strong versions of the- 
orems 3.11 and 3.12(cf.[46]), v-almost every points Y° € Yo return to Yọ under a motion, 
generated by one-parameter group of transformation (e),<p, where A is a normal Hermi- 
tian operator in W?(cf. Theorem 3.10),i.e.,v-almost every points Y? € Yo are stable in the 
sense of Poisson. 
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In context of Remark 3.10, we have more strong results. 


Theorem 3.15 Let A be a normal Hermitian operator in W*. Then every point in S? 
is stable in the sense of Poisson under a motion, generated by the one-parameter group of 
transformations (e"4),<R, where A is a normal Hermitian operator in W?. 


Proof. Let Y° € $? and let £ > 0. Denote by nę a natural number such that 


0 «2 e? 
>»: k4 — | Sy 


k>ne 


where (¥9)zey and (Yž)key denote coordinates of Y° and its diametral point Y* in or- 
thonormal basis of W? generated by proper vectors of A, respectively. 

Set Gy = fe (P?) : t € R}, where Ay is k-th proper number of the operator A. 

Without loss of generality, we can assume that A; Æ 0 for k € N. 

We can identify G, with a compact group of rotations of the two-dimensional plane R? 
about its origin. 

Let An, be the Haar measure defined on the compact group []i<k<n, Gk- Applying 
Poincare’s theorem, for € we can find a such instant tọ € R* that 


g2 


Ng 
2 ee a a 


Finally, we get 


Ng : 
ei (B°) WHE < F fel (HO) — BOP 
k=1 


2 g € 
L r- Pe isg, 
2 
p 


This ends the proof of Theorem 3.15. 


Remark 3.11 In some situations, when a metric space X is equipped with a o-finite 
invariant measure, one cannot deduce that u-almost every trajectory is stable in the sense of 
Poisson. Indeed, let us consider the system of differential equations 


dx; dx dXn 
sorb erp) E tg 
dt ” dt Os dt 0, 
whose solution has the form 
X1 = x) +t,Xx2 =x), ot an = x) 


and tends to infinity as £ — +% or t — —oo. It is clear that the solution is not stable in the 
sense of Poisson. 


We say that a point y is an @-limit point for motion (f(x,t));cr (x € X) if, for an 
arbitrary parametric sequence (f,)xey tending to +œ, the point y is a limit point for the 
sequence (f(x, f,))xen- 
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Analogously, a point z € X is called an o-limit point for the motion (f(x,t))rer if, for 
an arbitrary parameter sequence (f,)zen tending to —œ, the point z is a limit point for the 
sequence (f(x,tk))ken- 

We say that a point x € X tends to œ as t — +œ if the trajectory (f(x,t));cr has no 
@-limit points. 

Analogously, a point y € X is called tending to œ as t — —œ if the trajectory (f(y,t));cr 
has no @-limit points. 


The following proposition is a generalization of the Poincar é- Carathéodory theorem. 


Theorem 3.16 (E.Hopf) Let X be a locally compact separable metric space, and let 
(f(x,t))xexrer be a dynamical system with an invariant ©-finite Radon measure u. Then 
-almost every point of X is stable in the sense of Poisson or tends to infinity as t — ©. 


The proof of Theorem 3.16 can be found e.g. in [120]. 
The following important statement was obtained by Birkhoff and Chintchin (see [48]). 


Theorem 3.17 Let (E,S,u) be a measurable space with probability measure and g be 
some measurable transformation of E. If the measure u is invariant under the transforma- 
tion g, then for an arbitrary y-integrable function f we have 


a) w({x : (A mas 


n>% n 


n—1 
k 
Y f(e*x) = f*()}) =1, 
k=0 
where the function f* is y-integrable and u-almost invariant under the transformation 
g, Le. 


Now, let Z be a nonempty countable set of parameters. 


Definition 3.1 The family {g’},<r of transformations of R? is called a one-parameter 
group if 
(Vs)(Vt)(sER&tER— g'™ = g' 8°) 


and g° is the identity transformation of the space R’. 


Remark 3.12 Note that every dynamical system (in the sense of Birkhoff) 
(f(x,t))xex.eR, defined in the phase space X, is one-parameter group of transformations 
of X. 


Definition 3.2 (R’, {g'}er) is called a phase flow if {g’},cr is a one-parameter group 
of transformations of the space R’. 


Definition 3.3 A transformation g = {g Jer : R x R? — R’ is called one-parameter 
group of diffeomorphisms of R’ if the following four conditions are fulfilled: 

1) g(t,x) =g'x forall t €R and allx eR’; 

2) g is a differentiable transformation on R x R’; 

3) g : R! —R’ isa diffeomorphism for t € R; 
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4) the family {g’},cr is an one-parameter group of transformations of R’. 


Let (R’, {g’},<r) be the phase flow defined by the one-parameter group of diffeomor- 
phisms of R’. 


Definition 3.4 The velocity of a phase point defined by 


is called a phase velocity v(x) of the phase flow g‘ at the point x € R/. 


Definition 3.5 Let u be a measure defined on some {g‘ };cr-invariant o-algebra of sub- 
sets of the space R’. We say that the phase flow (R’,{g’};cr) preserves the measure u 
if 

(Vt) (YB) (t E R & B € dom(u) > u(g'(B)) = u(B)). 


Theorem 3.18 Let A = (a;;) be an n-dimensional matrix with |det(A)| = 1. Then 


ijel, 
(VB) (B € B(R") — £,(A(B)) = 4,(B)), 

where B(R") denotes the Borel o-algebra of subsets of R” and £, denotes the n-dimensional 

Lebesgue measure defined in R”. 


The proof of Theorem 3.18 can be obtained by using the formula of changing of vari- 
ables in Lebesgue integral. 


Let u = Va, where v4 is the measure constructed in Chapter 5 for A = [0; 1[%. 
The following result is valid. 


Theorem 3.19 Let D, be the group of all n-dimensional A = (aij) matrices with 


|\det(A)| = 1. Let us denote 


ijel 
G = Unen (Dn x1), 


where I) denotes the identity transformation of the topological vector space RN\t!""}, 
Then the measure u is G-invariant. 


Proof. Note that, for an arbitrary natural number n, the measure u can be considered as 
the product of two measures u; and u2, where u; coincides with the n-dimensional Lebesgue 
measure. The measure u; is D,-invariant (see Theorem 3.18). The measure uz can be 
considered as an /(”)-invariant measure. By using the well-known result on the product of 
o-finite invariant Borel measures, we conclude that the measure u = uy X u2 is Dy, xI (n) 
invariant and Theorem 3.19 is proved. 


Theorem 3.20 Let A = (aj;) 


ijen be an n-dimensional matrix. Then 


det(e!) = ef TTA) 
n 
where Tr(A) = È aii. 
i=1 


Definition 3.6 We say that there exists a vector field A defined on R’ if the value of the 
vector quantity A is specified at each point x of R?, i.e., A = A(x). It is clear that an arbitrary 
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family of transformations {g’};cr of R? can be considered as a vector field defined on the 
corresponding vector space. If {g’},cr is the family of differentiable transformations, then 
(R? {g' }er) is called a vector flow on R’. 

We will deal with a stationary field which does not change as time passes. If such a 
variation takes place, we will consider the field at a fixed moment of time and thus reduce 
our consideration to a stationary field. As examples of vector fields, we can consider a field 
of velocities v, a field of momentum density pv (where p is the mass distribution density) 
for a liquid or gas flow, a field of force F, an electric field E (where E is electric field 
strength), etc. 


Definition 3.7 The vector field defined by 
I d 
(vx)(x ER > v(x) = z8 l=) 
is called a vector field of velocities v on R! determined by the phase flow (R7, {g ber). 


Definition 3.8 We say that a vector field of velocities v defined on R’ preserves the 
measure u with dom(u) = B(R’) if 


(VB)(vt)(B € dom(u) & t € R > g'(B) € dom(u) & u(g'(B)) = u(B)). 


Definition 3.9 The divergence divv of the vector field of velocities v on R’ is defined by 


where (v;)jc7 is the family of components of the vector velocity v and x; € R for alli €/. 


Theorem 3.21( Liouville) Let v = A(x) be a linear continuously differentiable vector 
field of velocities defined on R”, and D(0) be some Borel subset of R”. Then the formula 


dt,(D:) f, 
D(t) 


is valid, where D(t) denotes the state of the subset D(0) at the moment t under the action 
of the phase flow defined by the vector field of velocities v = A(x). 


The proof of Theorem 3.21 can be found in [1]. 


Remark 3.13 Let H be a twice continuously differentiable function of 2n variables 
Pis°**sPnsQ15°°* 4n. A system of 2n variables defined by 


AO T ee (3.1) 


is called a canonical system of Hamilton’s equations. Hamilton had showed that various 
models in mechanics, electrostatics, optics, variation calculus and in other regions of appli- 
cations can be described by (3.1)(cf.[1],p.71). As 


" 0H 3H 


diwv= } ( 


Lee, 
£ OPKOgk aap 
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using Theorem 3.21, we easily establish that vector flow of phase velocities defined by the 
canonical system of Hamilton’s equations preserves the 2n-dimensional Lebesgue measure. 
This law is known in the literature as the law of preservation of energy. 


In the context of Remark 3.13 we present the following example from electrostatics. 


Example 3.9 The force acting between the constituents (electrons and nuclei) of matter 
is given by Coulomb’s inverse square law of electrostatics: if two particles have charges qı 
and q and locations x, and xz in R?, then F} -the force on the first due to the second—minus 
F, - the force on the second due to the first, and is given by 


(x1 —x2) 


If qıq2 < 0, then the force is attractive; otherwise, it is repulsive. This force can be written 
as minus the gradient (denoted by V) of a potential energy function 


W(x1,x2) ee en 


i.e., 
Fi = —VıW and Fy = VW. 
If there are N electrons located at X = (x1,--- ,xy) with x; € R°, and k nuclei with 


positive charges Z = (z,--- ,zx) and located at R = (Ry,---,R,) with R; € RÌ, then the 
total-potential energy function is 


W(X) = —A(X)+B(X)+U 


with 


k 
V(x) = È zix-Rl, 
j=l 


BXX)=e $ has, 
1<i<j<N 
U =e" Ł zizj|Ri—Rj|’. 
1<i<j<k 
The A term is the electron-nucleus attractive potential energy with eV (x) being the 
electric potential of the nuclei. B is the electron-electron repulsive energy and U is the 
repulsive energy of the nuclei. A, B, U and V depend on R and Z, which are fixed and, 
therefore, do not appear explicitly in the notation. It is then the case that the force on the 
i-th particle is 
F; = -—V;W. 


In the case of an atom, k = 1, by definition. The case k > 1 is called a molecular case, 
but it includes not only molecules of very small sizes but also solids, which are really only 
huge molecules. 
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So far, this has been just classical electrostatics and we now turn our attention to classi- 
cal dynamics. Newton’s law of motion is (with a dot denoting 4. where t is the time) 


This law of motion, which is a system of second order differential equations, is equiva- 
lent to the following system of first order equations. We introduce the Hamiltonian function 
which is the function on the phase space R® = (R? x R*)* given by 


2 EN 
H(P,X) = — 2 X). 
(P, am P EW) 


The notation P = (p1, +- , py) with p; in RÌ is used, and the quantity 


is called a kinetic energy. The above equations of motion are equivalent to the following 
first order system in R° : 


The velocity of the i-th electron is v;, and p; is called its momentum: p; = mv; by the 


first equation above. 
According to the well-known Schwartz’ theorem, we have 


H ƏH 
Ox jODi 7 Op jOX j 
and, hence 
ae ns a FH 
div(V(X,P)) = — =0 
i=l Oxj0p; ƏpıðXxi 
By Liouville’s theorem, the vector flow defined by the vector field of velocities 
oH OH 0H oH 
op; > dpy’ oxy’ ’ dy 


preserves the Lebesgue measure dx, ---dxydp,---dpy on R, 
Theorem 3.22 Let us consider the differential equation 
dt 


where 
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An is an n-dimensional matrix with Tr(A„) = 0, t € R and ¥ € RN. Then the phase flow 
(RY, {2"(-) prer) = (RY, {e4(-) } rer) defined by the vector field of velocities (3.2) preserves 
the measure u. 


Proof. It is clear that e4 x Wọ is a solution of equation (3.2) with the initial condition 
(0) = Yo. On the one hand, by Theorem 3.20, 


det(e!4”) = eTA) =], 


On the other hand, 
ef = e x 1) ED, x1” CG. 


Theorem 3.21 implies that the phase flow defined by (3.2) preserves the measure u. 
The proof is completed. 


Theorem 3.23 Let us consider the differential equation 
dv 
aia 
dt 
where Y ERY, t ER and b= (bi,b2,---) E RY. 


Then the phase flow (R™ , {b x t+ (-) brer) defined by the vector field of velocities (3.3) 
preserves the measure u if and only ifb € 4. 


(3.3) 


Remark 3.14 The proof of Theorem 3.23 can be obtained obviously by using Theorem 
5.1. 


Theorem 3.24 Let us consider the differential equation 


dY 
— = AY 3.4 
L LAY, (8.4) 
where ¥ € RY, t € Rand A is an infinite-dimensional diagonal matrix. 

Then the phase flow defined by the vector field of velocities (3.4)(being one-parameter 
group of transformations of R” ) preserves the measure u if and only if the series Tr(A) is 
absolutely convergent and Tr(A) = 0. 


Proof. Necessity. Let the phase flow defined by (3.4) preserve the measure u. Let us 
show that Tr(A) = 0. Indeed, if we assume that Tr(A) Æ 0, then e’7"(4) 4 0, too. It means 
that 

ule (10; 1%) =a] [le 
icN 
where (a;)icy is a sequence of all diagonal elements of the matrix A. 
From the e“ -invariance of the measure u, we have 


lim [ [4([0;e“[) = 1, 
where A; denotes the normed Lebesgue measure defined in [0; 1|. 
On the other hand, we have 
lim £ tak 
1 


lim [| Ax([0;e*[) =e" "= 


n>” 1 k<n 


= etT"r(A) Æ 1, 
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where ug denotes the Lebesgue measure defined in R, and we get a contradiction with the 
e'^ -invariance of the measure u. 


Now, assume that Tr(A) is not absolutely convergent. Let (af )nen and (aù ) pen re- 
es n p 
spectively denote the subsequences of all positive and negative members of the sequence 


(ax)xen- It is clear that 
} a =+% & La = —o, 
neN pEN P 


On the one hand, we have 


tim [Px [01k 0 [Te (051k) = 


k>n k>n k>n 


On the other hand, for t > 0, we have 


lim n [Ak at (0; 1 [KN | [l0:eD = 


“ken k>n k>n 


l 
= lim I] ek = ore =e ~=0. 
may" 
The necessity is proved. 
Sufficiency. Let Tr(A) =0 and the series X, a, be absolutely convergent. It is sufficient 
k>1 
to show that 
u(e^ (B x [0,1[ 0%) = w(B x [0; 1M0), 

where B € B(R") (nEN). 

Indeed, on the one hand, we have 


tim TT A(T Tl0:e") = 


k>n k>n 


ta, iim mE tar, 
lim J [%, (J [0;e >) = e" pn P 


pen pen 


On the other hand, we have 


u(e^ (Bx [][0s1[x)) = lim (CTT aex JJ [0:1fi))x 


k>n 1<i<m ete ee 

x []a([] lose) = 
i>m i>m 
lim et" x Pi (CII ui)( B) x lim ( I] ri)( XII [0; e“ f) — 
1<i<n i>m+1 i>n+1 
X ar 

= e! x( II ui)( (Bx [ [ (0:1). 

1<i<n k>n 


where A,, is the m-dimensional matrix standing in the upper-left part of the matrix A. 
The sufficiency is proved. 
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Remark 3.15 If A is an infinite-dimensional diagonal matrix and Tr(A) is absolutely 
convergent, then, using the method considered above, we obtain 


(VB)(B € B(RY) — w(e4(B)) =e") x p(B). 
Thus, we get the validity of the following result which is a direct analog of Liouville’s 
theorem (see Theorem 3.21.) 


Theorem 3.25 Let v = Ax be a vector field of velocities defined on RY, where A is an 
infinite-dimensional diagonal matrix such that Tr (A) is absolutely convergent. Let D(0) be 
some Borel subset in RY. Then the formula 


du(D(t)) 
a J divA)du 
D(t) 


is valid, where D(t) denotes the state of the subset D(0) at the moment t under the action 
of the phase flow (RN e4 x (-)). 


Theorem 3.26 Let us consider the differential equation 


dv 
— = AY . 
i +f, (3.5) 


where ¥ € RN, f is a continuous vector-function in RY (of a parameter t) and, A is an 
infinite-dimensional diagonal matrix with absolutely convergent trace such that Tr (A) = 0. 
Then the phase flow defined by (3.5) preserves the measure u if and only if the following 
condition 


(vt)(t >0—> [ e-DA #(q)dt € 41) 


holds. 
Proof. It is clear that a solution of (3.5) with initial condition ‘¥(0) = Yo has the 
following form: 


W(t) = e" Hy + f ' e=0A f(t)dt. 
Hence, a motion (g'),+9 defined by (3.5) has the following form 
(VENY E€ RY > of (P) =e H+ I ‘elt—)4 f(t)dt1). 
Necessity. Let the phase flow (g’),+0 defined by (3.5) preserves the measure u, i.e., 
(WX)(X E BR") > pg (X) =n(e (a) + [ef 2)ae = HX). 
If we put X = e~“ (Y), where Y € B(R), we get 
(VE) EBR") > pY) =u + fe /(a)a0)) 


Using Theorem 5.1, we conclude that (vt) (t > 0 — fj e} DA f(t)dt € £1) and the ne- 
cessity is proved. 
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Sufficiency. The sufficiency obviously follows from the theorems 3.24 and 5.1. This 
ends the proof of Theorem 3.26. 


Remark 3.15 Note that the Green’s matrix h} = e4704 is a reaction on the collection of 
asymmetrical impulses (f;(t)) jen = 54.(¢) (t € R). Let aj; (i € N) be the family of diagonal 
elements of the matrix A in Theorem 3.26 and (Q;)icy € 4. We put f(t) = oe for i € 
N, t E R. Then the family (f;(t))icy gives an example of asymmetrical impulses when the 
phase flow defined by (3.5) preserves the measure u. 


The following auxiliary proposition plays a key role in our further investigations. 


Lemma 3.5 Let A be a bounded by the norm Hermitian operator in infinite-dimensional 
separable Hilbert space ¢. Then all proper numbers > of the operator A are real and there 
exists an orthonormal basis (Yx)xen generated by corresponding proper vectors of A. 


The proof of Lemma 3.5 can be found in [94]. 


In the sequel we consider so-called normal Hermitian operators £2 which have the fol- 
lowing property: there exists an orthonormal basis consisting of its proper vectors. 

Let A be a normal Hermitian operator in ¢ with the convergent trace Tr(A). Let 
(Yz)zen be an orthonormal basis in 42 generated by proper vectors of the operator A. Let 
B : RY — 2 bea linear operator defined by B(ex) = aa for k € N, where (e,)xen denotes 
a standard basis in £3. We set 


(VX)(X € B(4s) = ua (X) =H(B-"(X))), (3-6) 


where B(2) denotes a Borel o-algebra of subsets of 42. 
The following assertions are valid. 


Theorem 3.27 Let a vector field of phase velocities in ly be defined by (3.4), where 
YW € h and A is a normal Hermitian operator in lz with a convergent trace Tr(A). Then 
the phase flow defined by (3.4) preserves the measure u4 defined by (3.6) if and only if 
Tr(A) = 0 and Tr(A) is absolutely convergent. 


Theorem 3.28 Let A be a normal Hermitian operator with an absolutely convergent 
trace Tr(A) in £2, Let D(O) be some Borel subset in L2. Then the formula 


WOW) = I div(A)dua (3.7) 
D(t) 


is valid, where u4 is defined by (3.6), D(t) denotes the state of the subset D(0) at the moment 
t (t € R) under the action of the phase flow defined by (3.4). 


In addition, let us remark that one can obtain the validity of an analog of theorem 3.26 
in the space £5. 

Let us consider the following notions characterizing the behavior of various dynami- 
cal systems defined by vector field of velocities v = A x Y in RY, where A is an infinite- 
dimensional real-valued diagonal matrix. 


3A number A € C is called a proper number for a linear operator A : £2 — £5 if there exists a non-zero 
element u € £2 such that Au = Au. The element u is called a proper vector of A corresponding to the proper 
number À. 
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Definition 3.10 We say that the phase flow (R”,e’4 x (-)) is stable in the sense of a 
Borel measure v defined in R” if it preserves the measure v. 


Definition 3.11 We say that the phase flow (RY, e4 x (-)) is pressing in the sense of a 
Borel measure v if 


(Vt,)(Vt2)(VD)(0 < tı < tz < œ & 0<V(D) < œ — v(e"4(D)) < v(e4(D))). 


Definition 3.12 We say that the phase flow (RY, e4 x (-)) is totally pressing in the sense 
of a Borel measure v if 


(Vt)(VD)(0<t < œ & 0 < v(D) < œ = vw(e4(D)) = 0). 


Definition 3.13 We say that the phase flow (RY, et^ x (-)) is expansible in the sense of 
a Borel measure v if 


(Vt1)(Vt2)(VD)(0 < ty < t2 < œ & 0<V(D) < œ —> v(e"4(D)) < v(e?4(D))). 


Definition 3.14 We say that the phase flow (RY, e'4 x (-)) is totally expansible in the 
sense of a Borel measure v if 


(Vt) (YD) (0 < t < œ & 0 < v(D) < œ — v(e4(D)) =~). 


In context of definitions 3.10-3.14, the following example is of interest. 


Example 3.10 (Infinite continuous Malthusian growth model) The differential equa- 
tion describing the continuous Malthusian growth model says that the derivative of an un- 
known Population function P(t) is proportional the unknown Population function. The 
only function that is equal to the derivative of itself is the exponential function. We try 
to find a solution of the form P(t) = ce", where c is an arbitrary constant. But P(t) is 
cxrxe'™', which is r x P(t), so satisfies the differential equation. If we add an initial 
condition P(0) = Po, then the unique solution becomes P(t) = Po x e’”'. This is another 
reason why Malthusian growth is often called exponential growth. 

Now, let us consider an infinite non-antagonistic family of populations and let ‘Y;(t) 
be the population function of the k-th Population. Then the continuous Malthusian growth 
model for an infinite family of non-antagonistic populations is described by the following 
linear differential equation 


with an initial condition ¥(0) = Yo € (R*)%, where A is an infinite-dimensional real-valued 
diagonal matrix, Y(t) = (Px(t))xew € (RT). 

If div(A) is absolutely convergent, then, applying infinite-dimensional analog of Li- 
oville’s theorem, we conclude that the phase flow (RY, et4 x (-)) is: 

(i) stable in the sense of the measure u if div(A) = 0; 

(ii) pressing in the sense of the measure u if div(A) < 0; 

(iii) expansible in the sense of the measure u if div(A) > 0. 


Let u be a diffused probability Borel measure defined on the Polish space E and let 
B(E) be a Borel o-algebra of subsets of E. 
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Definition 3.15. A measurable automorphism g : E — E is called admissible in the 
sense of quasi-invariance for the measure u if 


(VX)(X € B(E) > (u(X) = 0 & u(g(X)) = 0)). 


Theorem 3.29 The class Q, of all admissible automorphisms in the sense of quasi- 
invariance of the measure u is a group with respect to the usual composition of automor- 
phisms. 


Definition 3.16 A measurable automorphism g : E — E is called admissible in the sense 
of invariance for the measure u if 


(VX)(X € B(E) > u(X) = u(g(X))). 


Theorem 3.30 The class 1, of all admissible automorphisms (in the sense of invariance) of 
the measure u is a group with respect to the usual composition of automorphisms. 


Let show that that the notions of dynamical (i.e.,(E,B(E),J,,,4)) and quasi-dynamical 
(i.e.,(E,B(E),J,,4)) systems canonically associated with any Borel diffused probability 
measure u on E are different. In this direction we have the following 


Theorem 3.31 
lı CQ, & On \ Ty F 9. 


Proof. Let g € J,,. Then 
(VX) (X € B(E) > u(8(X)) = u(X)). 
In particular, if u(X) = 0, then u(g(X)) = u(X) = 0. 
If u(g(X)) = 0, then from the invariance of the measure u we have 


u(X) =u(g~'(g(X))) =u(g(X)) =0. 


We get g € Q, and an inclusion J, C Q, is proved. 
Now let show that Q, \ J, 4 0. 
Let consider a standard Gaussian Borel measure y on the real axis R. By Lemma 7.1, 
there exists a Borel isomorphism 
®:E—-R 


such that (VX)(X € B(E) —> u(X) = y(®(X))). 
It is clear that 


(vWh)(VX)(hE R & X € B(R) > (y(X) =0 & yX +h) =0)) 
and there exists no Xo € B(R) with 0 < y(Xo) < 1 that 
(VA) (h € R ¥(Xo +h) = ¥(Xo))- 
Let consider a group of automorphisms Go of E defined by 


Go = {po op! :h €R}, 
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where ®; is a shift in R defined by (Vx)(x € R > (x) =x+h). 
Then we have 


U(X) = 0. ¥(P(X)) = 0. ¥(Pp(P(X))) =0 YP" '(P,(8(X))))=0 


The last relation means that Go C Q,. 
Let Yo € B(R) and ho € R such that 


¥(Yo+ho) # (Yo). 


We set Xo = ~! (Yo). 
On the one hand, we have 


(Xo) = ¥(P(Xo)) = (P(@!(Yo))) = Vo). 
On the other hand, we have 
U(Po®,, ob !(Xq)) = (P o Pr o@ | o@(Xo)) = 


¥(P(Xo) + ho) = (Yo +ho)- 


Thus, we deduce that bo P}, o7! € Qp \ In. 
This ends the proof of Theorem 3.31. 
Theorem 3.32 


card(Q,,) = card(I,) =c, 


where c denotes the cardinality of the continuum. 
Proof. Let us denote by A(Z) the group of all Borel automorphisms of E. Since J, C 
Q, CA(E) and card(A(E)) < c, we have 


card(I,,) < card(Q,,) < card(A(E)) < c. 


Let S be the unit circle in the Euclidean plane R?. We may identify the circle S with a 
compact group of all rotations of R? about its origin. Let 4 be the probability Haar measure 
defined on the compact group S. By Lemma 7.1, there exists Borel isomorphisms ® : E — S 
such that 

(VX)(X € B(E) — u(X) = MP(X))). 


Let consider a group Go of measurable automorphisms of F defined by 
Go = {Pogo P! : g € S}. 


It is clear that Go C J, and card(Go) = c. 
The last relation means that 
card(I,,) > c. 


This ends the proof of Theorem 3.32. 
Theorem 3.33. 


A(E)\ Qu #0. 
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Proof. Let I be a canonical Gaussian Borel measure defined on R”. Following Kakutani 
well-known result(cf. Corollary 4.4), we have 


(Iho) (3X0) (ho € RN \ 42 & X € B(RY) =T (Xp) = 0 & T(Xo +ho) > 0). 


Let a mapping : E — R” be a Borel isomorphism between measures u and I. 
Let @,,, be a shift in R defined by (Vx)(x € RY > m(x) =x+h). 
Now it is not difficult to show, that 


Po Pr 0b | €A(E)\ Qu. 


This ends the proof of Theorem 3.33. 


Chapter 4 


Borel Product-Measures in R! 


We start our discussion with standard notions and definitions from probability theory. 

Let J be an arbitrary nonempty set of parameters. Denote by (R’,t) the vector space of 
all real-valued functions on J equipped with Tykhonoff topology t. Assume that B(R’) is 
the o-algebra of all Borel subsets of the space R’, generated by the Tykhonoff topology 7; 


Let (Pr;)ic7 be the family of projections defined by 
(Vi) (V(xj) jer) (i € I & (xj) jer ER! > Pri( (xj) jer) = xi). 
A minimal o-algebra of subsets of R’ generated by the class of subsets 
(Pr '(X))icrxeB(R) 


is denoted by Ba(R’) and is called a Baire o-algebra of subsets of R’. 


Remark 4.1 Note that Ba(R’) = B(R’) for card(/) < Xo, where Xo is the cardinality 
of the set of all natural numbers. If card(/) > Xo, then 


Ba(R’) C B(R’) & B(R’) \ Ba(R’) £ 0. 


As usual, a measure defined on B(R’) is called a Borel measure. Analogously, a mea- 
sure defined on Ba(R’) is called a Baire measure. 
Denote also 


RY) = {(xt)rer 4 (xt) rer E€ R! &card{i|x; Æ 0} < Xo}. 
Definition 4.1 A Borel probability measure u defined on (R’,t) is called Radon if 
(YB) (B € B(X) > u(B) = sup{u(K) : K CB & K is compact in R?}). 


Definition 4.2 A family (U;);cz of open subsets in (R/,t) is called a generalized se- 
quence if 


(Viz) (Vio) (i EI&i E€I—> (Aiz) (i3 Ela (Ui, G Ui & Ui, C Uj;))). 
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Definition 4.3 A Borel probability measure u defined on (R’,t) is called t-smooth if, 
for an arbitrary generalized sequence (U;)jc;, the condition 


u((_JU;) = sup u(Uj) 


ic] ie] 
is valid. 


Definition 4.4 A Baire probability measure u on R’ is called t-smoothif, for an arbitrary 


generalized sequence (U;)icy of open Baire subsets in R}, for which UJU; is also a Baire 
i€I 
subset, the condition 


u(LJU;i) = supu(U;) 


icI icl 
is valid (see e.g. [173]). 


Definition 4.5 Let u be a Baire measure defined on R’. A Borel measure 4n defined on 
R’ is called a Borel extension of u; if 


(WX)(X € Ba(R!) > ın (X) = 41 (X)). 


Example 4.1 Let / be an arbitrary nonempty parametric set, and p; be a Borel probabil- 


ity measure on R for all i € J. If card(7) > Xo, then the probability product-measure [] p; 
ic] 
is defined on the o-algebra 


[[B(R;) = Ba(R’). 


ic] 
Accordingly, this measure is an example of a Baire probability measure which is not 
defined on B(R’). 


The following definition from general topology is important for our investigation. 


Definition 4.6 Assume that for arbitrary i € I, f; is a mapping of the topological space 
(X;:™® t;®) into the topological space (X;),7;'2)). Then the mapping [I f; defined by 
icl 


Vaie (aier € [Xi > (T] Ai) (ien = Fier) 


ic] ic] 
is called a direct product of the family (f;)ic7 (see e.g. [34]). 
In the sequel, we will need some auxiliary results. 


Lemma 4.1 Ifa Baire measure P on R! is t-smooth, then there exists only one t-smooth 
Borel extension of P on R!. 


The proof of Lemma 4.1 can be found in [173]. 
Lemma 4.2 Let f; be a mapping of the topological space (x) : af) into the topological 
space (XP P) for i€ I. Then the direct product Į] f; of the family (f;)icr is continuous if 
icl 


and only if 
(Vi) (i € I — f; is continuous). 
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The proof of Lemma 4.2 is easy and is given e.g. in [34]. 

Remark 4.2 It is easy to verify that if [] f; is a continuous mapping, then |] f; is also a 
Borel measurable mapping. ms = 

Remark 4.3 If a mapping f; is a (B(X;)),B(X;“)))-measurable for an arbitrary i € J, 
then I fiis (Ba(11X;°)), Ba(TIX;™ ))-measurable mapping, where B(X;®) denotes the 


o-algebra of subsets of X;) generated by the topology 7;‘)(k = 1,2); by Ba([]X;) is 
icl 


denoted the Baire o-algebra of subsets of the product topological space 


("Thi )@ = 1,2). 
i€l i€l 
Lemma 4.3 Let p; be a probability Borel measure defined on R for an arbitrary i € 
I. Then there exists a family ( fi)icı of Borel measurable real functions defined on |0;1| such 
that 
(Vi)(Vy) (iE 1 & y E R > li ({x|x €]05 1[ & fix) < yt) = p:((—%;y]) ), 
where lı denotes the Lebesgue measure on \0; 1|. 


This lemma is well known and its proof can be found e.g. in [152](cf.Example 3.25). 


Lemma 4.4 Let (E,,1)) and (E2,12) be two topological spaces. Denote by B(E,) and 
B(E2) (correspondingly, B(E; x E2)) the class of all Borel subsets generated by the topolo- 
gies T and T2 (correspondingly, Tı X T2). If at least one of these topological spaces has a 
countable base, then the equality 


B(E)) x B(E2) = B(E; x E2) 


holds. 


Proof. Let E; has a countable base of open sets. Denote by (B,) ney some base of this 
space. Lemma 4.4 will be proved if we show that an arbitrary open set in E; x E2 can be 
expressed by the union 

UnenAn, 


where, for an arbitrary n € N, A, is an elementary open set in E x E>. The latter means 
that, for A,, we have the representation 


An — A) x An), 


where A„® is an open set in E(k = 1,2). 
Obviously, we can write 
G=UreU; 


for an arbitrary open set Gin FE; x E2, where 
a) I is some set of parameters; 
b) (Vt) (Vk) (t € I & (k = 1,2) > (U,“ is an open set in E™)) . 
For an arbitrary parameter t € J denote by 9, the set of all natural numbers for which 
we have 
On (t) = Unco, Bn x U;). 
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Let us put 
i U®, ifB,xU cG; 
' 0, ifB,xU ZG. 


On the one hand, if x € G = U;e;U;, then there exist tọ € J and ng € On such that 
x E Bm X U,,). 
This means that 
Bm X ui? = Bn X Ön (to) C Unen (Bn X UrerÜn(t)). 


On the other hand, if 
Xx E Unen (Bn x Ure U(t)), 


then there exist no € N and tọ € J such that 
XE Bno x Ong (to). 
By the definition of the set U,,,(t) we have 


Bay X Un CG. 


This completes the proof of Lemma 4.4. 


Denote by S; the unit circle S in the Euclidean plane R?. We can identify the circle S; 
with a compact group of all rotations of R? about its origin. 


Lemma 4.5 Assume that i, is a probability Haar measure defined on the group J] S;. 
ie! 
Then, for card(I) > Xo, the set X defined by 


X =[](Si\{:1)) 
ic] 
is a Ay-massive nonmeasurable subset of the group [| S;. 
ic] 

Proof. Let us show that the inner A;-measure of the set X is equal to zero. If we assume 
the contrary, then by using the inner regularity of the Haar measure (see [51]) we obtain the 
existence of a compact subset F C X such that A;(F) > 0. It is clear that A;(Pr;(F)) < 1, 
where A, is the probability Haar measure on S; and Pr; is the projection from [] Sj onto S;. 

jel 

We have 

(J [Pri(F)) =0 
because Card(I) > Xo. This contradicts the conditions 
F CJ JPri(F), (F) >0. 
ic] 


Let us show that 


A(T] (Si\ (0.4) = 1. 


iel 
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Assume the contrary and let 


Ay (T ](Si\ {(0.1):})) < 1. 


ie] 


Then there exists B € B([]j<7S;) such that 


[]:\{0,1}) cB 


iel 
and 0 < A(B) < 1. On the other hand we have 


M(B) = inf 0, (U) 


BCU ,U€Ba([]jc7 Si) 


= inf AU). 
BCU,U €Ba(J]icr Si) 
Let U; be such element of Ba([]j<;S;) that 
1) BCU; 
2) MB) < (Uk) < MB) +4. 
It is clear, that QpeyU, € Ba(T]jc7 Si) and B C Open Ug, A(OrenUr) = M(B) < 1. 
Clearly, NkenUk = Us x Tien Si for some J C I with card(J) < Xo. We have 


[[Gi\ {(0.1)}) CB cU x TT Si. 


ie] iel\J 


Obviously 
Pry(T [(Si\ {(0-1):})) c Uy 
icl 
and Ay(U;) < 1, because A(NrenUr) = A(U; x [iens Si) = àz (Uz). But this relation is not 
possible because 


Pr KSO) = T](si\{@.D) CUJ 


and 


A [S0 = 1. 


ie] 


This finishes the proof of Lemma 4.5. 


Remark 4.4 The results of lemmas 4.4 and 4.5 were obtained in [88]. 
Define the measure Àr) by 
(VB) (Be si = ops: \{(0; 1):}08)) =A1(B)). 
Denote by day the completion of the measure dw) and define uz by 
(VX)(X € dom (Ay) Safed ) = i,(X)), 


where 
(Vx) (x €]0;1[ — g(x) = (—sin(2mx),cos(2mx)) ). 
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Denote by B(|0; 1[/) the © -algebra of yz;-measurable subsets of ]0; 1[/. 
The following result is of some interest. 


Theorem 4.1 Let (p;)icz be an arbitrary family of Borel probability measures defined 

on R. Let (f;)ier be the family of Borel measurable functions constructed in Lemma 4.3. 

If the mapping [J f; is a (B(R’), B(]0; 1[/))-measurable mapping, then in R! there exists a 
icl 


Borel extension P; of the Baire probability product-measure [] pi. 
icl 


Proof. Define the functional P; by 
(VX) (X € B(R’) > P(X) =u JAT X) 
icI 
Show that the measure ?; is an extension of the product-measure [] p;. Indeed, for 


ic] 
every finite parameter set J) C J and for a Baire set 


J [(-%;x] (i € lo, Xi € R) 


i€lo 


we have 


P (RAD x [ [(-ce:2:]) =u;( A LCR Mo x BL (—09; ;x;]) 


i€lo ic] i€lo 
= u(]0; 10x T] {yy € JO; 1[ & fily) < xH. 
i€ lo 
In view of lemmas 4.3 and 4.4, using the property of a Haar measure, we have 


u(]0; 1x T] fy : y €J0s1[ & fO) < x}) = 


i€lo 
= unn (10; 1) xun ([ JO : y €]051[ & fil) <h = 


i€lo 


= (JJ WH :y €J0s 1] & fily) <x) = TT R@ = ([]p:) (R^ x T] (—%;x:]). 


icl i€lo icI i€ lo 


This completes the proof of Theorem 4.1. 


Remark 4.5 From the results of Theorem 4.1 and lemmas 4.1—4.4 we conclude that for 
an arbitrary family (p;)icz of quasiinvariant Borel probability measures defined on R, there 
exists only one Borel extension ; of the probability Baire product-measure |] pj. 

ic] 

Remark 4.6 The mapping [I f; is always (Ba(R’), Ba(]0; 1[/))-measurable and so we 

ic] 


have the following representation of the Baire product measure [| p; constructed by Ander- 
ic] 


(VB)(B € Ba(R’) > (J J p)(B) =u (1A '(8))) 


ie] ie] 


son: 


An example of a RY)-quasiinvariant Borel extension of a concrete Baire probability 
product-measure on R” has been constructed in [88]. Hence it is of interest to point out, 
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within the class of all Borel extensions of the probability product-measures defined on R’, 
a subclass of measures whose every element possesses the property of RU )-quasiinvariance. 


We will need the following lemma. 


Lemma 4.6 Let I be some nonempty set of parameters and, for an arbitrary parameter 
i € I, let S; be the unit circle in the Euclidean plane R?, and let (pidicr be a family of 
quasiinvariant Borel probability measures on R; = R with distribution functions (F;)icr. 
For i € I denote by f; the mapping of R; into S;\ {(0;1);} defined by 


(Vx)(x € R; > fi(x) = (—sin(20F;(x)),cos(2mF;(x))). 


If h is an arbitrary translation of the real axis R;, then it is clear that the mapping 
fioho f7" is a continuous automorphism of the space S;\ {(0;1) ;}. This automorphism is 
uniquely extended to a continuous automorphism of the unit circle. Denote by G ; the group 
of all such automorphisms of the unit circle. Then the probability Haar measure i, defined 
on J] S; is quasiinvariant with respect to the direct sum LG; of the family of groups (Gi) ier. 

ie] i€ 

Proof. Denote by A; the probability Haar measure defined on the unit circle S; (i € J). 
We will prove the lemma in two steps. 

1) The measure A; is G;-quasiinvariant. Note that, for an arbitrary neighbourhood U 
of the point (0; 1); and for an arbitrary element g € Gj, there exists a positive real number 
K(U,g,i) such that 


(Vx1)(Vx2) (x1 € S;\U) & (x2 G S;\U) = 
Mille (x1), 8(%2)) < K(U, 8,1) x Mi((1,22))), 
where (x1,x2) and (g(x1),g(x2)) denote the open arcs of the unit circle S; which do not 
contain the point (0; 1);. 
Indeed, without loss of generality we can consider a neighbourhood U of the point 
(0; 1); having the form 


(Sat9) (0 < ao < T > U = {(xsy)|Q5y) = (coso, sing), — <o< = +00}. 


Let x; € S;\U and x2 € S;\U. Then for g € G; there exists a translation h of R; such 
that 


g= fioho fi". 
We have 
tot+h 
Meara f Fale) = (2-1) x F/G) = 
ti +h 
sup F(t 
= (9-1) x BEY 2G) < (—n) x O 


FE) inf FW) 


E(t sto] 
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<K(U,g,i) X Ai((x1,x2)), 
where 
x1 = filt), x2 = filt) (ti <t2); t +h <6) <t +h, ti <& <h, 
ty 
J F@ax=(n-n) xF'G), 
ti 
sup F' (t) 
tE (R) ial A (8) +1Al] 


inf Fi (t) i 
tef;'(Si\U) 


K(U,g,i)= 


f(t?) = (cos(7 =i, sin( 5 —a)), f(t9) = (cos(7 + 0), sin( > +00)). 


Let X be an arbitrary A;-measure zero subset of the space S;. Let (Un) nc be a fundamental 
system of neighbourhoods of the point (0; 1);. 
For an arbitrary element g € G;, consider the set g(X ). We must prove that the set g(X) 
is Aj-measure zero. 
Let us put 
Xn = (Si \Un) OX (n EN). 


The relation 
n = { Unen 8(Xn) U{(0;1);}, if (O51), € X; 
Unen 8(Xn), if (0; 1); £ X 
holds. 
It is sufficient to show that 
(Yn) (n EN — Ai(g(Xn)) =0). 
Let € be an arbitrary positive number. Then by the property of a Haar measure (see 
e.g.[54]), there exists, in S;, an open set G such that 
€ 
K(U,g,i) 


By using the structure of open sets in the space S;, we deduce the existence of disjoint 
arcs { (ap, bk) }ren such that: 


Xn CGC Si\Un, A(G \ Xn) < 


A) (ax, bp) C S;\Un (iE 1k EN); 


B) G= |] (ax, bx). 
keN 


Clearly, we have 


8(Xn) C 8(G) & Ai(g(G)) = ilg (Uren(ar,br))) = $, Ailg lar, bi) 


keN 
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< È, K(Un,8,i) x Mil (Ge, be)) = K (Uns 8,1) x YS Ai((ak,bk)) = 
keEN keEN 


E 
K(U,, 8,1) X Ai(G) < K(U,, 2,1) x ———~ = E. 
( 84) i(G) < K(Un,g,1) K(Un,8,i) 


This means that A; is G;-quasiinvariant. 

2) The measure A, is } G;-quasiinvariant. 
icl 

Note that we have to prove 


(YB) (Y8)(B € B(] [S;) & g € )) Gi = M(B) = 0  Ar(g(B)) =0) ). 
iel iel 


For 
8 =(8iier € ) Gi 


ie] 


there exists a subset Jọ C I such that 


A) Card(Jo) < Xo. 
B) (Vi)(i € (To) > 8i = ei), 


where e; is the unit element of the group G; (i € I). 
Using the result of Lemma 4.4, we can easily verify the validity of the equality 


ù = [ [Ai x M\ I> 


i€lo 
where An h 18 the probability Haar measure defined on the topological group ĮI 5S;. If we 
icl\Io 
consider the measure An n AS a (ei)ienp-qUasiinvariant measure, then in virtue of the well- 
known result of Kakutani about the product of quasiinvariant measures we easily verify the 
validity of Lemma 4.6. 


A general result is contained in the following theorem. 


Theorem 4.2 Let I be an arbitrary nonempty set of parameters, (p;)icr be a family of 
quasiinvariant Borel probability measures defined on the real axis R. Then in the space R! 


there exists only one Borel extension of the product-measure [] pi which is quasiinvariant 
icl 
under the group RID. 


Proof. Denote by u; the functional defined by 


(YB)(B € B(] Si) > a(BOT J(S:\ (0; 1),)) =Ar(B)). 
ic] iel 
First, let us show the correctness of this definition. 
Assume that for two different Borel subsets Bı € B([] S;) and B2 € B([] S;) we have 
icl icl 


Bi A (J [(Si\ {0 Dit) = Be AT] Si \ { 3). 


iel ie] 
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Suppose also that A;(B,; A B2) > 0. Without loss of generality we may assume that 


Ai (Bi \ Bo) >0 


By the property of the massive set [](S; \ {(0;1);}), we have 


ie] 


(Bi \ Bo) (J ](Si\ {(0; 1):})) 40, 


ie] 


which is a contradiction, and therefore the correctness of the definition of the measure uy is 
proved. 


It is clear that the measure uz is 2 G;-quasiinvariant. 


Denote by Pz; the functional defined by 


(VB)(B € B(R’) > P;(B) = u (J JAB 
icl 
where (f;)icz is the family of mappings constructed in Lemma 4.6 
If B is an arbitrary Py -measure zero subset of the space R/, then we have 


(VA) (h € DIR > Pi(h(B)) = u (([ [AAB = 


iel ie] 


GIE oh`'o A o (Lf) oh(B)) = u ((] | fi)(B)) = 


(B)). 


ic] 
Note that for every finite parameter set Jọ and for every Baire set 


[](e:xi) (x: € R;,i € l) 


i€ lo 
we have 


P (R^! x Į [(—%;x) =u (([ [AR^ x J [(—%;x;]) = 


i€ lo icI i€lo 


=u, T] EEDD x TT [x)= 


JEI i€lo i€lo 


=u( [| (5; \ {(0; 1) i} )x TAC —oo; x;]) = hi( (I Six [LAC —oo; x;]) = 
JEI i€lo 


JEI i€lo 


=Ànn( I] Si) x An (LJ fi((—2231])) = hig ( [LAC 


—oo; ;xil) = 
i€l\Io i€lo 


i€ lo 
-T] [#6 dx = TJ A(x) = [J pr x T] (si) 
ich” i€ lo ie] i€lo 
This means that the measure Py is a Borel extension of the Baire product measure [] p; 


icl 
By the property of To-smoothness of the Haar measure A; (see e.g. [54]), where To 
denotes the topology on [Į S;, we conclude that the measure ur is T;-smooth, where 7 

icl 
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denotes the induced (by To)topology on the space [](S; \ {(0;1);}). Analogously, by the 
iel 


property of t;-smoothness of the probability measure uy and by the equality 
Pı = TIA OUI, 
ic] 
we conclude that the measure Pr is t-smooth, where t denotes the Tykhonoff’s topology in 


the space R/. 
Finally, by the property of t-smoothness of Pz, the product measure [] p; is also T- 


ie] 
smooth and, using the result of Theorem 4.1, we conclude that the Borel extension Py of 
the product measure [] p; is unique. 


iel 
This ends the proof of Theorem 4.2. 


Remark 4.7 When we extend a quasiinvariant measure from one class of subsets to the 
another no always is possible to preserve a property of quasiinvariance. In this context see 
Remark 1.1. 


Let us consider some corollaries of Theorem 4.2. 
Corollary 4.1 The main result of [88] can be obtained if we assume 


(Vi)(Vx)(iET&xER— F(x) = st = -aretg(5)). 


Corollary 4.2 The product of an arbitrary family (p;)j<; of nontrivial Gaussian Borel 
probability measures defined on R? has only one Borel extension which is quasiinvariant 
with respect to the vector subspace R. (cf. the proof of the general result obtained in 
[171]). 


Corollary 4.3 In the case of the space R’, for Card(I) > Xo Theorem 4.2 is a general- 
ization of the Anderson well known theorem which gives only the construction of quasiin- 
variant Baire product-measures 


Note that, for Card(I) > Xo, in the vector space R? there exists no Radon probabil- 
ity measure which would be quasiinvariant with respect to the vector subspace RO) (see 
Chapter 6, also [130]). 

For Card(I) > 2*° in the vector space R? there exists no Radon probability measure 
which would be quasiinvariant with respect to an everywhere dense subspace of R/ (see 
[130], also Chapter 6). 

If Card (I) = 2*, then in the vector space R? there exists a nontrivial o-finite Radon 
measure which is invariant with respect to some everywhere dense subspace of R? (see 
[130]). 


Here we present the following two unsolved problems: 


Problem 4.1 Does there exist a nontrivial o-finite Borel measure on the space R’ for 
Card(I) > Xı which would be invariant with respect to the vector subspace RO) of the 
space R?? 


Problem 4.2 Does there exist a nontrivial 6-finite Borel measure on the space R! for 
Card(I) > 2*° which would be invariant with respect to some everywhere dense vector 
subspace of R!? 
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In connection with these problems, see [91]. 


Let J be an arbitrary infinite parameter set, and u be a canonical probability Gaussian 
Borel measure defined on R’. The following natural problem arises: give a characterization 
of the vector space of all admissible translations of the Borel probability product-measures 
defined on R’. The solution of this problem is given below. 

Let X = [J X; be the product of countable measurable spaces, and let ug and vz (k € 


keN 
N) be probability measures such that: 


1) ug is ee continuous with respect to vz, 
d 
2) qut) = = p(x). 
Let us Consider the product-measures u = L, uk and v = J] Vx. 
keN 
The following important statement due to Kakani is valid. 
Theorem 4.3 (Kakutani) The measures u and v are equivalent if and only if an infinite 
product Į] O, is divergent to zero, where Ap = f 4/Pk(xk)dvg(x). In this case r(x) = 
kEN Xk 

n oo 
II p(x) is convergent (in the mean) to the function r(x) = J] p(x) which is the density of 
=1 k=1 


the measure u with respect to V, i.e., 


Proof. Let us show that if Į] O, is convergent to zero, then the measures u and v are 
keN 
orthogonal. So far as 


az = | | Vodava < f peddvo =1 
Xk X; 


the product [] Œg cannot be convergent to infinity. If this product is convergent to zero, 
keN 


then there exists a sequence B, = [i Qx such that the series Bs is convergent. 


=Ns s=l 
Let us consider the sequence of Baire sets 


Note that 


-T J Vodava) 


k=nsy 
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From the convergence of the series }¥, Bs we have 


where 
A = lim,y_,.0As. 


On the other hand, if B, = X \ As, then 


= fas fifi o xg) } Fdu(x) = 
Bs Bs 


z / il (xx )dv(x Jv Pe (xx )dVE(XK) = Bs 
=Ns Lf 


Hence (lim,_,..B;) = 0. The latter relation implies u(A) > u(limAs) = 1, i.e., u(A) = 1 
and we conclude that u L v. 


Now, assume that the product [] œx is divergent to zero. Let us consider the sequence 
keN 


&, (x) = NS eN. 


From the validity of the relation 


of functions (®„)ney, where 


n n+p 
fitnt- n(x)|7dv(x )= f TT oll) [[ kæ) -— 1/?dv(x) = 
X y kel k=n+1 
n+p n+p 
= J) [[ x(x) — 1° Tl oon 2(1— [] =). 
Xn+1 Xntp k=n+1 k=n+1 k=n+1 


we easily deduce that ®,,(x) is a fundamental sequence in L2 (X,v). 
So far as 


J Fap) -rla < { l |, + p(x) — ©, (x) Pav(x) }? x 


<{ f Enip) +P) Pava} < 
X 


<2 / (Drp) — r(x) Pdv(x)}2, 
X 


the sequence (r;)ncn = (®2)nen is convergent in the mean. 


78 Gogi Pantsulaia 


Let r(x) = lim rn(x). For an arbitrary bounded Baire function f, the equalities 
[ fedex) lim f Fæ 0) [Jde = 
X x k=l 
= iim f fn adr) fJ = lim S frao) = 
X Ka X 
= lim | frad) = f fradh) 
X X 
are valid. 


If we approximate any measurable function by Baire functions, then we get 


fidu) = f friw 
X X 


and the theorem is proved. 


Corollary 4.4 (Kakutani) Let, for an arbitrary k € N, ug be the canonical Gaussian 
probability Borel measure defined on R and having the mean 0 and the variance 1. Let 
X = R^ and u = [] ux be a canonical Gaussian Borel probability measure in RY. Then, 

keN 


E 
a vector space Q, of all admissible (in the sense of quasiinvariance) translations for the 


measure u coincides with £5. 


Proof. Let us denote by u4 the measure defined by 
(VB)(B € B(R™) > ua(B) = (B +a)), 


where a = (a)ren E€ RY. 
Obviously, we have 


Ha = Į [vs 


keN 


where 


e 
V 21 


2 2 ee 
4/4 fare)? 1 gry" 
R 


V2n 


(VB)(B € B(R) > v,(B) = | Ly i, 
B 


Indeed, we get 
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is divergent to zero if and only if the series 


È a 


keN 


is convergent in the usual sense , i.e., (ax) xen € £2. 


Corollary 4.5 Let vg and ug be two Gaussian probability measures with the density 


functions p 
AVE (xx) 2 


dX, O 27 


and 
dug (xn) 
dX AV 20 


respectively, for k € N. 
Let us put X = R”. 
In this case 


z Or By)? 0z— (xk Y) 4] 


0. 
Px (Xx) = vii k : 


Simple calculations show us that 


OQ, = 


eee a, 
VOrAyA 


oh 
A= orth, C= V 264 - Àk, p=- Pea" 


Of +A? 


where 


Eventually, we get 
= (Be-%K)" 
= 2OkÀk zo 4024+12) 
o +Az 


Ok 


By using Theorem 4.3 we conclude that the product-measures v = J] vg andu = [] uk 
keN keN 


are equivalent if and only if the infinite product 


(Bey)? 
201M io 4024+12) 
2 A2 
ken \ Ok TAk 


is divergent to zero. 


Corollary 4.6 (Pitcher) Let u be the canonical Gaussian measure defined on R“. Let 
U: RY >R” 
be a transformation of RY into itself defined by 


U((xi)iew) = (Axi )ien, 
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where (x;)icew € R“ and A; > 0. Then, according to Corollary 4.5, the Gaussian measure u 
is quasiinvariant under the transformation U if and only if the product 


Diy 
II 


2 
ien yV 1+ 
is divergent to zero. 


Example 4.2 Let V be a transformation defined by 


V((Xk)kew) = (Akxr)ken, 


where 


Ay = (1+ V1 — 028i )e Pe, 
(Vk)(kEN — By <0) & (Br)eew € 41. 


It is clear that 


and, according to Corollary 4.6, the measure u is quasiinvariant under the transformation 
V. 


The following result is valid. 


Corollary 4.7 Let & be an arbitrary infinite parameter set, and u be the canonical 
Gaussian Borel measure defined in R“. Then the vector space Q, of all admissible (in ther 
sense of quasiinvariance) translations for the measure u coincides with L2(0&), where 


b(a) = {(xi)icn ER” & YP x7 < of. 


ica 


Proof. Let us denote by uy the canonical Gaussian probability measure defined on R” 
(J C a). If we denote by Hayy the canonical Gaussian Borel probability measure defined on 


RV , then, using Lemma 4.4, we get 
(WJ) (J C a & Card) < Xo >u = uy X uo). 


Ad hoc uy is an l2-quasiinvariant measure, u is £2(J) x Jq\7 quasiinvariant for all J C 0 
with card(J) = Xo, where J.) ; is a zero of R®\, which can be identified with the degenerate 
translation of R®V., 

It is clear that 


£2 (Ot) F Uryen poe 


Let (x;)icw € Qu. Let us assume the contrary and let (x;)ica ¢ €2(). Then 


Vi x7 = +o. 


ica 
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It is clear that we can indicate a countable subspace Jo = (im)men C Q such that 


Yi x7 = +o. 


ic Jo 
By Corollary 4.4, we can choose a Borel set By C R” such that 
Hn (Bo) > 0 & un (Bo + (xi )iesy) = 9. 
Then from the relations 
(Bo x R®®) = uz (Bo) > 0 & 
U(Bo x R° + (xi)ica) = ul (Bo + (Xi)iedy) x (RO + (xi) icon) = 
= u((Bo + (xi)ien) XR") = uy (Bo + (xiiem) =0 
we get a contradiction to the condition 


(xj)ier € Qu, 


and Corollary 4.7 is proved. 


(ai) 


Corollary 4.8 Let a; € R; (i € a). Denote by pi” the measure defined by 


(VB)(B € B(R) — p\“? (B) = p,(B+a;)). 
If we put 

aie Z dp 

f dpi 


a= f yp ()dpi(), 
R 


then, for Qy, the following representation 


and 


Qy = { (ai)ica : (VJ) (J Ca & card(J) < Xo > J [o is divergent to zero) y, 


ied 


is valid, where v = [] pj. 
ica 
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A characterization of all transformations of R® generated by infinite diagonal matri- 
ces under which the canonical Gaussian Borel probability measures are quasiinvariant, is 


presented in the following corollary. 


Corollary 4.9 Let & be an arbitrary set of parameters. Then the canonical Gaussian 


Borel measure u defined on R® is quasiinvariant under the transformation U having the 


form 
U ((xiJica) = (Aixi)ical(xi)ica € R”) 
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if and only if there exists Qo C a with card (Q0) < Xo such that the product 


II 


iE Og 


2Ài 
1+A? 


is divergent to zero and 
(Vi)(i E€ a \ Qo > Ài = 1). 


Proof. 
Sufficiency. Denote by U the transformation defined by 


U((xi) ica) i (Xixi ico: 


Analogously, denote by V the identity transformation of R®\% into itself. Denote by Uap 
and {\q. the canonical Gaussian Borel measures defined on R“ and RA\%, respectively. It 
is clear that 

U = Hay X Ha\ag- 

According Corollary 4.6 we conclude that Ho is quasiinvariant under the transformation 
U. The measure Ho\ao Can be considered as quasiinvariant under the transformation V. 
Hence the measure u is quasiinvariant under the transformation U x V and the sufficiency 
is proved. 

Necessity. Let u be quasiinvariant under the transformation U. It is clear that for an 
arbitrary countable parameter set Og C a, the product 


Dy 
II 


iE Oo 1+2? 


is divergent to zero. 
2Ài 


Indeed, if we assume that there exists O& C a such that [] ae 


iE Oo 
zero, then by Corollary 4.6 the canonical Gaussian Borel measure Ua, is not quasiinvariant 
under the transformation U : R® — R™, where 


U((xi)icao) = (Aixi )icao: 
The latter relation means that there exists By € B(R™) such that 
Hon (Bo) > 0 & Lop (U(Bo)) = 0. 


Let us define a transformation V : R*\% — R®\% by 


is convergent to 


V((xi) icca\ ou) = (Aixi) ica\ ao’ 


It is clear that 
u(Bo x R®%) = uo (B0) x Ho\ao (R®%), 


On the other hand, we have 


u(U (By x R®^%)) = ua (U (Bo) x V(R%)) = 
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= Hay (U (Bo)) x Hoa (V(R®®)) = 
= Ho (U(Bo)) X Ha\ ao (R®%) = How (U(Bo)) =0 


and we get a contradiction with the condition of quasiinvariance of the measure u under the 
transformation U. 
Let us assume that 


card({i : Ài Æ 1}) > Xo. 
Obviously, we get 
2hi 
1+A? 


l 


card({i:0< <1}) >a. 


Now we can easily conclude that 


(da) (0 <<a <1— card({i:0< ah <a<1})>@)). 


If we consider only a countable infinite subset Og C a such that 


i 


(Vi)(i€ ao 2 0< E 


<a< l), 


then, using Corollary 4.6, we obtain that Ho is not quasiinvariant under the transformation 
U : R® — R®., Hence the measure u is not quasiinvariant under the transformation U and 
Corollary 4.9 is proved. 


Now we discuss a different point of view to describe a structure of Gaussian Baire mea- 
sures in R® for arbitrary nonempty parameter set &. Applying some information on a given 
Gaussian process, we will construct a new Gaussian process such that its corresponding 
Gaussian Baire measure coincides with the Gaussian Baire measure generated by the early 
given process. This construction allows us to extend some results obtained in [19],[48]. 

We continue our discussion with some notions from the theory of random processes. 

We recall that a Baire probability measure u on R® is called a Gaussian if its all finite- 
dimensional distributions are Gaussian. 

Let (Ni)icq be an arbitrary process defined on the probability space (Q, F, P). The 
measure u, defined by 


(VX)(X € Ba(R®) > u(X) = P({@: (ni(@) ica € X})) 


is called a Baire measure on R“ generated by the process (1);)ica- 


Remark 4.8 Note that it is not possible, in general, to define a Borel measure on R°( 
for card(0) > œ) for the process (1);)icq by above-mentioned formula, because the set 


{0: (Ni(®) ica E X} 


is not always an element of F for arbitrary X € B(R®). 
In the sequel we shall need some auxiliary propositions. 
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Lemma 4.7 An arbitrary Baire Gaussian measure u on R® can be represented as a 
Baire measure on R“ generated by some Gaussian process (&;) ico. 


Proof. The proof of Lemma 4.7 can be obtained obviously if we set: 
1) (Q, F, P) = (R*, Ba(R®),u), 
2) (vi) (i EQA—>Ni =Pr;). 


Now, let (N;)ica be an arbitrary Gaussian process defined on the probability space 
(Q, F, P) and let (ai)ica = (Jo id P)ica E R” be a mean of the given process. 
Let us consider a process (&;) cq, defined by 


(vi) E€ a> § = Ni — ai). 


Following [161](cf. Chapter II, Paragraph 13) a linear vector space H, consisting of 
values of the kind E-i Crb and of its limits in the sense of £,(Q,7,), generates a 
Gaussian system. Hence, H can be considered as a Hilbert space with a usual scalar product 
<.,. >, defined by 


(WAVE SeH &geH >< fig >= | fede). 


As usual, H is called a Hilbert space generated by the Gaussian process (&;)icq. Let 
(¥;) jeJ be an orthonormal basis in H (cf. [154],Theorem II.5). Then, it is clear that 


(Vi)(iEa>E =) <t >Y) 
ied 
A matrix A = (< i >)ica,jey is called a matrix of representation of the process 
(Ni —4i)ica in the basis (y;) jez. A main property of the matrix A is the following: 


(Vi) (i Ea Ł < GA ee oo), 
ied 

It is well known that if (X„)nen is a sequence of independent real-valued random values, 
defined on (Q, F, P), then for a series X ey Xn the notions of convergence almost every- 
where, convergence in the probability and convergence in the distribution are equivalent(cf. 
[64],p.43, Theorem 1.9.). It is reasonable to note that if (X;,)ncy is a sequence of independent 
functions such that fo X,dP =O and Len fo X7dP < œ, then the series £% X, converges 
a.e. with respect to the measure P (see, e.g., [54],p.197,Theorem B). We know also that if 
the series 


L <é> % 
k=1 


converges (in the sense of convergence of Hilbert space H) to & € H and f is on-to-one 
function on N to itself, then the series Pr) < &, Y(n) > Yf(n) also converges to § in above 
mentioned sense. This property can be called a property of o-commutativity of the series 
Yea < 6% > Yk in H. Following [54](cf. p.197,Theorem B) the series PY?) < 6% > 
Yk has also the property of o-commutativity a.e. with respect to the measure P, i.e., for 
arbitrary fixed permutation f of N, the condition 


P({O: lim (Y <Ë, Y > Ye(@) — Ł < VF (k) > Yr (@)) =0 & 
k=1 k=1 


Borel Product-Measures in R? 85 


& lim YY <&,¥% > Ye(@) is finite}) = 1 
noe 


holds. 
Let us consider a Baire Gaussian measure uS (o: defined by 


(YX) (X € Ba(R®) 3 uS” = P({@: (E;(@))ica € XY). 


It is reasonable to note that the measure uS” can be obtained by the following con- 
struction: let uf be a canonical Baire Gaussian measure defined on R”. For an arbitrary 
i € Q we set 


Ji={j:jEJ& <rYj >A O}. 


It is clear that card (J;) < Xo. Let g; : N — J be a such injective function that J; C g;(N). 
We set A;((x;) jeJ) = Ez=1 < Sis Yei(n) > Xg;(n), if this series converges in usual sense to the 
finite number, and = 0, in all other cases. 


As (Prj) jez is the sequence of independent Gaussian random variables defined on 
(R’,Ba(R’),u9), for every fixed i € a we have 


UŞ (xs)seJ : Ł < Ei, Yei(n) > Prgi(n)((Xs)seJ) converges in usual sense 
n=1 


to the finite number }) = 1. 


Hence, 
G ` . 
uy ({pjer: Ł < Ši, Yei(n) > Xg;(n) converges in usual sense 
n=1 


to the finite number}) = 1. 
We set 
A((xj) jes) = (Ail(Xj) jes) ico: 
One can easily check that the operator A is measurable in the following sense: 


(VX)(X € Ba(R“) > A~! (X) € Ba(R’)). 


Using the well-known Kolmogoroff theorem(cf.[161],Chapter I,Paragraph 2), it is not 
difficult to prove the validity of the following equality: 


(VX) (X € Ba(R*) > wg) (X) = nF (47! (X))). 


Let u be a Gaussian Baire measure on R® generated by the process (N;)ica. Then we 
have 


(VX) (X € Ba(R®) > p(X) = P({@: M:(0))ica € X}) = 
P({0: (E:(O))ica € X — (ai)ica}) = u^ (X — (ai)ica) = 
UŞ (AT! (X — (ai)ica)). 
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Thus, we have established the main result of the present chapter which gives a structure 
of Gaussian Baire measures on R® for arbitrary parameter set a. 


Theorem 4.4 For arbitrary Gaussian Baire measure u on R® generated by any Gaus- 
sian process (Ni)ica there exists a parameter set J such that u can be represented by the 
following formula 


(VX)(X € Ba(R®) > u(X) = u$ (471X — (ai)ica))), 


where J is cardinality of the basis (Yj) jej of the Hilbert space generated by the process 
(Eilica = (Ni —ai)icw A: R” — R® is the operator generated by the representation matrix 
A of the process (&j)ica in the basis (Yj) jes, and a = (ai)ica is the mean of the process 
(Ni ica: 

Remark 4.9 In the sequel for the Gaussian Baire measure u, described in Theorem 4.4 , 


: G(A),a 2 5 : 
we shall use a notation ms (Aa) Eor canonical Gaussian Baire measure on R we preserve 


a notation uw which coincides with above-setting notation when A is the identical operator 
in R® and the mean a is equal to zero of R“. For Gaussian measures with the representation 


matrix A and the mean zero of R® we shall apply a notation uS (a), 


The following result is a consequence of Theorem 4.4 and Corollary 4.7. 


Theorem 4.5 The Gaussian Baire measure peeo is A(£2(J))- quasiinvariant. 


Proof. We set 

Mi = { (x;) jer? Lina < Si Yei(n) > Xe(n) converges in usual sense to the finite number } 

and 

(Vt)(t CO —> M: =NicrM)). 

Then, for an arbitrary tT C œ with card(t) < œ, the following conditions are fulfilled: 

(i) M; € Ba(R’) & w9(M,) =1, 

(ii) M, is a vector subspace of R’, 

(iii) (Vi) (i€ t — A; is a linear operator on M, & (VY)(Y € B(R) > A; ! (Y) € Ba(R®)N 
M,)). 

Let B = B® x R*\% and h = ACh jes), where To C a, card(to) < œ, B™ € Ba(R™) 
and (n\°?) jes E€ £o(J). Let us prove the validity of the following equality 


M,,NA~'(B+h) = Ma N (A7! (B) +h). 


Let (x;) jez € Mr NAT! (B +h). Then: 

1) (Vi) (i € To > Lire < Ĝi Yg;(n) > Xei(n) converges in usual sense to the finite number); 
2) A((x;) jes) € B® x RAV +A((h}”) jes); 

Hence, 


A((x;) jez) —A((h) jer) E B™ x R™\ > (A;((x;) jer) )ietwo— 


(Alh) je3))iet € BY > (Alx) jer — (hP je) Viet € BY > 
0 


(Ai((x; He ied) ick E€ B” > A(x; hí De € BY x RAY _, 
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A((xj) jes — (2) jer) € B” x RAY — (xj) jes — (P) € A`! (B® x R%\%) = 
(xj) jes €A "(B® x RO) + (AP) jes. 


Hence, the validity of the inclusion 
M NAT! (B+h) C Ma N (A~! (B) +h) 


is proved. 
Let us show the validity of the converse inclusion. 
Let (xj) jez € Ma N (A7! (B) +h). Then: 
1) (Vi) (i € To > Lire < Ĝi Yg;(n) > Xei(n) converges in usual sense to the finite number); 


2) (x) jez EAT! (B® x R) + (A) jer. 
Hence, 


(x) — A) jez € AT! (B® x R^) A(x) — A) jes) € BY x RAG > 


(Aill A) jer) ict) € B® > (Ail(x;)je2))iet — (Ai((x))je))iew €B” > 


(Ai( (xj) jes) ica — (Allh) jes) ica E B™ x RY _, (Ai((x;) jer) ica € 
BY x RAY + (A(O) jea)Jicw > (jer EA (B +A). 
Hence, the validity of the equality 
M ODAT! (B +h) =M,,(A~1(B) +h) 


is proved. 

Now let us prove A(42(J))-quasiinvariance of the measure pe), 

Let uw“) (B) > 0, where B = B° x R%*, B° € B(R"), tC a & card(t) < œ. Let ho € 
L (J) and h = A(ho). We have 


Ha?) (B+h) = uF (A7 (B+h)) = u9 (M: NA! (B +A)) = 
= u (M: O (A7! (B) +ho)) = uf (A~ (B) +ho). 
Note that the condition 
implies 
uȘ (47! (B)) > 0. 
From the £5(J)-quasiinvariance of the measure uẸ, we have 
uÎ (47! (B) +o) > 0. 


But last relation means that 
ue) (B+h) >0. 
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Hence, the measure ue) is A(¢2() )-quasiinvariant. Consequently, 


ua” (X —a) > 0 


if and only if 

ue) (x —ath) >0 
for all h € A(é2()), but last relation means that pea) is A(¢2() )-quasiinvariant, be- 
cause 


(VX) (X € Ba(R®) > wh") (x) = pg (x -a)). 


Theorem 4.5 is proved. 
Now let us consider some corollaries of Theorem 4.5. 


We recall the reader that a measure u, defined on an infinite-measurable separable 
Hilbert space (H, F), is called a Gaussian if an arbitrary continuous linear functional 
L(x) = (z,x)(z,x € H) is a normally distributed random value (cf.[48], Chapter v, Paragraph 
6). Note that (€,).cy, defined by &, = 4 for z € H, is a Gaussian process on (H, F u). It is 
clear also that the Baire measure A on R”, generated by the process (&,)-cz, is a Gaussian 
Baire measure. As a(z) = Jy (z,x)u(d(x)) and b(z) = Jy (x) ulda) — (Sy (2x ded(2)))? 
are polylinear momentum forms in H (cf.[48], Chapter v,Paragraph 5), there exists a € H 
and a bounded by a norm symmetric nondegenerate linear operator B such that a(z) = (a,z) 
and b(z) = (Bz,z). As usual a and B are called a mean and a correlation operator of the 
measure u, respectively. Assume that a mean (a(z))-c of the measure u is equal to zero. 
Let (Az)zen be a proper numbers of the operator B and (ez)zen be an orthonormal basis of 
H generated by proper vectors of B such that Beg = Axe, for k € N. 


Corollary 4.10 The measure À is A()-quasiinvariant, where 


A(£2) = {(bz) en : (A(x) cen E ba & (Vz) (z € H —> b: = Ł Akaglz,er))}- 
keN 


Proof. Let us consider a Hilbert space H’ generated by (€,),<4. Let us show that the 
family of linear functionals (Y;)pcew = (l_e )ken is a basis in H’. In this direction it is 
À; 


sufficient to show that (¥%)zen is orthonormal and for arbitrary linear functional 4, there 
exists a sequence of real numbers (cz)zen € %2 such that (V7) cxP x) new tends to £ in the 
sense of £y(H, Fu). 


Indeed: 
1) The orthonormality can be proved as follows: 


<P, Y, >= if Pe (x) Pn (x) 


a 
——~ 
2 

ll 

= 
“—~ 
3 
= 
3 
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2) Note that 


ek 
mEN i Vik mEN Via 
ek 
= m Àm m m] = À ; . 
(L Ge ) e T) Vlz ek) 


Set ck = V/Ax(z, ex) for k € N. We have 


lim Pgp ew, (t) = lim [eZ Oy(d(x)) = 


n—0o n>% JH 
T S eu = 
= lim [] eck tlx 29) = lim JJe FM (ZeK)” 


sy a Eren Ae (Zen)? ; 


On the other hand, we have 


2 


®, (t) = Eel = | Jenaer 22) = 
H 


= 05 (BEken Cker Lren crer) — e` T eyes A(z, ek) 

Hence, following [161](cf. Chapter III,Paragraph 3), the series (c,'P;)xcw converges in 
the distribution to @,. As (c,Px)xen is a sequence of independent Gaussian random values, 
for series } zey ck Y; the notions of convergence in the distribution and convergence in the 
sense of Ly(H, F ,u) are equivalent (cf.[64],p.43, Theorem 1.9). 

We set A = (V/Ax(z,ex))H.v- According to Theorem 4.5, the measure ph is A(¢2)- 
quasiinvariant, where 


A(£2) = {(bz)zen : (A(Oe)een € £2 & (Yz) (z E H > be = VV Agee (z, ex))) }- 
keN 


The following corollary shows that T.Pitcher’s one result (cf. [48],p.554) can be con- 
sidered as a consequence of Corollary 4.10. 


Corollary 4.11 The measure u is B? (H)-quasiinvariant. 
Proof. We have 


(VHo)(VX)( Ho CH & card(Hy) < Xo & X € Ba(R™) —> 


> u({x: (€:(x)) zeny E XY) = A(X x REMY), 
Set Ho = {ex : k € N}. According to Corollary 4.10, 


MX x RM\H) > 0 


90 Gogi Pantsulaia 


if and only if 
MX x REM 4 (F Volz ex) cen) > 0 
keN 
for arbitrary (O,)pen € £2 and X € Ba(R”). 
Hence, 
M({x: Ce (x))kew €X}) > 0 


if and only if 
uX: (€e,(x) ken EX +(Y VAKOK)een}) > 0 
keN 
for arbitrary (0,)xen € %2 and X € B(R™), 
Since the sets of the form {x : (¢.,(x))xew E€ X} (X € Ba(R”)) coincides with the Baire 
o-algebra of subsets of H, we conclude that the measure u is B? (H)-quasiinvariant. 


Corollary 4.12 The Wiener measure Hio;27] on R?” defined by Paley-Wiener ( cf.[64], 


p.83, Chapter 2.3) is Ao(l2(J))-quasiinvariant, where 


Alh) = {Ff : f ERE” & (Alx;)jer € hl) & 


& (Yr) (t € [0;27] > f(t) = Yi) ajx;))}, 


jel 


J = Z and Ag is an operator generated by the matrix Ag = (arj )rejo;27], jes SUCH that 


ae y=, 
(vi)(VA)(CE [02m] & fET a=) Er, Fi=2n, ) 
cos(nt)—1 


Tin if j=2n+1. 


G(Ao) 
[0;27] 
G(Ao 
[0;27 
Hi2] defined on R®:?7, Applying Theorem 4.5, we conclude that the Wiener measure 


Hb.2n) is Ao(¢2(/))-quasiinvariant. 


Proof. Let us consider the Gaussian Baire measure u . Using Paley-Wiener con- 


struction, we establish that the Gaussian Baire measure u is just the Wiener measure 


Remark 4.10 Following R.H.Cameron and W.T.Martin [19], the Wiener measure 
measw defined on the space C of all functions x(t) continuous in [0,1] and vanishing at 
t = 0, satisfies the condition 


measw (X + xo) = ef wor) e72 h x010)4Z(0) q measw (Z), 
X 


where X € Ba(C[0, 1]), xo € C[0, 1] is an absolutely continuous on [0, 1] and x9(t) is equiv- 
alent to a function which is of bounded variation on [0,1]. This formula describes a class K 
of translations of C[0, 1] under which the Wiener measure is quasiinvariant. A natural em- 
bedding of C in RI>!] defines a Wiener Baire measure M0 on R®:), Note that the group 
of all admissible translations(in the sense of quasiinvariance) of measy and of the Baire 
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measure Ho (notwithstanding, these measures have difference domains) coincide. Note 
also that the equality 


(VX) (X € Ba(R®!)) — up (X) = 110 2m (X x R!!27])) 


holds. 
If f € Ao(42(/)), then we have 


Hib X + (F@))re(o.1)) = Hio (X x R? + f)). 


Last relation means that (f(¢)),<jo,1) is an admissible translation(in the sense of quasi- 
invariance) of 11 1): Hence, M0 (correspondingly, measy ) is K,-quasiinvariant, where K; 
is defined by 


Ky = {(F(t))ref0,1 : (F(t) )rejo.2] € Ao(fa(J))}- 


Let us show that K C K, and Kı \K #0. Indeed, let f € K. We set F(t) = f (t), if 
t € [0, 1], and = f (1) ift €]1,27]. As the family ((@)re (0,20) jes is the basis in Lo([0,27]) 
and f is equivalent to a function which is of bounded variation on [0,2m], there exists 
(xj) jer € £2(J) such that Y jer (4, )1€0,2m) Xj converges to f in the sense of L2 ([0,27]). Now 
we set f*(t) = Vjcsxjarj for t € [0,27]. As f* € C and f(t) =f (t) for t € [0,1], we 
deduce that f* = f. Hence, f € Kı. Now show that Kı \K #0. In this context let us 
consider a function h € C[0, 1] defined by: A(t) = sin(+), ift €]0, 27], and = 0 if t = 0. Itis 
clear that h € L[0,27] and h is no equivalent to a function which is of bounded variation on 
[0,27]. Hence, there exists (xj) jey € €2(J) such that X} jez xj (a, j)reļo,2n] converges to h in the 
sense of L2[0,27]. Set h*(t) = E jesxjarj = fo sin(4)dt for t € [0,27]. As h* € Ao(42(J)), 
we conclude that (A*(t));ejo,1} € K1, but (h*(t))rejo,1] ¢ K, because h* is not equivalent to a 
function which is of bounded variation. 


Chapter 5 


Invariant Borel Measures in R” 


Let R” be the topological vector space of all real-valued sequences equipped with the 
Tykhonoff topology. Let us denote by B(R™) the c-algebra of all Borel subsets in R”. 
Let (aj) icy and (b;)icy be sequences of real numbers such that 


(vi (iE Na; < bj). 


We put 
An =Ro x -++ xR, x (J [4 , 
i>n 
for n € N, where 
(VI (EN >R; =R & A; = [a;;b;[). 


We put also 


A=] [^ 


icN 
For an arbitrary natural number i € N, consider the Lebesgue measure u; defined on the 
space R; and satisfying the condition u;(A;) = 1. Let us denote by A; the normed Lebesgue 
measure defined on the interval A;. 
For an arbitrary n € N, let us denote by v,, the measure defined by 


Vn = I] pi x | YA, 


1<i<n i>n 
and by V, the Borel measure in the space R” defined by 
(YX) (X € B(RY) > V,(X) = va (X Ay). 
The following assertion is valid. 


Lemma 5.1 For an arbitrary Borel set X C RN there exists a limit 


va(X) = lim V, (X). 


n—-oo 


Moreover, the functional v, is a nontrivial 0-finite measure defined on the Borel o-algebra 
B(R®). 


94 Gogi Pantsulaia 


Proof. First, observe that, for an arbitrary natural number n, the condition A, C An+1 iS 
valid. By the property of o-additivity of the measure V„,+}1, we obtain 


Vn+1 (X) = Vni (X MAn4+1) = Vai (X N [An+1 \Anl UAn) = 


= Vry [XN (Anti \An)] +Yn+1 (X NAn). 


Note that the restriction v,+,|A, of the measure v,+, to the set A, coincides with the 
measure V. 
Indeed, we have 


Vai (An NOX)=( [| mx [| (40X) = 


1<i<n+l i>n+1 


={ [| ux [unl Any tong HR \ An+i}] x [] A$, 


1l<i<n i>nt+l 
=( JJ mx [An x) + I «Gene HRN Ane) x 
1<i<n i>n 1<i<n 


x [] A) (4n9X) = vn(An NX). 


i>n+1 
Since for an arbitrary n € N the inclusion A, C A,+, holds, we have 


(VX)(X € B(RY) > vn(An OX) < Vas (Ang19X)). 


Hence there exists a limit lim V,,(X) which we denote by va(X). 
n—-0oo 


Establish the following properties of v4. 
I) The functional v4 is countably additive. 
Let X = Upen Xx, where 


(vm)(Vp)(mEN & pEN& mA p> XnNX, =O), 
and, for an arbitrary k € N, let X; be a Borel subset of the space RY. Then we obtain 


a(Uzen Xk) = } va (Xa). 
keN 


Indeed, on the one hand, we have 


n—-0oo 


Va(X) = lim V(X) = lim Vn (UcewXx) = lim Y" Vn (Xk) < 
keEN 


< ) lim Vi (Xx) = $ važi). 
ken” keN 


On the other hand, we have 


va(X) = lim } V,(Xx) = lim’) Va (Xx))+ 


n> EN k=1 
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= J va (Xa) + lim 4X), 


n-oo 


k=1 k>m 
i.e., 
valUkenX) > YE va(Xe) 
1<k<m 
Accordingly, 


Va(UkewXx) > $ Va(Xx). 
keN 


Thus, we have 


Va(UzewXk) = $ va (Xo). 
keN 


II). The measure v4 is nontrivial, since 
va(A)=1. 
III). The measure v4 is 6-finite. Indeed, we have 
RY = (RY \ UnewAn) U (UnewAn)- 
Since RY \ UnewAn € B(R”), by the definition of the measure va we have 
va(R \ UgewAk) = lim Vn ((RY \ UpewAx) MAn) = lim v,,(0) = 0. 


Since, for an arbitrary natural number n € N, the measure V, is o-finite, there exists a 


countable family (B®) xen Of Borel measurable subsets of the space R such that 


a)(Vk)(k € N > ¥,(BW) < +00); 


b)(Wn)(n € N > An = UrenB”)). 


Let us consider the family (B™) k neN- 
It is clear that 


(VK) (Yn) (k E€ N &n € N > va(B™) =V, (B®) < +00). 
On the other hand, we have 
UnenAn = Unen Uren B”, 


i.e., 


RY = (RY \ UnenAn) U (Unen renB Y”). 


The proof of Lemma 5.1 is completed. 


Remark 5.1 The measure v4 described in Lemma 5.1 can be regarded as an inductive 
limit of the family of invariant measures (V, )nen. 
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Recall that an element h € RY is called an admissible translation in the sense of invari- 
ance for the measure V, if 


(VX)(X € B(RY) > v4(X +h) =va(X)). 
We define 
Ga = {h : h € RY & his an admissible translation for va}. 


It is easy to show that G4 is a vector subspace of RY. 


Remark 5.2 Following Sudakov[170] there does not exist a o-finite translation- 
invariant Borel measure on R. Hence, an object of interest was the problem of the ex- 
istence of such o-finite Borel measures which have everywhere dense (in RY) groups of 
admissible translations in the sense of invariance (following Gelfand, such measures are 
called invariant measures). We must say that the first construction of such measure belongs 
to A.B. Kharazishvili (see [87]). 


Our next theorem gives a representation of the algebraic structure of the vector subspace 
Ga of all admissible translations for Kharazishvili measure v4. 


Theorem 5.1 The following conditions are equivalent: 


1) & = (81,82, ) E Ga, 


2) the series )° gil 


ien Pi — Gi 


is convergent. 


Proof: Assume that for an element g = (g1,g2,---) € RY the condition 1) is satisfied. 
Then we have 
va(A+g) = va(A) = 1. 


On the other hand, we have 


va(A +8) =Va(A+g) = va(] Jlait+gi.bi+8il) = 


icN 
= lim ¥,(An(A+8)) = lim( TT ex J4) J] Bx 
1<i<n i>n 1<i<n 
x] [la.if) 9] lai +gibi+g:D = lim( J] s: 
i>n icN nm 1<i<n 


( JI lai+ai,bi+ei)) x (J P(lait+si,bi+8:[)) = 


1<i<n i>n 
= lim J Ji ((ai,bilai +g: bi + gil) = 1, 
i>n 


Let us show that 


(Vg)(g = (81:82) € Ga > lim a =0). 
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Indeed, if we assume the contrary, then there exist a countable subset (ng)zen of N and 
a positive real number € > 0, such that 


Sn, 


Nk an, 


(VA)(kKEN > >£). 


Let us choose a number m > 0 such that £ -m > 1. Since g € Ga, we have 
m:g= (m- g1,m- go,-°-) E Gy. 
In view of the property of o-additivity of the measure v4, we obtain 
Va(A) =Vva(A+m-g) =1. 


But note that 


Indeed, assume the contrary and take 
(xiJien E€ (A+m- g)N(UnenAn)- 


Then it is clear that, for the n,-th coordinate, we have 


(Ako) (ko E N > (Vk) (k > ko > (an, +M- 8n, < 


< Xn < by, FM: 8n,) & (an, < Xn < bn,)))- 


On the other hand, the validity of the condition 


Sn, 


Nk an, 


(Vk)(k E N > >£), 


implies the validity of the relation 
(Vk) (k € N >m: [Bnl > Dn, — an), 


which shows us that the intervals [an,, bn, | and [an, + 8n, Dny + 8n, | have an empty intersec- 


tion. Hence the condition lim jet = 0 holds. 
i—oo “i i 
From the validity of the condition lim ga = 0, we conclude that there exists a natural 
i= i i 


number Ng such that 


Vi E> n > EL 
and 
bi—a;i— |g; _ 


(Vi)(i > Ng illai, bi [Nai + 2;,b; + gi) = = 
bi — di bi—ai 


Keeping in mind that 
Igi| 
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and considering the logarithms of both sides, we have 
|g: 


lim In(1—-—2"-) =0 
pea i aj 


This means that the series $}, In(1 — ely is convergent and the validity of the impli- 
i>ng i i 


cation 1) — 2) is proved. 
Now let us prove 2) — 1). 


Let ng be a natural number such that the series ) In(1 — jet) is convergent. 
i>Ng i i 
Let us consider an arbitrary element X having the form 


X=Bx]JAi, 
i>n 
where B € B(RY) (nen). 
The sets of these forms generate the Borel o-algebra B(A,,) of the space Ay, and the 


condition B(A,) = B(R”) MA, holds. To prove the implication 2) — 1), it is sufficient to 
show the validity of the condition 


va(X+g)=va{[(Bx J] Ai) +(e1,---.8n,)]X 


n+1<i<ngt+n 


Ngrn 
x [] lai+gi,.bi+gi)}=lim [Tu(Bx [] 4x 
i>ngtn me i=l n+1<i<ng+n 
x [| A(lait+gi,bi+9i] 9 laibi) = va(B x [J Ai) x 
i>ngtn i>n 
x lim I] a — lL) vax Ja) =valx). 
n> iSngtn bj— aj i>n 


We have used the well known result from mathematical analysis 


j i i 
i>Nng 


(the series Ł In(1— Bil) is convergent) = 


. [gil 
= 1 l= = Inl l 1— = 
im a ( )=ln1 & lim a ( b 


i>ng+n i Gi i>ngtn 


The proof of the theorem is complete. 


Remark 5.3 Let R) be the space of all finite sequences, i.e., 
RO) = {(gi)ienl(gidicw E R” & card{i|g; #0} < Xo}. 


It is clear that, on the one hand, for an arbitrary compact infinite-dimensional paral- 
lelepiped A = Į] faz, bx], we have 
keN 


R®) C Ga. 
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On the other hand, Ga \RY ) # 0, since an element (g;) cy defined by 


bi—ai 


(vi)(i € N > gi = (1 —exp{— 7 


} x (bi —ai))) 


belongs to the difference Ga \R™). 
It is easy to show that the vector space G4 is everywhere dense in R” with respect to 
the Tykhonoff topology, since RM) C G4. 


Definition 5.1 Let G4 and G be some vector subspaces of R such that 
GycGcR". 


Let (G;)icey = G/G, denote the factor group. We say that a family of elements (g;)jc; is 
a selector of a factor group G/G4 if g; € G; for each index i € J. 
We have the following statement. 


Theorem 5.2 Assume that G (Ga C G C RY) is some vector subspace of the space 
R.A G-invariant 6-finite Borel measure taking a nonzero value on the element A exists if 
and only if the cardinality of the factor group G/G , is countable. 


Proof. Let us prove the necessity. Assume that À is a G-invariant o-finite Borel measure 
taking a nonzero value on the element A. Assume also that the cardinality of the factor group 
G/G, is uncountable. Let (g8¢)t<o, be any selector of this factor group. Consider the family 


(2 (A) eco: 


Let us show that 


(VE1) (VE2)(0 < €1 < 2 < @ > A(ge, (A) N ge, (A)) = 0). 


Assume the contrary and let the condition 


Alga (A) Nges(A)) > 0 


hold for some cardinal numbers 0 < &} < E3 < @. 
It is clear that 


(A((A+ gz) (A+ ges) > 0) > (AN (A+ Bes —8e;)) > 0). 


Applying the scheme proposed in Theorem 8.3, we can conclude that, for some positive 
real number q, the following equality is valid: 


MunewAn =q*x VA. 


Accordingly, we have ge; — gg» € Ga, which is a contradiction since the elements gg: 
and gg; belong to different classes of the factor group G/Ga. 
Thus 


(VE1) (VE2)(0 < €1 < &2 < @ > A(ge, (A) N ge, (A)) = 0). 
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Now it is easy to construct an @;-sequence of disjoint Borel subsets (Kz)g<@, with a 
positive A-measure and thus, we have a contradiction with the condition of the 0-finiteness 
of the measure A. 

The necessity is proved. 

Let us now prove the sufficiency. Let (gg)zen be a selector of the factor group G/Gy. 
Let us define the family of pairwise orthogonal G,-invariant o-finite measures by 


(WX)(Vk)(X € B(R”) & k € N p(X) = va(X —gx)). 
We can construct the measure À by the formula 


VOX EBR“) — A(X) = P m00). 
EN 


It is easy to prove that the functional À is a nontrivial G-invariant o-finite Borel measure 
taking a nonzero value on the set A. 
The proof of Theorem 5.2 is completed. 


If we consider the classical Lebesgue measure @,, in the finite-dimensional Euclidean 
space R”, then we easily conclude that the group R” of all admissible translations of the 
measure £, is the 4,- massive set being at the same time of second category. 


The following theorem is of some interest. 


Theorem 5.3 Let G be a subgroup of R which cannot be covered by the union of a 
countable family of compact sets. Then any 0-finite G-invariant Borel measure is trivial. 


The proof of Theorem 5.3 can be found in [86]. 


Remark 5.4 Theorem 5.3 shows that the group of all admissible translations for an 
arbitrary o-finite Borel measure defined on the topological vector space R is small in the 
sense of category, because an arbitrary compact subset of the space R” is nowhere dense in 
this space and a countable union of such sets is of the first category. 


The next theorem provides information (in measure-theoretical terms) about the group 
of all admissible translations for an arbitrary Borel measure u defined on the measurable 
space (RY, B(RY)) and being invariant with respect to everywhere dense subspace of this 
space. 


Theorem 5.4 If the group G of all admissible translations of some nontrivial 0-finite 
Borel measure u defined on the measurable space (RY ,B(R™)) is everywhere dense in this 
space, then u*(G) = 0. 


Proof. Assume u*(G) > 0. Let us define the functional À by 
(VB)(B € B(R”) > A(B) =u*(ANG)). 


Note that the projection A; of the measure A on the group G is the G-invariant 0-finite 
Borel measure defined on the measurable space (G, B(G)) = (G, GN B(RY)). By using one 
result of Xia Dao-Xing (see [173], p.70), we conclude that the group G is a locally compact 
topological vector space. This means that the dimension of the vector space G is finite and 
we obtain a contradiction to the condition of everywhere density of the group G in R”. 
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Remark 5.5 Theorem 5.4 is a partial case of the general result of Versik [174] stat- 
ing that, for an arbitrary probability Borel measure u, defined on the infinite-dimensional 
topological vector space, the group Q,, of all admissible (in the sense of quasiinvariance) 
translations for the measure u is of u*-measure zero. 


Now we consider the following question: 


Does there exist a measure u, in RN which would be equivalent to the canonical Gaus- 
sian measure defined in RN ? 


In this direction we have the following result. 


Theorem 5.5 For an arbitrary infinite-dimensional parallelepiped A in RN the equality 


GraFly 
holds. 


Proof. Let A= ll ax, bg] be an arbitrary infinite-dimensional parallelepiped in R^ such 
k=1 
that 


kEN —b;—a; > 0. 


It is possible to have only two cases: 
I) The sequence (by — ax) xen is bounded by a positive number m. Then the sequence 


by — ag 
m-k 


( 


Jeen E £2, 


but 


= by — ag 1 
In(1— . 
En 


is not convergent for an arbitrary natural number n. 
ID The sequence (bg —ax)xen is not bounded; then there exists an increasing subse- 
quence (”x)xcn of natural numbers, such that 


(Dn, — an)? 


(Vi\(kEN > = 5 1), 


Let us define the sequence (x,)xen by the formula 
bn, —An s 
PS 7, ifm=n, 
m . 
0, ifm Æ ng. 
Then, on the one hand, it is clear that 
Yim = +, 
mEN 


which implies 
(Xm)meN ¢ bo, 
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and, on the other hand, we have 


oo 


L ma- nl) ¥ n(1=-—*—) = La- 2). 


m>1 m — 4m kel Dry, — Ang k>1 


which, using Theorem 5.1, implies that (%)men € Ga. 


Remark 5.6 Note that in Solovay’s model no nontrivial translation-invariant Borel 
measure u on R is equivalent to the canonical Gaussian Borel measure (see Corollary 
4.4). 


In context of Theorem 5.5 we posed the following: 


Problem 5.1 Does there exist a nontrivial translation-invariant Borel measure u on 
RY such that the restriction of u to some Borel subset would be equivalent to the canonical 
Gaussian measure in RN ? 


The problem of equivalence and orthogonality relations between two measures in 
infinite-dimensional topological vector spaces has been investigated by many authors. In 
this direction especially the result of S. Kakutani can be mentioned [79](see also Theorem 
4.3) stated that if one has equivalent probability measure u; and v; on the o-algebra £; of 
subsets of a set Q;,i = 1,2,--- and if u and v denote respectively the infinite product mea- 
sures []j<y uj and []j<y Vv; on the infinite product o-algebra generated on the infinite product 
set Q, then u and v are either equivalent or orthogonal. Similar dichotomies have revealed 
themselves in the study of Gaussian stochastic processes. C. Cameron and W.E. Martin 
proved in [19] that if one considers the measures induced on a path space by a Wiener pro- 
cess on the unit interval, then if the variances of the processes are different the measures are 
orthogonal. These sort of results were generalized by many authors(cf.[19],[20],[39],[52] 
and others). A.M. Vershik [174] proved that a group of all admissible translations(in the 
sense of quasiinvariance) of arbitrary Gaussian measure in infinite-dimensional separable 
Hilbert space is a linear manifold. In this context I.I. Gikhman and A.V. Skorokhod has 
been considered in [49,chapter 7,paragraph 2] the following problem: 


Does there exist a probability Borel measure u in £2 which satisfies the following con- 
ditions: 
(i) the group Q, of all admissible translations (in the sense of quasiinvariance) is an 
everywhere dense linear manifold in 42; 
(ii) there exists a € ey \ Q, such that a measure u is not orthogonal to the measure u (a), 
where 
(WX) (X € Blb) > uO (X) = p(X —a))? 


Gikhman-Skorokhod’s solution of this problem was supported using the technique of 
Gaussian measures in infinite-dimensional separable Hilbert space. 

In the next theorem we shall demonstrate how Gikhman-Skorokhod’s above-mentioned 
result can be extended for invariant Borel measures in 5. 


Theorem 5.6 There exists a nonzero ©-finite Borel measure u in b which satisfies the 
following conditions: 
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(i) The group I, of all admissible (in the sense of invariance) translations for the mea- 
sure u is an everywhere dense linear manifold in 5. 
(ii) There exists a € 7 \ I, such that a measure uo is not orthogonal to the measure u, 
where 
(VX)(X € B(E>) > p(X) = p(X —a)). 


Proof. According to Suslin’s theorem we have B(42) C B(R™). Set 
(VX)(X € B(fa) > u (X) = Va, (X) & u2(X) = Va,(X)), 


where Ay = [ [;en[0 eal and Ay = [Tien(0, Tl According to Theorem 5.1, we have 


In, = {(8i)ien : (8iJien € £2 & $ lgili +1) < œ}, 


iEN 
and 
Ln = {(hi)ien : (hiJien € £2 & > |h;|2'(i +1) <œ}, 
igN 


where J,,, and J,,, denote groups of all admissible translations (in the sense of invariance) of 
My and u2, respectively. It is clear that Z, C Lu- 

Let us show that measures u and uz are orthogonal. Indeed, the measure uz is concen- 
trated on the set 


1 
h = ier” x [[(0. 


LL pal! 


and u (F2) = 0. 

We set u = u +u2. Note that a group of all admissible translations(in the sense of in- 
variance) Z, of the measure u coincides with J,,,. It is clear also that 7, is the linear manifold. 
The fact that Z, is everywhere dense in 42 is a simple consequence of the statement that the 
linear manifold of all finite sequences is everywhere dense in 42. If we consider an element 
a= (aya ie N E La, \ Zn, then a measure u is not orthogonal to the measure u, because 


(a) 


it has the absolutely continuous component u> with respect to the measure u. 


Remark 5.7 If we consider probability measures A, and A. which are equivalent to 
measures u; and fo, respectively, then the measure A = F(A 1 +A) would be a solution of 
the above-mentioned problem. Hence, Theorem 5.6 may be regarded as a generalization of 
above-mentioned result obtained in [48]. 


The following definition is important for the theory of invariant measures and its various 
applications. 


Definition 5.2 Let (E,S,u) be a measurable space with measure u. Let G be a group of 
transformations of the space E such that 


(vh)(VB)(hE G&BESSA(B)ES). 


We say that a set By € S with (Bo) > 0 satisfies the zero-one law with respect to the 
pair (u,G) if 


H(g(Bo)) _ 5, M(s(Bo)) 


(Bo 
CESES I O 


=0). 
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The zero-one law is realized in the following situation with the infinite-dimensional 
Hilbert space 42. 


Theorem 5.7 Let 
A e 
o= TT] sr]: 
icN 
Then an arbitrary element B € B(I2) N (UnenAn) with ua, (B) > 0, where 
1 
(vn)(nEN >A, =R"x JT] fo; zh) 
i>n+1 
satisfies the zero-one law with respect to the pair (Va, 2). 

Proof. Note that it is sufficient to show the validity of the relation 


(VB)(Vh)(B E€ Bia) (J An) & Va (B) > 0 & 
neEN 


hE L\Ga > u(B+h) =0). 


Since h = (hj, h2,- ++) €12\Ga,, for an arbitrary natural number k € N the series 


È In(1 = [hn] x 2”+}) 
n=k 


is not defined or for some natural number ko the series E% In(1 — |p| x 2”*) is divergent. 
In the first case, there exists a subsequence (np)pen of N such that 


1—|h,,| x 2+! <0, 


1 
i.e., |Mn,| > zr. The second case means that 


TT [ax] +91 Un) =o, 


i€ neEN 


from which we have 


(U An th)O(U An) = 9. 


neN neN 
In particular, 
(B+h)N (J An =0. 
neN 
Consider the second case where, for some kọ € N, the series 
E n(1-— |h] x 2"*") 


n>ko 


is divergent. 
Let us consider the following possible cases. 


1). We can choose a subsequence (np)p>1 of natural numbers such that: 
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a) pel In(1 = An, | x Di eae) = —o, 
b) O< 1-2" x An] <1. 


2). There exists a subsequence (1,)m>1 of natural numbers such that: 
c) Em=1 (1 — [Anp | X 27!) = +00, 
d) 1 < 1 F [hnn | x Dats 


Note that the case 2) is not possible since 


ego Ss 0: 


In the case 1) there exists a subsequence (n,,);cy of (np) pen such that 


2x \h 


np |" 


Nyy) 


Hence we have 


(LJ 4Anth)N LU An =2. 


neEN neEN 


The last relation implies the validity of the condition 


(VB)(B € B(h)N J An > Vao((B+A) NA (J An) = 


nEN nEN 
Since 
Va (B +h) =va((B +h) \ UJ An) +VA9((B+A)N(L An)) 
nEN nEN 
we obtain 
va (B +h) =0, 


which completes the proof of Theorem 5.7. 


Remark 5.8 Note that not all elements B € B(/z) satisfy the zero-one law with respect 


to the pair (v,,,/2). Indeed, if we consider the element Bo € B(l2) defined by 


11 1 
Bo = Ao U (Ao + (2,11, 5,3) soa UY 
3 n 
U(Ao + (1,2,1, =, )) 
0 yA D3? ee, ; 
then, on the one hand, 
vVa(Bo)=1 
and, on the other hand, for h = (1,1,1,4,4, --,4,-++), we have 
Vao(Both) _, 
Vao (Bo) í 


which means that the set By does not satisfy the zero-one law with respect to the pair 


(Vao l2). 
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It will be interesting to describe the class of all Borel subsets of the space 42 which 
satisfy the zero-one law with respect to the pair (VA,,/2). 


Remark 5.9 In context of Theorem 5.7 see Theorem 10.1. 


It is well-known that, in the Euclidean space R”, nonmeasurable (in the sense of the 
Lebesgue measure) subsets preserve some properties under translations. Among of them 
can be mentioned Baire’s property of non-measurability in the sense of Lebesgue, Vitali’s 
property, Bernstein’s property and so on. Here we discuss analogous questions in the infinite 
dimensional topological vector space R” for above-mentioned invariant measures. 


The following notions are important for our further investigation of certain sets in the 
infinite-dimensional topological vector space R”. 


Definition 5.3 We say that a set X C RY has the Baire property if there exist sets G C 
RY, X, C R and X» C R” such that 


X = (G\X1)UX2, 


where G is an open set in RY, X; and X> are some subsets of R” of first category. 


Definition 5.4 A set Y C R” is called a Bernstein set if (VF)(F C RY & F is closed in 
RY & Card (F) = c > FAY #0 & FA(RY\Y) #0). 


Definition 5.5 A set Z C R“ is called a Vitali set if there exist a vector subspace G C RY 
and a G-invariant 0-finite non-trivial Borel measure u such that for some u-measurable set 
X with u(X) > 0 and for some countable subgroup Go C G the following conditions are 
satisfied: 

a) a set Y intersects every set of the factor space G/Gp at most in one point; 

b) Y CX &X CUseqa(Y)- 

The following theorem asserts that the subsets in R preserve Baire’s and Bernstein’s 
properties under translations. 

Theorem 5.8 The following conditions hold: 

a) (YX)(Vh)(X CRY & h ER” & (X has the property of Baire) = (X +h has the 


property of Baire)); 
b) (YX) (YA) (X CRN &h ER” & (X is a Bernstein set) — (X +h is a Bernstein set)). 


The proof of Theorem 5.8 is quite an easy one. 


Definition 5.6 Let (E, G, S) be an invariant measurable space. We recall that a group G 
of transformations acts freely in F if 


(Vx)(Vg)(xEE &SEG&g#FlIdy > g(x) # x), 


where Idg denotes an identity transformation of E. 


Theorem 5.9 Let u be an arbitrary nontrivial G-invariant (G C R”) Borel measure and 
let a group G contains a freely acting uncountable subgroup of the additive group RY. If 
we denote by L the completion of the class B(R™) by the measure u, then (Ahg)(AY)(ho € 
RY &Y is a Vitali set & Y € L —Y +họ ¢L). 
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Proof. Let us consider a probability measure uo which is equivalent to the measure u. 
Using Theorem 5.3, we have 


(3Bo)(3ho)(Bo € B(RY) & uo(B) > 0 & ho € RY = uo(Bo +ho) = 0). 


Since the measure uo is equivalent to the measure u, we get 
H(Bo) >0 & u(Bo+ho)=0. 

It is clear that, for the completion of the measure u, we have 
(Bo) >0 & fi(Bo+ho) =0. 


By Lemma 8.1, we conclude that there exists a y-nonmeasurable Vitali set Y C Bp. On 
the other hand, since Yo + ho C Bo +ho and f is completion of u, we obtain 


Y+hoEL & YEL. 


Remark 5.10 Theorem 5.9 states that the o-algebra of subsets of the space RY obtained 
by the operation of completion (with respect to a certain 6-finite invariant Borel measure) 
is not an R’-invariant o-algebra. An analogue of this proposition is not true in the finite- 
dimensional Euclidean space R” (It is sufficient to consider the Lebesgue measure l, (n > 


1)). 
Remark 5.11 An analogue of Theorem 5.8 is not valid in the Euclidean space R”. 
Analogous result is not true also for Bernstein subsets in R”. 


Summarizing the results of theorems 5.8 and 5.9, we conclude that the nonmeasurability 
property of Vitali subsets is not preserved under translations, but the property of absolute 
nonmeasurability of the Bernstein set is preserved in that case. 

The following statement shows us that the nonmeasurability of Vitali sets is not pre- 
served under transformations from a given group. 


Theorem 5.10 Assume that (E,G,S,) is a space with a non-zero 6-finite G-invariant 
measure. Let the group G contains an uncountable freely acting subgroup and Go be a 
group of transformations of the space E with respect to which the measure u is not Go- 
quasiinvariant. Then there exists a Vitali set Y such that: 

a) Y ¢ dom(ñ); 

b) (sho) (ho E€ Go —> ho +Y € dom(j)). 


The proof of Theorem 5.10 is based also on Lemma 8.1. 
The following lemma plays a key role in our further investigations. 


Lemma 5.2 Let u be an arbitrary non-zero 0-finite continuous Borel measure defined 
on the uncountable Polish space. If we denote by fi the completion of the measure u, then 
the following relation is valid: 


(VX)(VY)(X is a Bernstein set & (Y) >0 — X NY ¢dom(p)). 


The proof of Lemma 5.2 can be obtained as follows: if X NY € dom(@), then, applying 
inner regularity of the measure u and the equality u(Y) = u* (Y NX), we conclude that there 
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exists a compact subset F C X MY with u(F) > 0. Since u is continuous, we establish that 
card(F) = c. But it is not possible because the set RY \X ( which is also a Bernstein set) 
does not intersect F. 


The main property of Bernstein sets in infinite-dimensional vector space R is presented 
in the next theorem. 


Theorem 5.11 Let u be a non-zero 6-finite continuous Borel measure defined on the 
space RY. Assume X to be an arbitrary Bernstein set. Then there exists a subset Xọ C X 
such that 


a) Xo ¢dom(f), 


b) (sho) (ho ERY = Xo +ho € dom(f)), 
where ți denotes the completion of the measure u. 


Proof. Without loss of generality, we may assume that u is a probability Borel measure. 
According to Ulam’s well-known result (cf. Lemma 10.1), the measure u is concentrated 
on a countable union Uey Kn of compact subsets of the space R”. Following Lemma 10.3, 
there exists a translation ho € RY such that 


(U Ka) (LJ Kn +0) = 0. 


neEN neEN 


Let X be an arbitrary Bernstein subset of the space R. Consider Xo = X NUnen Kn. By 
Lemma 5.2, we have 
Xo ¢ dom(Zf). 


On the other hand, since Xp +ho C RY \ UnewKn, by the property of the measure 77, we 
obtain 


Xo +ho € dom(Z). 


Remark 5.12 Theorems 5.10 and 5.11 show us that the domain of the completion of an 
arbitrary non-zero 6-finite continuous Borel measure u is not R¥-invariant.We can observe 
also that an arbitrary non-zero continuous Borel measure on Ris not complete. 


Definition 5.7 Let E be a base space, G be a group of transformations of E and let X be a 
subset of the space E. X is called a G-absolutely negligible set if for any G-invariant 0-finite 
measure u, there exists its G—invariant extension such that X € dom(f) and f(X) = 0. 


A geometrical characterization of absolutely negligible subsets, due to A.B. Khara- 
zishvili, is presented in the next theorem. 


Theorem 5.12 Let E be a base space, G be a group of transformations of E containing 
some uncountable subgroup acting freely in E, and X be an arbitrary subset of the space 
E. Then the following two conditions are equivalent: 

1) X is a G-absolutely negligible subset of the space E; 

2) foran arbitrary countable G-configuration X’ of the set X, there exists a countable 
sequence (gx)xen of elements of G such that 
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The proof of Theorem 5.12 can be found in [85]. 
We have the following theorem. 


Theorem 5.13 Let E; be a nonempty base space, G, be a group of transformations 
of E, containing an uncountable subgroup acting freely in E1, and X; be a G,-absolutely 
negligible subset of the space E,. Further, let E be an arbitrary nonempty set and G3 be 
an arbitrary group of transformations of E>. Then for any subset Xz C En the set 


Xı x Xo 


is a G1 X G2-absolutely negligible subset of the space E, x Ep. 


Proof. Note that a group Gi x G2 satisfies all conditions in Theorem 5.12. Let 


(Sk)ken = (e, aken be an arbitrary countable sequence of elements of the group 


G, X G2. Consider 
xX’= U gt (X1). 
keEN 


By Theorem 5.12, we conclude that there exists a countable subgroup (hP) pen such 
that 


NaP at? (x) = 0. 


pEN keN 


Let h be an arbitrary element of the group G2. Then itis easy to prove that 


Lee? em x Xo) © Le, 2) (Xx X2) C 
kEN kEN 


E U gP (X1) x Ep. 
keN 


On the other hand, we have 


NAP, AU eP, 9) (1 x X2)) c 


pEN keN 


Using the condition 


NAPU st?) = 0, 


pEN keN 


we obtain 


N (h? ,h)( U (eP, 9) (x1 x Xp) CO. 


pEN keN 
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By Theorem 5.12, we conclude that the set X; x X2 is a G1 x Gy-absolutely negligible 
subset of the space E; x E2, and Theorem 5.13 is proved. 


The following result also belongs to A.B. Kharazishvili(cf.[85]). 


Theorem 5.14 Let T be an arbitrary uncountable subgroup of the additive group R. 
Then there exists a countable family (X„)nen of subsets of R such that: 

1) (Vn)(n€ N = ( the set X, is a T-absolutely negligible subset of R); 

2) R=UnewXn- 

We have the following proposition. 


Theorem 5.15 Let RY be the space of all sequences of real numbers, RO) be the group 
of all finite sequences of the space RN, i.e., 


Then there exists a countable family (Zn )n>1 of subsets of RY such that: 
1) (Yn)(n E€ N = ( the set Z, is R™ -absolutely negligible subset of RY)). 
2) RY =UnewZn- 


The proof of Theorem 5.15 will be obviously obtained if we use theorems 5.13,5.14 and 


the equality 
RA) = R x RA), 


Let E be a base space and let T be a group of its transformations. 
A set Y C E is said to be I -absolutely nonmeasurable if, for every nontrivial o-finite 
T-invariant (I-quasiinvariant) measure u defined on E, we have Y ¢ dom(w). 


One simple method of the construction of absolutely nonmeasurable subsets in product 
spaces is presented in the following theorem. 


Theorem 5.16 Let E; be a base space, T; be a group of transformations of E1, Y, be a 
I’|-absolutely nonmeasurable subset of the space E\. Further, let Ey be also a base space 
and T be a group of its transformations. Then a subset Yı x Ez of the space E; x E is 
Tı xT2-absolutely nonmeasurable. 


Proof. Let u be a T; x I%2-quasiinvariant probability measure defined on EF; x E2 such 
that 
Y, x E2 E€ dom(u). 


It is clear that the class F defined by the formula 
F = {A : A € dom(u) & A =X x Ep}. 


is a I; x T%-invariant o-algebra of subsets of the space E; x E2 and F C dom(u). 
Let us consider the class F4 defined by 


Fi ={X:X CE, &X XE EF}. 


It is also clear that the class F is a T-invariant o-algebra of subsets of the space F}. 
The functional wy defined by 


(VX)(X € Fi = y(X) =u(X x Ep)) 
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is a T'\-invariant probability measure such that Yı € dom(y). This contradicts the T4- 
absolute nonmeasurability of Y;, and Theorem 5.16 is proved. 


Finally, we focus on one result obtained in [85]. 


Theorem 5.17 In the Euclidean space R” there exists an R”-absolutely nonmeasurable 
subset. 


Using results of theorems 5.16 and 5.17, we can obtain the validity of the following 
proposition. 


Theorem 5.18 Jn the infinite-dimensional vector space RY there exists an R™). 
absolutely nonmeasurable subset. 


Chapter 6 


On Quasiinvariant Radon Measures 
in R’ 


Let us consider some definitions from measure theory. Assume that (X,7) is a topological 
space, B(X) is the o-algebra of all Borel subsets of the space X, generated by the topology 
T. Let u be an arbitrary measure defined on the o-algebra B(X). 


Definition 6.1 A Borel o-finite measure u is called regular if 


(YB)(BE BX) &O<m(B)<+—u(B)= sup a(R). 
K is closed in X 


Definition 6.2 A Borel o-finite measure u is called Radon if 


(YB)(B € B(X) & 0 < u(B) < +> => u(B)= sup w(K). 


. KCX . 
K is compact in X 


Example 6.1 Let / be an arbitrary nonempty set of parameters. Let À be the canonical 
Gaussian Borel measure on R’. On the one hand, we have that À is a regular Borel proba- 
bility measure quasiinvariant with respect to the everywhere dense vector subspace R of 
the space R’ (cf.Corollary 4.1). On the other hand, we have that the measure À is not Radon 
when Card(I) > Xo. 


Let us consider a separable Banach space £; of all absolutely summable real-valued 
sequences, defined on N. Let B(¢,) be a Borel o-algebra of subsets of 41. By using Lemma 
5.1 and Theorem 5.1 one can prove the validity of the following assertion 


Lemma 6.1 There exists a nontrivial 0-finite Borel measure Up on lı such that: 


1) uolien (0; 411) = 1; 
2) the vector space Gg of all admissible translations (in the sense of invariance) of the 
measure Lo has the following form 


Go = {(ak)ken : (Ak)ken E€ 4 & the series Ł CA .24+1 iş convergent}. 
keN 


The following proposition is valid 
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Lemma 6.2 Let us define an operator 
ọ : 4&4 — C[0;1] 
by the formula 


(V(ar)ren)((ar)ren € £1 > P(lar)ren) = Y arx" 
keN 


Then an operator @ is one-to-one linear continuous operator. 
The proof of this result is not difficult, and we leave it to the reader. 
The above results immediately imply the following statement. 


Theorem 6.1 Let us denote by u; a functional defined by the following formula 
(YB)(B € B(C[0; 1]) > u1 (B) =n0(@ '(B))), 


where B(C[0;1]) denotes an usual Borel o-algebra of subsets of the separable Banach 
space C[0;1]. Then functional u, is a such nontrivial 0-finite Borel measure that a vector 
space G; of all admissible translations (in the sense of invariance) has the following form 


Gi = {f | f € C[0;1] & (Gap = (ar)ren € Go) & 


(Vx) (x € [0;1] =} a y 
keN 
Remark 6.1 Since uo is R™-invariant, we easily deduce that the vector space of all 
real-valued polynomials defined on |0; 1] is a vector subspace of G4. 


By using Theorem 6.1 and a natural embedding of C[0, 1] in R (0.1) one can easily obtain 
the validity of the following assertion. 


Theorem 6.2 Let RÙ! be a vector space of all real-valued functions on {0;1], equipped 
with Tykhonoff topology. Then there exists a such nontrivial 6-finite Radon measure u on 
RO!) which is invariant with respect to everywhere dense vector subspace of all polynomi- 
als on {0; 1]. 


Remark 6.2 This fact that a vector subspace of all admissible translations of the mea- 
sure u is everywhere dense in R®! is a simple consequence of the classical Weierstrass 
theorem on approximation. 


Example 6.2 Let A, be an arbitrary probability Borel measure defined on the measur- 
able space (RI:1], B(R[®:1])) and equivalent to the measure u. It is clear that this measure 
is quasiinvariant under the group of all polynomials on [0;1]. It can be considered as a 
continuous image of some Radon measure defined on some Hausdorff topological space. 


The following assertion is valid. 


Theorem 6.3 Assume that the set I satisfies the condition card (I) > Xo. Then in the 
measurable space (R',B(R‘)) there does not exist a Radon probability measure which 
would be quasiinvariant with respect to the vector space RY), 
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The proof of this theorem can be obtained by assuming the contrary. Then we obtain a 
contradiction to the property of o-finiteness of the measure. 


Let us recall the following definition. 
Definition 6.3 Assume that T is a family of real functions defined on the set X. A family 
T is called separating the points of the set X if 


(Vx )(Vx2) (x1 E X & x2 EX & x1 # x2 > (AP)(f ET > f(x) F f(x2))). 


Lemma 6.3 If card(X) > c, then an arbitrary countable family T of real functions 
defined on the set X does not separate the points of the set X. 


Proof. Indeed, to an arbitrary point x € X let us put into the correspondence a point 
y(x) € R such that 


y(x) = AORE) =), 


where T = { fk }ren. Since card(RY) = c, there exists a subset Y C X such that 
(a) card(Y) = card(X), 
(b) (Wz) (Vx) (z E Y & x E€ Y — y(x) = y(z)). 
If xı € Y, x2 € Y and x; Æ x2, then there is no function f €T such that 


f(x1) # f2). 


Lemma 6.3 is proved. 


Now we can formulate and prove the main result of the present chapter. 


Theorem 6.4 If I is a set of indices with card (T) > c (the cardinality of the continuum 
is denoted by c), then in the measurable space (R',B(R')) there exists no Radon probabil- 
ity measure which would be quasiinvariant with respect to some everywhere dense vector 
subspace of R!. 


Proof. Assume the contrary and let u be a Radon probability measure on the measur- 
able space (R’,B(R’)) which is quasiinvariant with respect to some everywhere dense in 
R’ vector subspace G C R’. This means that, for some compact subset K of R?, we have 


0 <pu(K) < +o. 


Then there exists a countable family (gn )nen of elements of the group G such that Uen (K + 
gn) is a u-almost G-invariant subset of the space R’, i.e., 


(va)(he G > u((( (K +8n)) AUU (K+ 8n)) +h) = 0). 
neN neN 


Using Lemma 6.3, we obtain that the family (g,,),cv does not separate the set J. Therefore 
there exist two different points i; € J and iz € J such that 


(Vn)(n E€ N > gn(i1) = 8n(i2)). 
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Let us put 
M = diam(P,„ (K) U{0}). 


So G is everywhere dense, for some h* € G we have 
h* (i1) €]g1(i1) +2M; 81 (i1) +3M({. 


Clearly, 


UCU (K+8n) +h*)\ U (K+8n)) > 9, 
nEN nEN 


which contradicts the condition 


(Vh) (h € G > u((((] (K+8n)) +h)A U (K+8n)) =0). 
neN neN 


Thus, Theorem 6.4 is proved. 


Chapter 7 


On Partial Analogs of the Lebesgue 
Measure 


The problem of the existence of an partial analog of the Lebesgue measure on infinite- 
dimensional topological vector space itself is interesting and it is so important that has 
been studied for more than a half century ago by many people using various approaches 
(cf.[50],[170] and others). Among them the result of I. V.Girsanov and B.S. Mityagin [50] 
should be mentioned especially. Their result asserts that an arbitrary 0-finite quasi-invariant 
Borel measure defined on infinite-dimensional locally convex topological vector space is 
identically zero. This result asserts that the properties of the o-finiteness and the translation- 
invariance are not consistent for non-zero Borel measures in infinite-dimensional topolog- 
ical vector spaces. A.B. Kharazishvili [87] ignoring the property of translation-invariance, 
constructed an example of a such non-zero o-finite Borel measure in the Hilbert space 42 
which is invariant with respect to everywhere dense (in 42) linear manifold(cf. Lemma 
5.1 and Remark 5.3). In the present chapter we ignore the property of the o-finiteness 
and give a construction of non-zero non-atomic translation-invariant Borel measures on 
infinite-dimensional separable Banach spaces with a basis in the well-known Solovay model 
(cf.[167]) which is the following system of axioms: 


(ZF) &(DC)&(every subset of R is measurable in the Lebesgue sense), 


where (ZF) denotes the Zermelo-Fraenkel set theory and (DC) denotes the axiom of De- 
pendent Choices (cf. Chapter 1). 

We focus on the classes of null sets generated by partial analogs of Lebesgue measure 
and study their relations with respect to various 0-ideals of null sets introduced in the papers 
[29],[30],[70],[146]. 

Now, let (E1,S1,u1) and (E2,S2,u2) be two measure spaces. The measures u and u2 
are called isomorphic if there exists a measurable isomorphism from E; onto E> such that 


(VX) (X € S1 > u1 (X) = sn(f(X)))- 
In the sequel we need some auxiliary lemmas. 


Lemma 7.1 Let E; and E be any two Polish topological spaces. Let u; be a probability 
diffused Borel measure on E; and let u be a probability diffused Borel measure on E2. Then 
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there exists a Borel isomorphism @ : (E1,B(E1)) — (E2,B(E2)) such that 


1 (X) =m (@(X)) 
for every X € B(E}). 
The proof of Lemma 7.1 can be found in [25]. 


Lemma 7.2 Let E be a Polish space and let u be a probability diffused Borel measure 
on E. Then, in Solovay’s model the completion fi of u is defined on the power set of E. 


Proof. Let b; be the standard Lebesgue measure on [0, 1]. According to Lemma 7.1, the 
measure bı is Borel isomorphic to the probability measure u. Denote this isomorphism by 
@ and consider an arbitrary set W C E. It is clear that o~'(W) = X UY, where X € B((0, 1]) 
and (4Z)(Y C Z € B([0,1]) & bı(Z) = 0). Let us take the set XUZ. The isomorphism 
between the measures bı and u implies u(@(Z\ X)) = 0. On the one hand, we can write 
W = 9(X) UQ(Y). On the other hand, we have @(Y) c @(Z). Clearly, 7(@(Y)) = 0 since 
u(@(Z)) = 0. 

Corollary 7.1 Let J be any non-empty subset of the set all natural numbers N. Let, for 
k € J, Sx be the unit circle in the Euclidean plane R?. We may identify the circle Sj. with 
a compact group of all rotations of R? about its origin. Let Ay be the probability Haar 
measure defined on the compact group [| S. Then in Solovay’s model the completion Ay 

keJ 
of ày is defined on the power set of u Sg. 
E 
Remark 7.1 For k € J, define the function fg by f(x) = exp{2nxi} for every x € R. 
Then the equality 


JIwe+w =o. daw 


keJ keJ keJ 


holds for every z,w € R!, where RI denotes the vector space of all real-valued sequences 
defined on J, [] fk denotes the direct product of the family of functions (fk)kej, “0” 
keJ 


denotes the group operation in [] Sx. 


keJ 
Remark 7.2 For E C R! and g € [I] Sx, put 
keJ 
card(( TI fx) '(g) NE), if this is finite; 
oo, in all other cases. 
Then 
(Vh)(h= (hr)res ER? > fr+n(8) = fe(go8n)), 
where 


8n = (| [fe (-h) = (exp{—2mhgi} er. 
keJ 
Theorem 7.1 Let J be any non-empty subset of the set all natural numbers N. Then, 
in Solovay’s model there exists a translation-invariant measure u; on the powerset R? such 
that 415({0;1]4) = 1. 
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Proof. Define the functional u by 


(VE(ECR'—us(E)= | fe(s)d¥als)). 
TI Sk 


keJ 


The functional uy is a measure since fo(g) = 0 and 


Soreng (8) = L fele), 


keN 


where (Ex)xen is an arbitrary family of disjoint subsets of RY. 
The same functional y is a translation-invariant measure. Indeed, for an arbitrary h € RI, 
by the invariance of the measure Aj and by Remark 7.2, we have 


keJ 5 P (IS) 
= | fels)d%gls)= | fede) uE), 
tis tis 


where we use the transformation rule for the image Me of Ay with respect to the transfor- 
mation ® :x— xoh. 

Note that 

(Vale € J [Sk > foup(s) = 1). 
keJ 
This implies that uz([0; 1[) = 1. 
It is clear that 
[0; 1]?\ [0; 1[7= UneaXs, 


where X; = {1}, x [0; 0 and wy(X,) = 0. 


Remark 7.3 Note that the measure uy coincides with the standard Lebesgue measure 
on R! for every finite J. By this reason, the measure uy can be regarded as a partial analog 
of Lebesgue measure on RN, 


Let us consider the family of conditional measures 
(un(-|[0, 1]*+4)) acre. 
We say that X C RN is a standard cub null set in RN, if 


in (X|[0, 1]X-+a) =0 
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for every a € RÙ. The class of all standard cub null sets in RÙ we denote by S.C.N.S.(R¥). 


We say that X C RN is a standard Lebesgue null set in RN, if un(X) = 0. We denote the 


class of all subsets (in Rì) of un-measure zero by S.L.N.S.(R). 


Theorem 7.2 S.L.N.S.(RY) c S.C.N.S.(R¥). 


Proof. One can easily demonstrate that S.L.N.S.(R) C C.N.S.(R¥). 
Now, let z = (z1,22,:-) € (0, 1D. 
We have 


where 0 < al”) <9 for every n,m E N. 


Put 
FOO) = 21 42a”, 
f(z) = 22 +2a$), 
FOO) = 23 +2”, 
fOO = za +2), 
F(z) = e5+2a9),- 
We set 


F = {(f(z))een :z € [0,1 D}. 


Let us show that F is a cub null set in RN. In this direction it suffices to show that 
(Va)(a € RN — card(F n ([0, 1]§ +a)) < 1). 


Assume the contrary and let for different elements z1,z2 € [0,1[ we have f(zi) € 


(0, 1] +a for i= 1,2. It means that 


AS zı Æ z2, there exists ko € N that a # ze Let 2) = 0, ao) - and ra = 


0, pit) --» . Using the same argument there exists mg € N such that 


lan be (ed. 


For some ng € N we have 


f°) (z1) = x1 + 2am), 

Ff") (zp) = x2 +2060, 
where 0< x1 <1,0<x2 <1. 
We have 


a) — f°) (@)| = far + 20h) — 2 — 26K] = 


[2(amy) — bho) — (x2 —x1)| > (2am) — bio )|— x2 =x1 > 1. 
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The last relation means that F is a cub null set in R. On the other hand, we have 


un(F)= | feldin). 
TI Sx 


keN 


So fr(g) = 1 for every g € J] Sk, we conclude that un(F) = 1. This ends the proof of 
keN 
Theorem 7.2. 


Here we are going to give a construction of partial analogs of the Lebesgue measure in 
infinite-dimensional separable Banach spaces with basis. 


Let B be an infinite-dimensional separable Banach space with basis. 


We say that a transformation A: B — R belongs to a class A, if there exists a basis 
€1,€2,*+ in B such that Yen |lei|| < ec and A(z) = (xx)ken, where z = Veen Xek. 
For A € A, we set ua (X) = un(A(X)) for X C B. 


One can easily establish the validity of the following assertion. 


Theorem 7.3 For every A € A, the measure u, is a translation-invariant Borel measure 
defined on the powerset P(B) of B which gets a numerical value one on the compact set A, 
where A = A7! ([0,1]™) 


Proof. Indeed, for h € B and X C B, we have 
Ha(X +h) = un(A(X +h)) = un(A(X) +4 (h)) = un(A(X)) = ua (X). 


Obviously, 
ua(A) = un (A (A~ (0, 1]™))) = un ([0,1]") = 1. 
This ends the proof of Theorem 7.3. 


Now we discuss the problem which stimulates extending the measure theoretic terms 
“measure zero” and “almost every” in infinite-dimensional Banach spaces. Let B be any 
infinite-dimensional Banach space, let P be any sentence formulated for elements in B and 
let u be any probability Borel measure on B. One can easily discover that an information 
contained in the following sentence: 


“u-almost every element of B satisfies the property P”, 


in general, is very poor, because the measure u is concentrated on the union of count- 
able compact subsets (Fx)xey in B (cf.[86 ]) and for arbitrary k € N there exists a vector 
vx E€ B which spans a line Lg such that every translation of Ly meets F, in at most one 
point(cf.[ 70]),p.225,Fact 8). In other words, the support of u may be regarded as an union 
of countable family of “surfaces”. 

We remind the reader of some notions of classes of null sets which will be un- 
der consideration. The reader can also see many interesting applications of introduced 
here notions of null sets in various articles (see,e.g., [29],[30],[70],[98],[100],[113],[115], 
[146],[148],[168] and so on). 
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Let B be again an infinite-dimensional separable Banach space and e,e2,--- € B be an 
arbitrary element of B that ))jcy ||e;|| < œ and the span of e1,e2,: +- is dense in B. 


Definition 7.1 A set X C B is called an Aronszajn null set in B(cf.[30]), if it can be 
written as a union of Borel sets E,, such that each E, is null on every line in the direction 
e,(i.e., for every a € B, u ({t E R : a+te, E€ E,}) = 0, where u; is the one-dimensional 
standard Lebesgue measure). 


Definition 7.2 Following Mankiewicz (cf.[30]), a Borel set X C B is called a cube null 
set, if it is null for every non-degenerate cube measure (Non-degenerate cube measures in 
B may be defined as distributions of the random variable of the form a+ } pen Xkek, where 
a € B,(X) xen are uniformly distributed mutually independent random variables with values 
in [0,1] and e;,e,--- € B is an arbitrary element of B that )jcn ||e;|| < œ and the span of 
€1,€2,°-+ is dense in B. 


Definition 7.3 A Borel set X C B is called a cube null set in basis F = (ex)zen , if it is 
null for every non-degenerate cube measure defined by the basis T. 


Definition 7.4 Let K be the class of all non-zero finite measures defined on the Borel 
0-field B(B). We denote by B(B)" the completion of B(B) with respect to the measure u 
for u € K. A set E C B called universally measurable if E € Dye B(B)". 


Remark 7.4 Using Lemma 7.2, one can easily demonstrate that in Solovay’s model 
every subset in an arbitrary Polish topological vector space is universally measurable. 


Definition 7.5 Following Christensen [29], a universally measurable set E is Haar null 
if there is a Borel probability measure u on B that every translation of E has -measure zero, 
where t denotes an usual completion of the measure u. 


Definition 7.6 Following Brian R. Hurt, Tim Sauer and James A. Yorke (cf. [70]), a 
set X is called shy if it is a subset of a Borel set X’ for which u(X'+v) = 0 for every v € B 
and some Borel probability measure u such that u(K) = u(B) for some compact K. 


Remark 7.5 Using Lemma 7.2, one can easily demonstrate that in Solovay’s model 
every subset in a separable Banach space B is universally measurable. Hence, the notions 
of expanding Haar null sets and Haar null sets (as well the notion of expanding shy sets) 
coincide in the Solovay model for infinite-dimensional separable Banach spaces. 


Definition 7.7 Following Phelps (cf.[148]), a Borel set is called Gaussian null set if 
it is null for every Gaussian measure on B(A Gaussian measure in B may be defined as a 
distribution of a.s. convergent sums a+ } zey Xxex, where a € B and (Xx)zen are mutually 
independent standard Gaussian variables). 


Definition 7.8 We say that X C B is a quasi-Lebesgue null set in B if @,(X) = 0 for 
some A € A, where fi, denotes an usual completion of the measure u4. 


Definition 7.9 We say that X C B is a Lebesgue null set in B if m, (X) = 0 for arbitrary 
AEA. 


Definition 7.10 A measure u on E is called quasi-finite if there exists Yo C E that 0 < 
L(Y) < œ. 
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Definition 7.11 Let T = (e;)jcy be a basis in B that X jey |\e;|| < oo. We say that X CB 
is cube null set in basis I’, if u4 (X) = 0, where A(z) = (xx) xen for z = Veen Xkek. 


Definition 7.12 We say that a set X C B is a quasi-finite translation null set if there exists 
a quasi-finite translation-invariant Borel measure v such that V(X) = 0, where V denotes the 
usual completion of the measure v. 


Definition 7.13 We say that X C B is a translation null set in B if there exists a non-zero 
translation-invariant Borel measure u and a Borel set S’ such that S C S’ and u(S’) = 0. 


We denote by 


L.N.S(B),L.N.S(B,T),Q.F.T.N.S(B),G.N.S.(B), 
A.NS(B),C.N.S.(B),C.N.S.(B,T),H.N.S.(B),S.S.(B), T.N.S.(B) 


classes of Lebesgue null sets, Lebesgue null sets in the basis I’, quasi-finite translation 
null sets, Gaussian null sets, Aronszajn null sets, cube null sets, cube null sets in the basis 
I’, Haar null sets, shy sets and translation null sets in B, respectively. 

For every infinite-dimensional separable Banach space B the following relations 


G.N.S.(B) = A.N.S(B) = C.N.S.(B) c H.N.S.(B) = S.S.(B) 


are valid. 
The result 
H.N.S.(B) = S.S.(B) 


is due to Maxwell B. Stinchombe(cf.[168]). 
The assertion 
C.N.S.(B) c H.N.S.(B) 


was established by Y.Benyamini and J. Linderstrauss (cf.[30]). 
The validity of the following equalities 


G-N.S.(B) = A.N.S(B) = C.N.S.(B) 


was proved by Marianna Csörnyei (cf.[30]). 
We have the following propositions in Solovay’s model. 


Theorem 7.4. Let B be an infinite-dimensional separable Banach space with a basis 
T = (ex)gen such that ¥ zey |\ex|| < œ. Then in Solovay’s model we have 


L.N.S.(B) c L.N.S.(B,T) C Q.F.T.N.S(B). 


Theorem 7.5. Let B be an infinite-dimensional separable Banach space with a basis 
T = (ex)gen such that ¥ zey |\ex|| <œ. Then in Solovay’s model we have 


Q.F.T.N.S(B) C S.S(B). 
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Proof. Let X € Q.F.T.N.S(B). It means that there exists a quasifinite translation- 
invariant measure u defined on the powerset of B such that u(X) = 0. Since u is a quasifinite 
there exists a compact set K in B such that 0 < u(K) < œ. We have 


(VA)(VY)(hEB&Y C B —u(Y +h|K) < u(Y +h) =0), 
where u(-|K) denotes a conditional probability measure, defined by 


u(Y OK) 


(VY)(Y CB yu(Y|K) = uK) 


). 


Note that the measure u(-|K) is a completion of its restriction to the Borel class of B. 
Hence, the validity of the relation 


(Vh)(hE B > u(X +h|K) < u(X +h) =0) 


implies that X € S.S(B). 


Theorem 7.6. Let B be an infinite-dimensional separable Banach space with a basis 
T = (ex)xen such that ¥ zey |\ex|| < œ. Then in Solovay’s model we have 


L.N.S(B,T) C C.N.S(B, T). 


In this context note that there does not exist a probability Borel measure p on B (cf. 
Theorem 10.1) such that 


(VX) (p(X) = 0 + X € S.S(B)). 


Let u be a quasifinite measure defined on E and let f : E — R* be a non-negative u- 
measurable function. A number a € RF defined by 


g= sup{ f, f(x)d(u) : By CB, 0 <p(B1) <0} 


is called u-integral of f and is denoted by |, f(x)d(u)(x). If a is finite then f is called 
u-integrable. 

Analogously, let u and v be quasifinite measures defined on E and let g : E x E — Rt 
be a nonnegative u x v-measurable function. Then a number b € RF defined by 


b = sup{ IOP g(x,y)d(u x v)(x,y) : 0 <u(B1)-u(B2) < œ} 


is called u x v-integral of g and is denoted by f fpg g(x,y)d(u x v)(x,y). If b is finite then 
g is called u x v-integrable. 


The following result is valid. 


Lemma 7.3 Let u and v be quasifinite Borel measures defined on B. Let S C B be a Borel 
subset such that a characteristic function Ind sy of the set S& = { (x,y) €E Bx B: x+y € S} 
is u x V-integrable, then 


J. mdssi xv) y) = f S-N) f v(s—sa)(a). 
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As a corollary of Lemma 7.3, we obtain the following: 


Theorem 7.7 Let S be a Borel set in B. Let there exist a probability measure P with 
compact support such that every translation of S has p-measure zero(i.e., S € S.S.(B)). [fu 
is a quasifinite translation-invariant Borel measure in B such that Ind sx is p x p-integrable 
then u(S) = 0. 


Proof. Applying the result of Lemma 7.3, the property of shyness of S and the property 
of translation-invariance of u, we get 


0= J. Indse (x,y)d(p x u) (x,y) 


= [os —y)d(u)(y) = [us —x)d(p)(x) =u(S) x p(B) =H (S). 
B B 
The following proposition is valid. 
Theorem 7.8 S.S.(B) C T.N.S.(B). 


Remark 7.6 The simple proof of Theorem 7.8 can be obtained by the scheme pre- 
sented in [70] (cf. p.219): let us define a measure u, on Borel sets S by up(S) = 0 if every 
translation of S has p-measure zero and y,(S) = œ otherwise. 


Definition 7.14 We say that a finite-dimensional subspace I C B is a probe for a set 
TCBif 
(Yh)(h € B > ur(S+hAT) =0), 


where ur denotes a Lebesgue measure supported on T. 


The class of all subsets of B which are defined by an n-dimensional probe is defined by 
n(B). Itis clear that the class of all subsets of B which are defined by the finite-dimensional 
probes coincides with Uneyn(B). 


We have the following interesting result. 


Theorem 7.9 Let S € n(B). Then, in Solovay’s model there exists a quasi-finite 
translation-invariant Borel measure u on B such that u (S) =0. 


Proof. Let I be n-dimensional vector subspace, ur be a Lebesgue measure supported 
on I and S’ be a Borel subset of B containing S such that 


(Vh)(h € B > ur(S +h) =0). 


Let (ei)1<i<n be a basis of T. Let T- bea cospace of T. Let en41,@n+42,°-: be such basis in 
TŁ that Zinn lleill < o. 
We set 
A+ (z+) = (xk)k>n 


for z+ = gsn xek ETL. 
Put 
(VX) (X C T% > uri (X) = unq,- n} (A(X). 
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It is clear that wy. is a translation-invariant measure defined on the power set of T+ 
which gets a value one on the compact set 


At ={} xer :0<x<l1&keEeN\{1,-n}}. 
k>n 
Put 
VOX CB > uX) = | uX +A) AV) dups (h). 


It is not difficult to check that u is a translation-invariant measure defined on the power 
set of B, which gets a value one on the compact set 


A={} xek: 0< xe < 1 &keN}. 
k>1 
Finally we have 


u(S)= f ur(S +hOT)dur: (h) = 0. 


Since u is the quasi-finite translation invariant measure defined on the powerset of B, 
using Theorem 7.5 we conclude that n(B) C Q.T.N.S.(B). This ends the proof of Theorem 
19 


As a consequence of theorems 7.5 and 7.9, we obtain the following: 
Corollary 7.2 Let X be an arbitrary Borel subset of the separable Banach space (B, ||- 
||) with basis, y € B and ||y|| = 1. We say that x is a density point of X in direction y, if 


m HX hye + yh) 


=] 
h—0+ 2-h i 


where u denotes one-dimensional Lebesgue measure concentrated on the line L = {x+ ty : 
t € R} determined by the condition u(|x,x+y]) = 1. 

Let (e€x)xen be a basis in B such that e1 =y, Xren |lex|| < œ. LetT be a vector space 
generated by e,. Then for the translation-invariant quasi-finite Borel measure u constructed 
in Theorem 7.9, we have 


uļl{xE€ X : x is not a density point of X in direction y}) = 0. 


Remark 7.7 It can be shown that the connection of Theorem 7.9 with the Solovay model 
is essential. In this direction we remind the reader of the notion of the uniform subset: a 
subset X C B is called uniform if there exists a line L that every translate of L meets X in at 
most one point. Note that every compact in infinite-dimensional Polish topological vector 
space is uniform(cf.[70], p.225, Fact 8). The problem whether a uniform subset X C R” 
is shy is not solvable in ZF. Indeed, on the one hand, following theorems 7.5 and 7.9, in 
Solovay’s model, for an arbitrary uniform set X C R” we have that 


X €1(R") C Q.T.N.S.(R") C S.S.(R"). 
On the other hand, in the system of axioms 


(ZF) & (AC) & (CH) 
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R” can be represented as a union of countable family (Xz)zen of uniform subsets. Hence, 
there exists ky € N such that Xx, is not measurable in the Lebesgue sense (note that every 
uniform subset X C R” measurable in the Lebesgue sense is of Lebesque measure zero) and 
consequently X;, is not shy. 


Remark 7.8 Many properties in infinite-dimensional separable Banach spaces which 
hold “almost everywhere” in the sense of [70] can be proved by using finite-dimensional 
probes(see, e.g., [70], pp.226-227). Theorem 7.9 states that we can obtain the validity of all 
similar results in infinite-dimensional separable Banach spaces with basis by the technique 
of partial analogs of Lebesgue measure in Solovay’s model. In particular, we have the 
following interesting interpretations of the below-mentioned well-known results. 


Interpretation 7.1 ({70], Proposition 1 ) Let B = L'{0,1]. Let (ex)xen be a basis in 
L' [0,1] such that e, = 1, Leen |leel|z10,1) <% Let V be a vector space generated by e}. 
Then for the translation-invariant quasi-finite Borel measure u constructed in Theorem 7.9 
we have that u-almost every function f satisfies the condition f f(x)dx £0. 


Interpretation 7.2 ([70], Proposition 2) Let B = lP for 1 < p<. Let (ex) xen be a basis 
in I? such that e1 = (4)ien and Yyen l|lerl| <. Let T be a vector space generated by e). 
Then for the translation-invariant quasi-finite Borel measure u constructed in Theorem 7.9 
we have that u-almost every sequence (ax)xen deverges . 


Interpretation 7.3 ({70], Proposition 2) Let B = C[0,1] and let g and h be a pair of 
functions from C[0, 1] for which àg +uh is nowhere differentiable for every (A,u) € R*. Let 
(ex)ken be a basis in C(O, 1] such that e1 =g, e2 = h and Yen \\ex||cjo,1) <9. LetT be a 
vector space generated by e; and e2. Then for the translation-invariant quasi-finite Borel 
measure u constructed in Theorem 7.9, we have that u-almost every continuous function f 
is nowhere differentiable. 


Interpretation 7.4 ([14], propositions 4.4 and 5.1 ) Let f be a locally Lipschitz function 
defined on a non-empty open subset A of a separable Banach space (B,||- ||). Let y € B 
and ||y|| = 1. Let (ex)xen be a basis in B such that e; = y and Yen |\ex|| < œ. LetT be a 
vector space generated by e,. Then for the translation-invariant quasi-finite Borel measure 
u constructed in Theorem 7.9, we have 

u({x EA: f (x,y) does not exist}) = 0. 


Interpretation 7.5 ([115], Corollary 3.2) For € > 0, the €-square mesh for R? is defined 
as the collection of closed squares 

{lie, (i+ Le] x [je,(j + 1)e]ļ} jez For totally bounded set E C R?, define 
N: (E) = of €-mesh squares which meet E and 


A(E) = lim sup IOE NULE) ; 
e—0 —loge 
Let I = [k2~",(k+.1)2~”] c [0,1] be a dyadic interval, where k,m € N are fixed. For 
f €C[0,1], let Gr(f) = { (x, f(x)) }xer Let (ek)ken be a basis in C[0,1] such that e} = 
8, A(Gi(g)) = 2 (cf [115]) and Yen |lexl|co,1) < °°. Let T be a vector space generated by 
ei. Then for the translation-invariant quasi-finite Borel measure u constructed in Theorem 
7.9, we have 


u({f €C[0, I]: A(Gi(f)) 4 2}) =0. 
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Remark 7.9 By using the technique applied in Appendix 15 .3(or 15.4), one can con- 
struct “Lebesgue measure” (or “Gaussian measure”) on B and get similar interpretations 
(i.e., 7.1-7.5) in terms of such a measure in the system of axioms ZFC. 


Finally, in the Solovay model, for an arbitrary infinite-dimensional separable Banach 
space B we have the following picture: 


L.NS.(B) C L.N.S.(B,T) C Q.F.T.N.S(B) C H.N.S.(B) = S.S.(B) C T.N.S(B) 


Remark 7.10 Let E be a non-empty set and let K be any o-ideal of subsets of E. Let 
P be any sentence formulated for elements in E. We say that “almost every” element of E 
satisfies the property P with respect to the class K if a complement of the subset of E on 
which the property holds belongs to K. Clearly, if Kı and Kz are two o-ideals of subsets of 
E such that Kı C Ko, then the validity of the condition 

(a) “almost every ” element of E satisfies the property P with respect to K, 

implies the validity of the condition 

(b) “almost every ” element of E satisfies the property P with respect to K2. 

Using this argument and above-mentioned relation between o-ideals of subsets 
Q.F.T.N.S.(B) and S.S.(B), we establish that propositions, obtained in [70](cf.pp.226- 
227), [14](cf.propositions 4.4 and 5.1) and [115](cf.Corollary 3.2) are not stronger than 
their interpretations 7.1-7.5 in Solovay’s model. 


In context of Theorems 7.5-7.9 we posed 


Problem 7.1 Are the following differences 
(i) C.N.S(B) \ L.N.S.(B) 

(ii) S.S(B) \ Q.F.T.N.S.(B) 

(iii) Q.F.T.N.S(B) \ L.N.S.(B) 

(iv) T.N.S(B) \S.S(B) 

non-empty in Solovay’s model? 


Below we demonstrate how relations can be changed between various classes of null 
sets in the case of non-separable Banach spaces. Let £* be a Banach space of all real-valued 


sequences equipped with norm ||- ||.. defined by 
| (%¢) ken||oo = sup [xz]. 
keEN 


Lemma 7.4 Let r > 0. Then in Solovay’s model, there exists a translation-invariant 
Borel measure v, in €* such that every closed ball with radius r has v,-measure 1. 


Proof. We put 


B( (xx) ken) = (r(2x~% —1)) ken for all (xx) cen € RN. 
For the proof of Lemma 7.4 it suffices to put 


(VX) (X € B(I*) > v,(X) =pn(B'(X))). 


Remark 7.11 Lemma 7.4 gives a partial solution of one problem posed by D.H.Fremlin 
[45] and C.A.Rogers [152]: which Banach spaces have the property that there exists a 
translation-invariant Borel measure u on U such that the closed unit ball has measure 1? 
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Theorem 7.10 Jn Solovay’s model an arbitrary closed ball in €* is a Haar null set in 
the sense of Christensen [29]. 


Proof. Let X be a closed ball in £” with radius r. Let us denote by Y any closed ball 
with radius r+ 1. Applying the same argument as in the proof of Theorem 7.7 for the 
conditional probability Borel measure w,,(-|Y) and using the fact that an arbitrary Borel 
set is universally measurable, we easily establish the validity of Theorem 7.10. 


As £” is an union of countable family of non-degenerate closed balls and £” is not Haar 
null on itself, we obtain the validity of the following proposition. 


Corollary 7.3 In Solovay’s model the class of Haar null sets in 1 is not G-ideal. 


So an arbitrary bounded universally measurable set in £” can be put in any closed ball, 
using Theorem 7.11, we obviously obtain the validity of the following assertion. 


Corollary 7.4 In Solovay’s model an arbitrary totally bounded by the norm universally 
measurable set in £” is a Haar null set in the sense of Christensen[29]. 


Remark 7.12 Corollary 7.4 demonstrates that in Solovay model an arbitrary totally 
bounded closed subset is a Haar null set in 4%. 

Combining Theorem 7.10 and the simple fact stating that every set with non-empty 
interior in an arbitrary topological vector space is not shy (cf.[70],p.222,Fact 2 '), we get 


Corollary 7.5 H.N.S.(£°) \ S.S.(£°) £0. 


Remark 7.13 Corollary 7.5 shows that in Solovay’s model analogous to Maxwell 
B.Stinchombe’s result [168] stated that H.N.S.(B) = S.S.(B) for an arbitrary infinite- 
dimensional separable Banach space B is not valid for the non-separable Banach space 
ae 


Chapter 8 


On Essential Uniqueness 


Let (E,S) be a measurable space. Let K be some class of 6-finite non-trivial measures 
defined on the measurable space (E,S). A measurable set X € S is said to have the property 
of essential uniqueness with respect to the class K if 


(VY) (Vu) (VA)(Y ES & pe KRACK 


—>u(X AY) =MXNY)). 


The class of all measurable subsets of the space E whose every element has the property 
of essential uniqueness with respect to the class K is denoted by S( K). 


We begin our discussion with the following proposition. 


Theorem 8.1 The class S( K) is a hereditary 6-ring (with respect to the o-algebra S) of 
subsets of the space E, i.e., 


(VX)(VY)(X €S(K) &KYESR&YCX GYES(K)). 
Proof. Let X € S( K). Then 
(YZ)(VY) (ZES & Y E€ S > (W) (YN (UE K&KE KA 
— u(XA(ZNY)) =MXN(ZNY)))). 
Note that if Y C X, then 
MXO(ZNY)) =H OZ), 
MX A(ZNY)) = MY AZ). 
In view of the relation considered above, we have 
(VZ)(Z ES — (Vu) (VA) (u E S(K) & NE S(K) > 
— u(YNZ) =MYNZ))). 
This proves the validity of the relation Y € S( K). 
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Let us show that 


(VX)(VY)(X € S(K) & Y ES(K)— XUY €S(K)). 
Indeed, since 
(VZ)(ZES— (Wu)(VA)uEe K& AE KA 
MZ (X\(XNY))) =MZO(X\(XNY))) & 
w(ZN(XNY)) = AZA(KNY))) &u(ZA(¥ \ (KNY))) = MZN (Y \XNY)))), 
we have 
M(ZN(XUY)) =AZN(XUY)). 
The latter relation implies 
XUY €S(XK). 


Let (X;)xen be an arbitrary sequence of elements of the class S( K). Using the latter 
relation, we can assume that the family (X;)zen is disjoint. 
Note that 


(Wk) (WZ) (k E N & Z € S(K) > (Vu) (VA) (We S(K) & 
&NES(K) = u(ZNX,) = UZNX;)). 
Using the property of o-finiteness of measures u and A, we can assume 
(Vk)(KEN > 0 < u(Xg) < œ & 0 < A(X) < &). 


We have 
ulZzno( U Xx) = >: u(X NZ) = 
keN keN 
= $ UXNZ) = MZN (U Xx), 
keN keEN 


which means the validity of the relation 


LJ xX, € S(K). 


keEN 


The proof is completed. 


Remark 8.1 One can easily construct an example of the measurable space (E,S) with 
a class K of 0-finite nontrivial measures such that S( K) is not a o-algebra. 


The following theorem concerns the existence of a maximal (in the sense of measure) 
element from the class S( K). 


Theorem 8.2 There exists an element Xo € S( K) such that 
(VZ)(Vu)(Z E€ S(K) & u € K > u(Z\ Xo) = 0). 


The set Xo is a maximal (in the sense of measure) subset of the space E which belongs 
to the class S( K). 
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Proof. Let À be an arbitrary element of the class K. Consider a probability measure À 
which is equivalent to the measure À. 
Denote T 
a= sup A(X). 
XES(K) 
It is clear that 


(vn) (n EN > (IX,)(Xn E S(K) & Xn) > a — $). 


n 


Let us consider the set 


Xo = |] Xx. 
keN 


Using Theorem 8.1, we have 
Xo € S( K) ; 


Let Z € S( K), u € K and u(Z\ Xo) > 0. 
It is clear that & = A(Z \ Xo) is also a strictly positive number. Note that 


Z\ Xo € S(K) and Nax =H z\x)- 


Therefore, we have x; 
A((Z \ Xo) UXo) =a+Q>a, 


and we get a contradiction with the definition of the number a. 
Theorem 8.2 is proved. 


Below we give one construction closely connected with Theorem 8.2. 


Let T be a subgroup of the group RY such that: 
1) If (g1,g2,---) ET, then (Vn)(n E N > (81, ,8n,0,0,---) ET), 
2) IS Gjo,1jy, where Gj, is a subgroup of the group RY considered in Chapter 5. 
Let us denote the measure Vj9,1,v by v (see Chapter 5). 
Assume also that ? 

(Vn)\(ne N >A, =[ [Ri x [J Aj), 

i=1 i>n 
where 
(Vi (iE N +R; =R & A; = [0;1]). 


The following theorem is valid. 


Theorem 8.3 The set U) ey An has the property of essential uniqueness with respect to 
the class Ko of all T-invariant ©-finite Borel measures, taking the value one on the element 
[0;1]^ if and only if the group T is everywhere dense in the space RY with respect to the 
usual Tykhonoff topology. 


Proof. Assume that Uey An has the property of essential uniqueness with respect to 
the class K of all T-invariant o-finite Borel measures taking the value one on the element 
[0; 1], i.e., 

(YX) (V) (VA) (X € B(RY) & uE H&E HO 
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>u(X N (U An)) = MXN (U An)))- 
neN neN 


Denote by BY the open ball with the center at a point x and radius r in R”, i.e., 


B= {ly ERY & ¥ 0 ay Pl 
i=l 


where n € N, x = (x1, ,Xn) E RY. 


Assume that the group T is not everywhere dense in RY. Then, for some natural number 
n E N, there exists a real positive number r > 0 and a point x € R” such that 


(BY x RMU) Ar = 0. 


Let us consider the set By x [Iion Ai 
It is clear that 


vB? x T] Ai) = br B? 
i>n 


)>0, 


where by b, is denoted the n-dimensional standard Borel measure in R”. 
Since the measure v is 0-finite, there exists a countable I-configuration B of the set 


a : x Į [;>n Ai which is v-almost T-invariant. 
Note that the condition ii 
n N 
By; x[JAiCR"\B 
>n 
is valid. 


Indeed, assume the contrary. Then, for some element g € I’, we have 


eB)? x Japon Be x JJA) 40. 
>n >n 


Hence, there exists a point x = (x1,---) € BY) x Į [;>n A; such that the condition 


2 
4 


is valid, where 


g(x) = (gı +X1,82+%2,°°° »8n xne). 
By the property of the group T, we have 


g= (g1,°°° ,8n,0,0,---) Er. 
Also, for g € T, we have 


from which we get 
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i. e., 
g = g(0,0,---) = (81, ,8n,0,0,---) e BY x RAV 


which is a contradiction. 
The necessity is proved. 
Let us prove the sufficiency. 
Let u be an arbitrary element of Kọ. 
Since T is everywhere dense in RY, the set of all elements (g1,22,--* ,8n+k) E€ Rk, 
where 
(21,°*> $8n4¢,0,0,-) ET, 


is everywhere dense in R’**. 
By the property of essential uniqueness of the standard Borel measure b,,,; in the space 
R"**, we have 


(WX)(X € BIR") — uX x TI Ai) =bnse(X)). 
i>n+k 


Thus, we have obtained 


v(X x I] Aj) =u(X x I] Ig) 


i>nt+k i>nt+k 
Using the Carathéodory theorem, we easily conclude that 
(VY)(Y € B(RY) > u(Y AAn) =V(YNAz))- 


The latter relation means that a subset A, has the property of essential uniqueness with 
respect to the class % for arbitrary n € N. 
An application of Theorem 8.1 completes the proof of the sufficiency. 


Let us consider the following application of Theorem 8.3. 


Theorem 8.4 The set U) ey An is a maximal (in the sense of measure) subset of the space 
RY having the property of essential uniqueness in the class Ko, i.e., 


(WX) (vps) (X € S(Ko) & u € Ko > w(X\ U An) =0). 
neN 


Proof. By Theorem 8.3, we can easily prove that 


(WX) (Vu) (X € S(%) & u € Ko — U(X \ U An) =0). 
neN 


Assume the contrary and let, for some set Zo € S( Ko) and some measure uo E€ KO, 


Ho(Zo \ U An) >0. 
neN 


It is clear that Zo \ Unen An € S( XO). 
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On the other hand, for the measure v, we have 


v(Zo \ U An) = 0, 


neEN 


which is a contradiction with the condition Zo € S( A) since 


uo(Zo\ U An) #V(Zo\ U An): 


nEN neEN 


Example 8.1 Let (E,S) be a measurable space, K be some class of 6-finite measures 
defined on the space (ES). We say that a set X C E has the property of being single-valued 
in the class K if 

(Vu) (VA) (We K & NE K p(X) =2(X)). 


It is clear that every element of the class S( K) has the property of being single-valued. 

On the other hand, we can easily construct an example of the measurable space (E, S$) 
with a class of 6-finite nontrivial measures, for which the class of all subsets with the 
property of being single-valued is larger than the class S( K). 


Example 8.2 Let I C RY be a subgroup of RY such that 
(Vg)(g = (818m) & g ET > (Vn)(nEN > 


aie (S1,°°° ,8n,0,0,---) € T)). 


Note that the set U pen An has the property of essential uniqueness in the class of all 
o-finite T-invariant Borel measures taking value 1 on the element (0; 1]™ if and only if the 
following conditions are satisfied: 

1) card(I/Gip.;7) < Xo; 

2) The group I is everywhere dense in the space RY with respect to the Tykhonoff 
topology. 


Example 8.3 If the conditions mentioned in Example 8.2 are satisfied, then: 

a) For 2 <card(I/Gip.jv) < Xo, the element Unen An is not a maximal (in the sense 
of measure) subset of the space R” with the property of essential uniqueness in the class 
Ko. 

b) For 2 < card (I/Gio.1\v) < Xo, we can easily construct an example of a maximal 
(in the sense of measure) subset of the space RY with the property of essential uniqueness 
in the class of all T-invariant o-finite Borel measures taking the value one on the element 
(0; 1]%. 


Let (E,S,G) be a G-invariant measurable space and P be a some sentence given in terms 
of measure. Let us denote by K (P) the class of all G-invariant 6-finite measures defined on 
(E,S,G) satisfying P. We say that a measure u has the property of uniqueness in the class 
K(P) if for any nontrivial À € K(P) the following equality A = u holds. 

We remind the reader that a G-invariant measure u has a metrically transitivity property 
if 


(VX) (X E S & u(X) > 0 — (A(gi)een)(Wk)(kEN > g E G) & 
(u(E \ Urenx(X)) = 0)). 


On Essential Uniqueness 137 
We say that a transformation g : E — E acts freely if 
(Vx1)(Vx2)(x1 E E & x2 CE & x1 4x2 > B(x1) £ g(x2)). 


The following classical result is due to A.B. Kharazishvili (see, e.g.[85]). 


Lemma 8.1 Let (E,G,S) be a G—invariant measurable space, i.e., the following two 
conditions 

(i) G is a group of transformations of E; 

(ii) Sis a G-invariant o-algebra of subsets of E, 

hold. 

Let u be a 0-finite G-invariant measure on (E,G,S) and let G consist of a freely acting 
uncountable subgroup. Then for any X € S with u(X) > 0 there exists a u-nonmeasurable 
part of X. 


Proof. Without loss of generality, we can assume 0 < u(X) < œ. Let us denote by G, 
a freely acting subgroup of G having cardinality X,. Let G1 = (gz)ec@,. Let us consider 
partition of E into the intransitive classes of the group G1. Let us denote by (K;) jc; injective 
family of all intransitive classes having nonempty intersection with the set X. Let Y be a 
system of elements from (K;X) jc; such that 


(Vi)(i€ I — card(¥ N(K;NX)) = 1). 


It is clear that 

(i) X CUgeaia(¥); 

(ii) (VA)(Vg)(fEG &geG & fA#g— f(Y)Ng(Y) =0). 

We set Xg = X N gg(Y) for § < wy. Clearly (X¢)gcq, is disjoint and its union cov- 
ers X. Let us show that we can indicate Jo C [0;@;[|, for which the union Uges,X¢ is 
f-nonmeasurable. Indeed, let us assume the contrary and let for any J C [0;@)| a set 
UgeyX~ be w-measurable. Then a functional A, given by 


(VU C [0; Oi [> AV) = w(UgesXe)), 


is a finite measure defined on the class of all subsets of [0; œ; [| such that A({€}) = 0 for any 
E < @. This fact is a simple consequence of the following ones: 

(i) (g(X¢))¢eG, is an uncountable family of disjoint u-measurable sets; 

(ii) the measure u, being o-finite, has a Suslin property (i.e., cardinality of any family 
of disjoint w-measurable sets with positive u-measure is countable). 

Hence, we deduce that the cardinal number X; is measurable, which contradicts the 
well-known result of Ulam about nonmeasurability of the cardinal number X; (in this con- 
text see e.g., [86]). 

Let Jo be a subset of [0; œ [ such that Utes, Xg is u-nonmeasurable. As UtenXt C X, the 
proof of Lemma 8.1. is complete. 


Theorem 8.5 (A.B.Kharazishvili) Let E be a basic space, G be a group of trans- 
formations of E containing freely acting uncountable subgroup, be a complete 6-finite 
G-invariant measure with the property of metrically transitivity. Then for any G-invariant 
measure u with dom(u) = dom(v) there exists q > 0 such that À = qu. 
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Proof. Let u be an arbitrary o-finite G-invariant measure defined on dom(A). Let us 
show that the measure u is absolutely continuous with respect to à. Assume the contrary 
and suppose that there is X € dom(A) with A(X) =0 and u(X) > 0. By Lemma 8.1 we can 
indicate a u-nonmeasurable subset of X contradicting the completeness of the measure A. 

By the well-known Radon-Nikodym theorem (see,e.g.,[54]) there exists A-measurable 
function f : E — R* such that 


(VZ)(Z € dom(v) > u(Z) = f fan). 


Let g be an element of G. Then for Z € dom(v) 
[EoD | SAED) = f fan. 


Since above-mentioned relation holds for any Z € dom(v), we have (fog)(x) = f(x) 
for A-almost every pointin E. 
For any positive numbers a and b we set 


Zap {xi Xe Eva < f(x) <b}. 


Hence, the condition A(g(Z,,,) AZ») = 0 is valid for an arbitrary g € G. As the group 
G consists of uncountable freely acting transformations of E, we conclude that 


ME \ Zap) =0 VZ ab) 


This allows us to construct a countable family of intervals ([am;bm])men such that 
(i) (Ym) (m EN = [am+1,bm+1] C lam, bml); 

(ii) liMm—(bm — am) = 0; 

(iii) (vm) (m EN > ME \ Zan,bn) = 0). 


Let q be a common point of above-mentioned segments, then it is clear that the function 
f coincides with q à-almost everywhere in E. Thus Theorem 8.5 is completely proved. 


Remark 8.2 The proof of Theorem 8.5 can be found also in [85]. 


Theorem 8.6 Let v4 be a Borel measure constructed in Lemma 5.1 for A = [0,1[%. Let 
v be a completion of the measure Vy. Then the measure v has the property of uniqueness 
in the class of all 6-finite G-invariant measures (RM) C G C 44) defined on dom(v) and 
obtaining a numerical value one on [0; 1%. 


Proof. Following Theorem 8.5, we have to show that the measure v has a metrically 
transitivity property since the group R™) is a freely acting uncountable group of transfor- 
mations of R”. Note that itis enough to show that the measure v4 has an analogous property. 
Assume the contrary and let v, have no metrically transitivity property. Then there exists 
B € B(R®) with 0 < v,(B) < œ such that for any family of transformations (gg)ken, where 
gr ER), 

va (RY \ Uren ge(B)) >0. 
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From the o-finiteness of the measure va we establish the existence of a sequence 


( g0) ken Of transformations of R™) such that 


(Va)(g E R™ > va(Unensy’(B)Ag(Urengy (B))) = 0). 
Note that v4 (0; 1["\ Uren g% (B)) > 0. Indeed, if va ([0; 1[%\ Uren g0 (B)) = 0, then 


Va(UnewAn \Ugeztnr (Uren 8” (B))) = 0, 


which contradicts the condition 


va (RY \ Uren g(B)) > 0 


being valid for any sequence (gz)zen of elements R). 
Let X = Ureng™ (B) and Y = RY \ X. 
Let us define two R®)- invariant orthogonal o-finite Borel measures u; and u2 by 


1 


(VZ)(Z € B(RY) > m (Z) = nano 


va(ZNX) & 


1 
~ Wano) 


Obviously, both measures obtain the numerical value one on [0; 1[™. 
For W € B(R")(n € N) we set 


Mo(Z) va(ZNY)). 


Ma (W) = p1 (W x [05 [M 


Ma (W) = ma (W x [0; 1M0), 


Since A; and Az are R” -invariant Borel measures in R” with the numerical value one 
on [0; 1[”, using the well-known Sierpinski result, we conclude that 4; = Az = by. Hence, 


1 (W x (0; [i ieee) =n (W x (0; 10n), 


Since the class 
{W x [0; 1D: n EN & W E B(R”)} 


generate the o-algebra B(RY) N (UncwAn), by the Caratheodory theorem (see, e.g., [54]) we 
obtain 
(YZ)(Z € B(R“)N (UnewAn) > u1 (Z) = m(Z)). 
Since 
Hi (RY \ UnewAn) = u2 (R” \UnewAn) = 0, 
we have 
(VZ)(Z € B(R*) — mı (Z) = m2(Z)). 


The last relation contradicts the fact that two measures u; and u2 are orthogonal, and 
the metrically transitivity of the measure v, is proved. Since v is the completion of the 
measure Va, it has the property of metrical transitivity. 
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Setting E = RY, G = RA), v = u and applying Theorem 8.5, we establish that for any 
G-invariant measure u defined on dom(v) with the numerical value one on [0;1[ there 
exists q > 0 such that v = qu. For the set [0;1[ we get the validity of the equality 


v({0; 1[") = qu([0;1["), 


which implies q = 1. Hence, u = v and Theorem 8.6 is proved. 


Now we consider some applications of Theorem 8.5. 


Let T be a measurable transformation on the measure space (X,S,v) such that vr~! 
is absolutely continuous with respect to v. Then there exists a non-negative v-measurable 
function ® on X such that 


T=) = f &o)avo) 


for every v-measurable subset of X. 

The function ® plays the role of the Jacobian J(T~') of the transformation T~ '(or, 
rather the absolute value of the Jacobian)(see, e.g., [54]) in the theory of transformations of 
multiple integrals. It is clear that J(T 7!) coincides with a Radon-Nikodym derivative dvr" ; 
which is unique a.e. with respect to v( some properties of Radon-Nikodym derivatives (i.e. 
Jacobians) can be found also in the above-mentioned book). 

Let us consider n-dimensional Euclidean space R” and n-dimensional standard 


Lebesgue measure un. Let T be a linear u„-measurable transformation of En. Then 


where U;(x) is a spherical neighborhood with the center in x and radius rą > 0 so that 
lim;_..0 Fk = 0. 
It is reasonable to note, that in a particular situation when 


(Vh)(h € R” > T! (h) £0), 


we have the following different simple method of calculation of Radon-Nikodym deriva- 
tive(i.e., Jacobian of T7! with respect to measure un): firstly note that the measure un 
satisfies all conditions of Theorem 8.5. Let us show that the measure u„T™! is a translation- 
invariant measure defined on dom(u,). Indeed, by the definition of the measure y,7~! we 
have 

(WX)(X € dom(un) > un T7! (X) = (T7! (X))). 


Let h € R” and ho be an element of R” such that T (ho) = h, then 
(YX) (X € dom(u,) > T7! (X +h) = T7! (X) +ho). 


Hence, 


(VX) (Wh) (X € dom( n) &he R" =u (X +h) = 
= pial T (+ 8)) = pal T (8) + ho) = aT 'O)) = E 


which means a translation-invariance of the measure u,T~!. 


On Essential Uniqueness 141 
By Theorem 8.5, we conclude that there exists a constant q > 0 such that 
(VX)(X € dom(un) = yn(T™'(X)) = qun(X)). 


Setting X = [0; 1]”, we obtain q = u,(T~!([0;1]")). 
Finally, we get 
d(unT—!) -1 
——(x) =u (T~ ([0;1]” 
d OSA) 
a.e. with respect un. 


Remark 8.3 According to Theorem 8.5, we have 
(VX) (X € B(R") = unT™' (X) = yn (T~ ([051]") )tn(X)). 


If we consider analogous problem for measure v constructed in Lemma 5.1, we observe 
that an application of the first method is not possible since the v-measure of any open set in 
RY is equal to +c, whenever the second method works out successfully. In particular, the 
following result is valid. 


Theorem 8.7 Let T : RY — RN be a linear v-measurable mapping such that for some 
G (R™) CGC 4) the following relation 
(vA)(hE G>T 1(h) Nb, 40) 
is valid. Then aT” (x) =v(T~!(0;1[%)) a.e. with respect to the measure v, i.e., the 
number v(T~!([0; 1[%)) coincides with the Jacobian of the mapping T~!. 
Let M be aclass of all linear operators as in Theorem 8.7. 


Example 8.4 Let 7, be a linear operator in R generated by any element A € G(cf. 
Theorem 3.19). Then T4 € M for A € Gand J(T4) = 1. 


Chapter 9 


On the Erdos-Sierpinski Duality 
Principle 


We begin our discussion of some properties of subsets of the second category and of non- 
trivial o-finite Borel measures in infinite-dimensional Polish topological vector spaces and 
the study duality between such measures and the Baire category. The reader can see main 
notions and facts which we apply below e.g. in [54],[86],[124]. 


Let (E,T) be a topological vector space. Denote by B(E) the Borel o-algebra of subsets 
of the space E. Consider a nontrivial Borel measure u defined on the o-algebra B(E). A 
subset X C E is called small in the sense of measure if u*(X) = 0. Analogously, a subset 
Y C E is called small in the sense of category if it is a first category set in E. Further, let P be 
a sentence formulated only by using the notions of measure zero, of the first category and of 
purely set-theoretical notions. We say that the duality principle between the measure u and 
the Baire category is valid with respect to the sentence P if the sentence P is equivalent to 
the sentence P* obtained from the sentence P by interchanging in it the notions of the above 
small sets. We also say that the strict duality principle between the measure u and Baire 
category is valid if the duality between the measure u and the Baire category is valid for all 
P sentences formulated only by using the notions of measure zero of the first category and 
of purely set-theoretical notions. 


One important well-known property of second category subsets in infinite-dimensional 
Polish topological vector spaces is presented in the following 


Lemma 9.1 Let E be an arbitrary infinite-dimensional Polish topological vector space. 
Then 

((VX)(X CE & X is a Baire subset of second category > 

there exists a neighborhood V of the zero vector 0 )& 

(Vh)(h E V > XN (X +A) is a second category set)). 


Proof. Since the set X has the Baire property, there exists an open subset G C E anda 
first category subset P C E such that the equality 


X =GAP 


is fulfilled. 
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Evidently, there exists an open nonempty neighborhood U of the zero vector 0 such 
that —U = U and for some h € E the equality U* +h C G holds where U* =U — U. 
Note that the inclusion 


[(U* +x+h)N(U* +h)]\ [PU (P +x)] € (X +x) NX 
holds for arbitrary x € E. If we consider x € U, then 
(U+x+h)N(U +h)] \ [PU(P+x)] € 
C [(U*+x+h)N(U* +h)]\ [PU(P+x)] C (X +x) NX. 
Using the well known Baire theorem (see, e.g.,[86]) we conclude that the set 
[(U +h+x)N (U +h)]\[PU(P+A)] = [[(U +x) NU] +4] \ [P U (P + x)] 


is not empty, because it coincides with a h-translation of the nonempty open set (U +x) QU 
minus a first category set [PU (P +x)]. 
The proof of Lemma 9.1 is completed. 


Remark 9.1 The method considered in the proof of Lemma 9.1 has been worked out 
and applied by many authors, e.g., by J.Oxtoby who established an analogous result in [124] 
for linear Baire second category subsets in R. 


The next theorem plays the main role in our further consideration. 


Lemma 9.2 Let E be an infinite-dimensional Polish topological vector space. Then 
for an arbitrary countable family of compact subsets (K;)icy in E and for an arbitrary 
neighborhood V of the zero vector 0 there exists an element hg E€ V such that 


(UK: +h) (U Ki) = 0. 


ic¢N iEN 


Proof. Note that E can be considered as a topological group under the usual addition 
operation “+”. Let us consider an union 


U (Ki-K;). 


(i,j)ENxN 


For arbitrary indices i € N and j € N the set K; — K; is compact because it is an image 
of the compact set K; x K; under the continuous mapping 


Q: (x,y) >x—y ((x,y) E€ Ki x Kj). 


Since the space E is a Baire space and an arbitrary compact subset of E is nowhere 
dense in it, we conclude that the union 


U (Ki-K;) 


(i,j)ENxN 


is the first category subset in E. 
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Let us consider an arbitrary neighborhood V of the zero vector 0. Note that 


V\ U  (Ki-Kj) 49, 


(i,j)ENxN 


because V is the set of the second category in E. Hence there exists an element ho such that 


ho E€ V \ U (Ki — Kj). 
(i,j)ENXN 


One can easily check the validity of an equality 


(UK: +h) (UK) =9. 


iEN iEN 


Lemma 9.2 is proved. 


Analogously, we can get the validity of the following assertion 


Lemma 9.3 Let R® be a vector space of all real sequences equipped with Tykhonoff 
topology. Then for an arbitrary countable family of compact subsets (K;)icn in R® and for 
an arbitrary neighborhood V of the zero vector 0 there exists an element hy € V such that 


(LJ Kit+ho) (\(U Ki) =. 


icN icN 
Let us denote by (S) the following statement: 
(VX)(X C E & X is a Baire subset of second category — 


(Ve)(€ > 0 — (there exists a neighborhood V; of the zero vector 0)& 
(Vh)(h € Ve +X N (X +h) is a second category set))). 


Remark 9.2 By Remark 9.1 and the Steinhaus property of the linear Lebesgue measure 
it is easy to obtain the validity of the duality between the linear Lebesgue measure and 
the Baire category with respect to the sentence (S) in R. This result is essentially due to 
Oxtoby[124] and may be called the Oxtoby duality principle in R. 


Corollary 9.1 Using Lemma 9.1 and Theorem 9.1, we conclude that the Oxtoby duality 
principle between an arbitrary nontrivial o-finite Borel measure and the Baire category is 
not valid in the infinite-dimensional Polish topological vector Spaces. An analogous result 
is valid also in the topological vector space R® for card() > @. 


Corollary 9.2 The proposition obtained from Corollary 9.1 by interchanging in it the 
Borel measure by the measure defined on B(E)(or B(R®)) is valid also, where by B(E) (or 
B(R“%)) is denoted the o-algebra of all subsets of E (or R“) with the Baire property. 


In sequel we need the following well-known lemmas. 


Lemma 9.4 Let card(X) = X], and let K be a such class of subsets of X that 
(a) K is o-ideal; 
(b) An union of all elements of K is equal to X; 
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(c) K contains such an subclass G with card(G) < X; that every element from K is 
contained in some element from G; 

(d) a complement of an arbitrary element from K contains such an element from K 
whose cardinality is equal to X]. 

Then there exists a partition (Xa)acı of the set X with card(I) = & and 


(Va) (a € I > card(Xq) = X1), 


such that a subset E belongs to K if and only if E is contained in the union of some countable 
elements (Xo, )ken of above-mentioned partition. 


Lemma 9.5 Let card(X) = &. Let K and L be two classes of subsets of X satisfying 
the conditions (a) — (d) in Lemma 9.4. Let X be presented as a union of disjoint sets M and 
N such that M € K and N € L. Then there exists such a bijection f : E —> E that f = f~! 
and f(E) € L if and only if E € K. 


Using lemmas 9.4 and 9.5 we get a following generalization of the famous Erdös- 
Sierpiński Duality Principle: 


Theorem 9.1 Zf the Continuum Hypothesis is true, then the strict duality principle be- 
tween an arbitrary nontrivial continuous ©-finite Borel measure and a Baire category in 
infinite-dimensional Polish topological vector space is valid. 


Proof. Let u be an arbitrary continuous o -finite Borel measure defined on some infinite- 
dimensional Polish topological vector space X. 
We set 
K = {M : M is a first category subset in X}, 


L={N:NCX & Nis ofu -— measure zero}. 


Note that the class K is generated by the class of a first category Fg-subsets. The class L 
is generated by the class of u-zero Gs-subsets. Note that cardinalities of generating classes 
are equal to continuum. Applying Continuum Hypothesis we conclude that classes K and L 
satisfy the condition (c). The validity of conditions (a), (b), (d) in Lemma 9.4 is obvious. 
Since X is a Polish space the measure u is concentrated on the countable union Mo of 
compact subsets in X which is a first category subset in X. Obviously, No = X \ Lo is of 
u-measure zero. Hence, Mo € K, No € L, Mo ONo = 0, Mo UNo =X. The use of Lemma 
9.5 completes the proof of Theorem 9.1. 


The following notion is frequently useful in studying various questions of measure the- 
ory. 


We say that the measure u defined in a topological vector space (E,T) satisfies the 
Steinhaus axiom if the following condition 


(YX) (Ve) (X € dom(u) & u(X) < œ & £ > 0 —> 
(there exists a neighborhood V; of the zero element 0)& 


(Vh) (hE Ve > u((X +h) AX) <e)) 
holds. 
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For E = R, we have the following interesting result which is essentially due to Steinhaus 
(cf.[124],p.42): 
Theorem 9.2 Let X be an arbitrary linear Borel subset in R with a positive Lebesgue 
measure. Then there exists a positive number € such that the condition 


(Vx)(x E€ R & |x| < £ — (x+X) NAX is a second category set) 


holds. 


Note that an arbitrary Haar measure A defined in the locally compact topological vector 
space (E,T) satisfies the Steinhaus property( see , e.g. [54]). 


Now, we can formulate and prove the following important result for nontrivial o-finite 
Borel measures defined in infinite-dimensional Polish topological vector spaces. 


Theorem 9.3 Any nontrivial 6-finite Borel measure defined in the infinite-dimensional 
Polish topological vector space E does not satisfy the Steinhaus axiom. 


Proof. Let u be an arbitrary nontrivial o-finite Borel measure in E. Since every Polish 
space E is a Radon space (see, e.g. [86],[173]) we can indicate a countable sequence of 
compact subsets (K;)icy in E such that 


U(E \ View Kj) = 0. 


Using Lemma 9.2, we conclude that for an arbitrary neighborhood Vs of the zero ele- 
ment 0 there exists an element hg € Ve such that the following condition 


(View Ki +he) N (View Ki) = 0 


holds. Now, if we consider a Borel set X C (EM (UjenK;)) with 0 < u(X) < œ, then for an 
arbitrary positive number € < u(X) and for an arbitrary neighborhood V, of the zero element 
0 we can indicate an element he € Ve which 


u((X +he)AX) =p(X) > £. 


Hence the measure u does not satisfy the Steinhaus axiom and Theorem 9.3 is 
proved. 


Corollary 9.3 Theorem 9.2 remains valid also for an arbitrary nontrivial o-finite mea- 
sures defined in the o-algebra B(E) of all subsets of E with a Baire property because such 
measures are concentrated also on the union of the countable family of compact subsets in 
E and we can usually repeat the proving scheme implying in Theorem 9.3. 


Theorem 9.4 Any nontrivial 0-finite Borel measure defined on the infinite-dimensional 
topological vector space R® equipped with Tykhonoff topology does not satisfy the axiom 
of Steinhaus for card(a) > œ, where œ denotes the cardinality of all natural numbers. 


Proof. Let u be an arbitrary nontrivial o-finite Borel measure defined on R®. Let us 
consider any Borel probability measure v which is equivalent to the measure u. 
Let Qo be an infinite countable subset of such that card (& \ Qo) # 0. 
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Let us define the measure u by 
(WX)(X € BIR) > u (X) = p(X x RA”), 


Since R% is a Radon space we establish the existence of a countable family of compact 
subsets (Kj)icy in R™ such that 


u(R™ \ LJ Kj) =0. 
IEN 


Let us consider a zero vector 0, in R® defined by 
(Vi) (i€ a —> 0a(i) = 0). 


Let U be an arbitrary neighborhood of the zero vector O«. Then there exists also a 
neighborhood V of 0, having a form 


V= J [v 
ica 


where 
card{i:ic A&V; ÆR} <O& 


(Vi) (i€ a & V; R— ( ai)( bi (ai ER &b;ER&a;<0 < bi & Vi = (a;3);)). 


It is clear that the set 


Yo= [| Vi 


iE Og 
is a neighborhood of the zero vector Oa. Using Lemma 9.2 we conclude an existence of an 


element h € [Į V; such that 
iE Og 


(UK)( MU Ki +h) =0. 


iEN iEN 


It is clear also that 
u(R*\ (U Ki) x R®%)) = 0 
iEN 
and 


(U K;) x RA% +N K;) z R%\%) ~0, 


icN icN 
where 
h*=hxg,ge [| Vz. 


iE O\ do 


If we consider the set B C (U;ey Ki) x R“\™ with 0 < u(B) <0, then for £ < u(B) and 
for an arbitrary neighborhood U of the zero vector Og we can indicate an element h* € U 
such that 


u((B+h*)AB) = u(B) >€. 
This completes the proof of Theorem 9.4. 
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Corollary 9.4 One can easily prove that an arbitrary nontrivial o-finite measure defined 
on the o-algebra B(R®) of all subsets of R“ with a Baire property does not satisfy the axiom 
of Steinhaus for card(a) > . 

Above-mentioned results allow us to conclude that the property of o-finiteness and the 
axiom of Steinhaus are not consistent for nontrivial o-finite Borel measures in infinite- 
dimensional Polish topological vector spaces. In this connection, the following example is 
of certain interest. 


Example 9.1 Define the measure uo by 


_ J œ, if B is of the second category, 
BeBe) oe) = { 0. if Bis of the first category, 


It is proved that, on the one hand, the measure uo satisfies Suslin’s property and is 
invariant with respect to the vector space b (see [17]). On the other hand, using Lemma 
9.1, we conclude that the measure uo (unlike the nontrivial o-finite Borel measures) satisfies 
the following condition 


(VX)(X € B(l2) & u(X) > 0 > (Ae)(e > 0 


& (Vh)(||h|| < € — (X +h) AX is a second category set))). 


This means that the duality between the measure uo (which is not o-finite) and the 
Baire category with respect to the sentence (S) is valid in the infinite-dimensional separable 
Hilbert space 42. Also note that the measure uo satisfies the axiom of Steinhauss. 


Finally, we have the following 

Theorem 9.5 An arbitrary quasi-finite Borel measure u defined in the infinite- 
dimensional topological Radon vector space (V,+) does not satisfy the axiom of Steinhauss. 

Proof. Let X be a Borel set with O < u(X) < œ. Since V is a Radon space for a 
conditional probability measure u(-|X) we can indicate such compact subset F C X that 
u(F|X) > 0. Hence, 0 < u(F) <œ. Let us consider a function f : R x F x F — V defined by 
the following formula f(a,x,y) = a(x—y). Itis clear that f(R x F x F) =Unenf([—n,n] x 
F x F). Clearly, f([—n,n] x F x F) is the compact subset of V for every n € N. Since V 
is the second category set we have V \ f(Rx Fx F) 40. LetveV\ f(RxF xF). Let 
us show that the vector v spans a line L such that every translation of L meets F in at most 
one point. Indeed, let us assume the contrary and let yj,y2 E€ F and y2 = yı + Qv, where 
oa. Æ 0. Then for the element v = toz — yı) we can indicate such a natural number nọ, that 
v € f([—no,no] x F x F) and we obtain a contradiction. Hence, F N (F + vt) = 0 for every 
nonzero parameter t € R. Now, if we set € = aD, then for arbitrary neighborhood Ug of 
the zero element in V we can indicate a non-zero parameter tg € R such that tev E€ Ug and 


U(FA(F + tev)) >£. This ends the proof of Theorem 9.5. 


Chapter 10 


On Strict Transitivity Property 


In this chapter we discuss some properties of nontrivial finite Borel measures in infinite- 
dimensional Polish topological vector spaces. These properties show a significant differ- 
ence between invariant measure theory in finite-dimensional topological vector spaces and 
analogous theory in infinite-dimensional topological vector spaces. It is well known that in 
infinite-dimensional Polish topological vector spaces there are no nontrivial o -finite Borel 
measures invariant (moreover, quasi-invariant) with respect to the group of all translations 
of such spaces. However, there are some nonzero O -finite Borel measures in these spaces 
which are invariant (quasi-invariant) with respect to everywhere dense vector subspaces 
(see, for example, [86],[87]). The main notions and facts which we apply below can be 
found in [54],[86],[124]. 


Let (E,T) be a topological vector space and let U be an arbitrary neighborhood of the 
zero in E. A translation A}, defined by (Vx)(x € E — Ap(x) =x+h ), is called U-small if 
heU. 

Let u be an arbitrary nontrivial o-finite Borel measure defined on (E,T) and P(E) be the 
class of all subsets of E. Let us define a binary relation ~ on P(E) by the formula: A ~ B 
if and only if u*(A^B) = 0. It is easy to see that this relation is an equivalence on P(E). 
Let ({G];)icr be the family of all equivalence classes. We say that u is transitively acting 
measure if, for an arbitrary indices i € I , j € I, there exist A; € [G];, B; € [G]; and h € E, 
that A; +h = B;. Similarly, u is called a strictly transitively acting measure if, for arbitrary 
indices i € J, j € J, and for an arbitrary neighborhood U of the zero in E, there exist A; € [G];, 
B; € [G]; , and h € U such that A; +h = Bj. 

We say that a topological vector space (E,7) satisfies the strict transitivity property if 
an arbitrary 6-finite Borel measure defined in (E,7) is a strictly transitively acting measure. 

In connection with above-mentioned notions, the following examples are of interest. 


Example 10.1 Let R” be the n-dimensional Euclidean space and b, be the classical n 
-dimensional Borel measure on it. If we consider two sets A = [0; 1]” and B = [0;2]”, then 
we can not indicate sets A* € R”, B* € R” and an element h € R” such that 


b*(A*AA) =0, b*(B*AB) =0, A* +h = B*, 


where b>, denotes the outer measure corresponding to b,. Indeed, if we assume the contrary 
that such objects exist, then A* and B* must be measurable in the Lebesgue sense and the 
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condition A* +h = B*, applying a translation-invariance of the Lebesgue measure b,,, must 
imply the validity of the condition b*(A*) = b*(B*). The latter relation is not possible, 
because b*(A*) = b7([0; 1]”) = 1 < 2” = b% ([0;2]”) = b% (B*). Hence, b, is not a transitively 
acting measure. 

Example 10.2 Let u be a canonical n-dimensional Gaussian measure defined on R” . It 
is well known that the completion m of the measure u is quasi-invariant under the group of 
all translations of R”, i.e., 


(Vh)(VX) (he R” & X € dom(f) — (G(X) > 0 if and only if G(X +h) >0)). 


Let A and B be such Borel subsets in R” that u(A) > 0, u(B) = 0. We state that u is not a 
transitively acting measure. Indeed, if we assume the contrary, then there exist two subsets 
A* and B* of R” and an element h € R” such that 


B(A* AA) = 0, a(B*AB) =0, A* +h = B*. 


Hence, (A*) = u(A) > 0. From the quasi-invariance of the measure m, we obtain 
H(A* +h) > 0. 
On the other hand, we have 


ji(A* +h) = (B*) =(B) = 0, 


which contradicts the condition 7(A* +h) > 0. 


The following example shows us that the class of all o-finite nonatomic strictly transi- 
tively acting Borel measures on R” is not empty. 


Example 10.3 Let (q%)zen be a sequence of all rational numbers. Let us define a 6-finite 
Borel measure u by the following formula : 


(VX)(X € B(R") > W(X) = YP bn-1(X (R"! x {4x}))). 
keN 


One can easily demonstrate that u is strictly transitively acting. 
The next well-known assertions play a major role in our further consideration. 


Lemma 10.1(Ulam) Let E be an infinite-dimensional Polish topological vector space. 
Then, for an arbitrary nontrivial 6-finite Borel measure, there exists a countable family of 
compact subsets (K;)icy in E such that 


w(E\ J Ki) =0. 


icN 
Lemma 10.2(Baire) An arbitrary nonempty Polish space is a space of the second cat- 
egory. 
The proof of lemmas 10.1,10.2 can be found in [86],[173]. 
Remark 10.1 We recall the well-known consequence of lemmas 10.1,10.2 stating that, 
for an arbitrary infinite-dimensional Polish topological vector space E, the following repre- 


sentation E = X UY is valid, where X is a set of first category and Y is a set of u*-measure 
Zero. 
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Remark 10.2 Let E be an infinite-dimensional Polish topological vector space. Using 
Lemma 10.3, we establish that for an arbitrary nontrivial o- finite Borel measure, there 
exists a subset Y of u*-measure zero with the following property: for an arbitrary neighbor- 
hood U of 0 € E, there exists h € U such that E = Y U (Y +h). (Analogous representation of 
E by the set of first category is not possible, because any translation preserves the category 
and E is the set of second category.) Hence, for an arbitrary set A C E and for an arbitrary 
neighborhood U of 0 € E , there exist two subsets X C E,Y C E of u* -measure zero and 
h € E such that A = XU (Y +h). The last relation means that the minimal translation- 
invariant o-algebra generated by the o-ideal of all subsets of u*-measure zero, coincides 
with P(E). Note that analogous result is not valid for an arbitrary nonzero 0-finite Borel 
measure defined in the finite-dimensional Polish topological vector space. 


Remark 10.3 Remark that no translation-invariant measure (in Solovay’s model) de- 
fined on the class of all subsets of R” is a strictly transitively acting measure. 


Applying lemmas 9.2,10.1 and 10.2, we are able to prove the following 


Theorem 10.1 Any infinite-dimensional Polish topological vector space H has the strict 
transitivity property. 


Proof. Let u be an arbitrary nontrivial o-finite Borel measure in H. Let A and B be two 
subsets in H. Using Lemma 10.1, we conclude the existence of such a countable family of 
compact subsets (K;) icy in H that 


u(H\ (Ki) =0 
ic¢N 


Let U be an arbitrary neighborhood of the zero element. Using Lemma 9.2 we conclude 
the existence of an element hg € U such that 


(UK +r) fU K) = 
iEN iEN 
Let 
A* =A\_)(B— ho), B* =B|_J(A+ho), h* = —ho, 
where A = A N U;ey Ki and B = BA U; Ki- 
We have 


WIAD A) = (4 A Ao (U RHUL A aSa U KH 


neEN neEN 
(A A A*)N(L Kn) +u" (A A A*A (E \ LU Kn) < 
nEN neEN 
((A A A*)N(L Kn)) Swe ((A\ ANCL Kn) tu ((A*\A) NCL Kn) 
nEN nEN neEN 
=u (AA (U Kn))\ (AOU Kn) He Aana U Kn) \ (AN CU Kn))) = 
neEN neEN neEN neEN 


=1"(A\A) +u*(\A) = p (0) +u"(0) =0. 
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Using the same argument, we can prove that 
LU (B* AB) =0. 
Finally, we have 


A* +ho = (ALJ(E— ho)) +ho = (A+ ho) LJ((B= ho) +ho) = B\ J(A+/o) = B*. 


Theorem 10.1 is proved. 


Corollary 10.1 There is no a probability Borel measure in H, such that S C H being 
shy is equivalent to u(S) = 0 (cf.[29], p.119). 

The next assertion describes situations when the vector space R“ also has an analogous 
property. 

Theorem 10.2 A vector spaces R“ equipped with Tykhonoff topology has a strict tran- 


sitivity property if and only if card(a) > œ, where œ denotes the cardinality of all natural 
numbers set. 


Proof. Necessity. Using Example 10.1, the proof of necessity is trivial. 

Sufficient. Let card(a) > œ. Let us show that a topological vector spaces R® has the 
strict transitivity property. Let u is an arbitrary nontrivial o-finite Borel measure defined in 
R®. Without loss of generality we can assume that the measure u is a probability measure. 
Really, if we prove that an equivalent Borel probability measure v is a strictly transitively 
acting measure then from the equivalence of measures v and u we automatically get that the 
measure u is also a strictly transitively acting measure. 

Let Qo be a such infinite countable subset of o that card(a\ ao) 4 0. 

Let us define the measure u by 


(VX) (X € BIR) — pı (X) =p (X x RO%)), 


As R% is a Polish space, by Lemma 10.1 we conclude the existence of a countable 
family of compact subsets (K;) jc such that 


m(R®\ LJ Ki) =0. 
ic¢N 


Let us consider a zero element 0. € R“, defined by 
(Vi)(i€ a —> Og(i) = 0). 


Let V be an arbitrary neighborhood of the zero element Oa. Then there exists also a 
neighborhood U C V of 0, having a form 


U=|[U, 
ica 


where 
card{i: ic AKU; AR} <O& 


(vi (ie a & U; R— ( ai)( bi)(a; E€ R & bi ER&ai<0<b;—>U;= (a;3b;)). 
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It is clear that the set 


Vo= [Ui 


iE Oo 


is a neighborhood of the zero element Oa, in Rœ. Using Lemma 9.3, we conclude an 
existence of an element h € [] U; such that 


(UK) (UK +h) =0. 

icN icN 
Note that 

u(R®\ (U Ki) x R®™)) =0 
igN 
and 
(U K;) x RA% +A K;) x R\%) —0, 
igN icN 

where 


h*=hxg,ge [| v 
iE O\ ao 
By this method used in the process of proving Theorem 10.1, we easily prove that the 
measure u is a Strictly transitively acting measure. 
As a 6-finite Borel measure was taken arbitrarily, the sufficiency of Theorem 10.2 is 
proved. 


Remark 10.4 Note that the vector space R® is not a Radon space for card() > @. 
In connection with theorems 10.1,10.2 and Remark 10.4, the following problem is 


interesting: 


Give a description of the class of all topological vector spaces with the strict transitivity 
property. 


Finally, we discuss again a duality between the measure and the Baire category in 


infinite-dimensional topological vector spaces. 


Theorem 10.3 The duality between an arbitrary nontrivial 6-finite Borel measure and 
the Baire category with respect to the sentence Po, defined by 


(VA)(VB)(VWU)(A CE & BCE & U is an arbitrary neighborhood 


of the zero of E = (3A* )(AB*)(Sh*)(A* C E & AAA*is small in the 


sense of measure & B* C E & BAB*is small in the sense of measure & 
h* € U > A*+h* = B*), 
is not valid in the infinite-dimensional Polish topological vector space E. 


Proof. Note that categories of subsets in an infinite-dimensional Polish topological 
vector space E are invariant under translations. On the other hand, if the symmetric sum 
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XAY is small in the sense of category then each of them has the same category. If A is a 
first category subset of E and B is a second category subset of E then we can not indicate 
two subsets A* C E and B* C E and an element h € E such that both (AAA*) and (BAB*) 
are small in the sense of category and the equality A* +h = B* is valid. Hence, the sentence 
Po is not valid. On the other hand, Theorem 10.1 is just the validity of the sentence Po 
for an arbitrary non-trivial o-finite Borel measure defined in infinite-dimensional Polish 
topological vector space E. 

This ends the proof of Theorem 10.3. 


Chapter 11 


Invariant Extensions of Haar 
Measures 


Some methods of combinatorial set theory have lately been successfully used in different 
areas of mathematics, for example, in topology and measure theory. Among them, special 
mention should be made of the method of constructing a maximal (in the sense of cardinal- 
ity) family of independent families of sets in arbitrary infinite base spaces. The question of 
the existence of a maximal (in the sense of cardinality) independent family of subsets was 
considered by A. Tarski (see e.g.[107]). He proved that this cardinality is equal to 2°¢4(), 
This result found an interesting application in general topology by means of which it was 
proved that in an arbitrary infinite space E the cardinality of the class of all ultrafilters is 
equal to qo (see, e.g.[84]). Using the method of an independent family in the case of 
the Euclidean space E,,, A.B. Kharazishvili constructed a maximal (in the sense of cardi- 
nality) family of orthogonal elementary D,,-invariant extensions of the Lebesgue measure 
(see [85]). 

E. Szpilrajn (E. Marczewski) was the first who suggested the method of constructing 
nonseparable extensions of the Lebesgue measure (see [169]). Later, S. Kakutani, K. Ko- 
daira and J. Oxtoby constructed nonseparable invariant extensions of the Lebesgue measure 
(see [80], [102]). We must say that above-mentioned methods can be successfully general- 
ized to some classes of topological groups (see e.g. [85]). 

In [85], the method of an independent family of sets is used to construct an exam- 
ple of a nonelementary D,,-invariant extension u of the Lebesgue measure l, such that the 
topological weight a(u) of the metric space (dom(u),p,,) associated with the measure u is 
maximal; in particular, this cardinality is equal to the cardinal number 2°, where c denotes 
the cardinality of the continuum. 

In this chapter, the method of an independent family of sets due to A.Tarski, is gen- 
eralized and successfully used to construct a maximal family of orthogonal invariant (el- 
ementary and nonelementary) extensions of the Haar measure defined on an arbitrary un- 
countable locally-compact o-compact topological group. One method for construction of 
nonelementary invariant extensions of the Haar measure is considered, by means of which 
one problem formulated in [85] is solved. 

Let us recall some definitions which are used in this chapter. 


158 Gogi Pantsulaia 


Let E be the main base space and B be some cardinal number. 
We say that a family (X;)ic7 of subsets of the set E is B-independent if the condition 


(W)(J C I & card(J) < B > QX: #0), 
iJ 
holds, where 
(VÐ (i € I > (X; = X;) V (X; = (E\X)))). 


We say that a family (X;);c; of subsets of the space E is strictly B-independent if the 
condition 
(WI)(J CI & card(J) < B > (|X; 4 0) 
ieJ 
holds, where 
(vi) (i Ela (X; = X;) V (Xi = E\X;)). 


Remark 11.1 It is clear that the -independence of the family (X;)icz does not imply its 
strictly B-independence. 


The question of the existence of an Xo-independent family of subsets in an arbitrary in- 
finite space E, with maximal cardinality, was solved by A.Tarski. He proved that this power 
is equal to 22°" | This result gave rise to many interesting applications, in particular, it 
was proved in general topology that the cardinality of all ultrafilters defined in an arbitrary 
infinite space E is equal to gee. 

If the cardinality of the base space E is equal to the continuum, one can prove the 
existence of a strictly X9-independent family of subsets of E with a maximal possible car- 
dinality 2°, where c is the cardinality of the continuum. This result found applications in 
the theory of extensions of the Lebesgue measure, in particular, it was used to construct 


D,,-invariant extensions of the Lebesgue measure. 


Let us consider the problem of the existence of a maximal (in the sense of cardinality) 
strictly independent family of subsets in an arbitrary infinite space. 


The next auxiliary proposition plays the key role in this chapter. 


Theorem 11.1 Jf an infinite set E satisfies the condition 


Card(E*) = card(E), 


where B is an infinite cardinal number, then there exists a maximal (in the sense of cardi- 
nality) strictly B-independent family (X;)ic1 of subsets of the space E, such that 


card (T) = 2°64), 


Proof. Let us prove the theorem in four steps. 
I. Assume that X is a set such that card (X) = card (E). Let (X;)ic; be a partition of the 
set X such that 
card(I) = card (E), 


(Vi)(i € I > card(X;) = card(E)). 
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Let us consider the class Q’ of subsets of X defined by 
g= {y| Y CX & (Vi)(i€ I card(YNX;) = iy}. 
The class Q’ satisfies the conditions 
card(Q') = card(B(E)), 
(VY)(VZ)(Y EQ’ &ZEQ' RYFZ—Y\ZFD). 
II. Assume that (X;) jc7 is a partition of X such that 
card (I) = card (E), 
(Vi)(i € I > card(X;) = card (E) ). 
For an arbitrary index i € Z, denote by Q/ a class of all subsets of X; such that 
card (Q4) = card(B(E)), 


(VY)(VZ)\(YEQ &ZEQ&VYFAZ—-Y\ZFD). 


Fix the set J with card(J) = card(‘B(E)) and consider a representation (Y;;) jez of the 
class Q; such that 
(VAG EJ > Y; € Qi). 


Let us put 


=—— 


a” ={Y| IEJ &Y = Yy}. 


ie] 


It is easy to verify that the class Q” satisfies the condition 
card(Q") = card(B(E)), 


(VY)(VZ)(Y E Q" &ZEQ" &YAZ— 
— card (Y \ Z) =card(E)). 


II. Denote by U the class of subsets of Y defined by 
U = {Z|(Y € Q" & Z is a class of all -powerful subsets of the set Y}. 
Assume that (Ze Jo<é<og is an arbitrary sequence of elements of U. Let us prove that 


card (Zo \ U Zg) > card(E). 
&e]0;op[ 


Let (Ye)o<t<eg be a sequence from the class Q” which corresponds to the sequence 
(Zeo<e<a: 
Since the power of the class Q” is equal to 2°¢’4(), the sequence (Ye)o<t<eg can be 
continued as for the sequence (Yz)z<@, of elements of the class Q”. 
Using the method of transfinite induction, construct a family of different elements 
(x¢)e<@, Such that 
(VE)(5 < œr > xg € Yo \ Yẹ). 
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Assume that, for an ordinal § < n, the sequence (x¢)g<y is already constructed. We can 
define the element x, by 


Xn = te(¥o \ n U (U x))) 


<n 


and therefore the sequence (xg )g<or is constructed. 


Let us consider 
CU xu x), 
0<E<Og CEK 


where 
K C]@g;@z[ and card (K) = B. 
It is easy to verify that this element belongs to the difference 


Z\ U Z 


0<%<0g 


If we consider every B-powerful subset of the set ]@g;@z[, then we obtain 


card(Zy\ (J Zg) > card(E). 


0<§<g 


As the power of the class of all B-powerful subsets of the set E is Card(E), we conclude 
that there exists a class Q” of subsets of E, such that: 

a) card(Q") = card(B(E)); 

b) for an arbitrary @g-sequence (Zg )ge]o;wp| Of elements of the class Q” the condition 


card(Zy\ |) Z) > card(E) 
Fe]0;0| 


holds. 
IV. Let us put 


E(E) = {viv € B(E) & card(Y) < B), 


Q” = {Z|(3Y)(Y € Q” & Z is a class of all B-powerful subsets of the set E, such that its 
elements intersect the set Y)}. 

We shall now prove that, for every definite family of elements (Zg )ge [0:95] of the class 
Ql" C B(E(E)), the intersection 


where Zg = Ze V Zg = E(E) \ Zz, has the power Card (E). 


Consider 
N Z= (AnA N (€E)\Z)). 


E< @p EP NE (0; [\P 
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Let us construct two sequences 


(Zp) )eep and (ZY? meforae| 


such that 5 
1)(VE)(n) E € P & n € [0; og[> ZP 2 ZO); 
DVE EEeP >z er U a 
NE |[0:0]\P 
3)(W)(N E boze JY). 
NE [0;08]\P 
Note that 


Te {YY CE & Card(¥) =B& YNY £0}, 
E(E)\ Ze = {YY CE & Card(¥) =B&YNY: #0}. 


Let us construct the sequence (Ze Jeep: 


Assume that, for an ordinal n, the sequence (zi) )y<n is constructed. 
If we put 


then the sequence Ze p is constructed. 
As the cardinality of the set E \ Une 0:5] Yn is equal to Card(E), we can choose a 


sequence (2 eae such that 


(Vn)(N € Moze €E\ U A). 
11 [0:5] 


Now, it is easy to prove that the sequences Ce p and (Ze tena satisfy all the 
conditions mentioned above. 
It is clear that the set 


(WA ud Z7) 


EP JEK 


intersects every element Y; (Ẹ € P) and belongs to the set gep Zg, where 
K C [0; œg] and Card(K) = B. 


Let us remark that, for n € [0; œp[\P, the set 


urtz) 


EeP JEK 


does not intersect the set Yn- 
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This means that 


(UZ UU) N (EE). 


EP JEK E€ [0:0 |\P 


If we consider different meanings of the set K, we obtain a class of all B-powerful 
subsets of the set E whose cardinality is equal to card(E), because card(E®) = card(E). 
Hence, we have 


card((()Z)N( (] (E(E)\Z))) = card(E). 


EP nE [05a [\P 


Let us denote by f the one-to-one mapping between the class £(E) and the set E. 
Now if we consider the class Q = f(Q”), then Theorem 11.1 will be proved. 


Let « and A be two infinite cardinal numbers. Following [25, p. 20], the cardinal number 
i is is said to be cofinal with x if there exists a transfinite sequence (O¢)¢<, of ordinals such 
that 
ag <K(GEA), 


sup(aç) = Ox, 
g 


where x denotes a first ordinal number of the cardinality «. 

We say that a cardinal number A is the cofinality of k(and write A = cf (x) ) if À is the 
least cardinal cofinal with x. Of course, the equality cf (1) < x holds. 

Lemma 11.1 Assume that the Generalized Continuum Hypothesis holds, and let a be 
an infinite cardinal. If B is a cardinal number such that 


B<aand o 4a, 
then the cardinal number ß is cofinal with the cardinal number a. 


Proof. Let us assume to the contrary that the cardinal number f is not cofinal with the 
cardinal number a. Let a be a first ordinal number of a cardinality a. Then, for an arbitrary 
transfinite sequence of ordinals (1);)jcg satisfying the condition (Vi) (i € B — N; < q) there 
exists an ordinal number & such that 

(a) < pa, 

(b) (W)GEB— n: <8). 

For an arbitrary ordinal number &€ € [0;,[, denote by Kz the class of all transfinite B- 
sequences of ordinal numbers from the segment [0;€]. It is clear that the cardinality of the 
class Kz is equal to (card(&))P. 

Let K be a class of all transfinite B-sequences of ordinal numbers from the segment 
(0; 0. It is clear that card(K) = a. 

Since ß is not cofinal with œ, we have the following representation 


K= |] K, 
EE [0;al 
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which implies 
card(K) = card( |) Kz). 
ée [0al 
Under Generalized Continuum Hypothesis we have 2™*(Card(®)8} < & for E < Qa. 
Hence, for each class Ke, we have 


card(Kz) = (card(&))° < (2card(s) yB — gmax{card(s),B} < o, 


Finally, we have 


aÊ = card(K) = card(Up<ecy,Ke) < $ (card(&))® < card(o x a) = a. 
0<E<pa 


The latter equality is a required contradiction and Lemma 11.1 is proved. 
Let us consider some applications of the results obtained above. 
The following proposition is valid. 


Lemma 11.2 Let H be an arbitrary locally compact 6-compact topological group, À be 
the Haar measure defined on the group H and let « be an arbitrary cardinal number such 
that: 

a < card(H). 


Then there exists a family (Xi)icı of subsets of the set H such that: 

1) Card(I) =a; 

2) (Wi (Vi)\(iCT& i CI &i#i! >XiNX; =O); 

3) (VI (VF)(i € I & (F is a closed subset of the space H with (F) > 0) > 
card(X;F) = card(H)); 

4) (VIN(V) CI & g € H —> card(g(Ujen Xi) A(Ujer Xi)) < card(H)). 


Proof. Without loss of generality,we can assume that & = Card (H). 

Let us denote by @y the first Card(H)-powerful ordinal number. Let us consider a 
partition (];) <7 of the segment [0; Qy | such that 

(A) card(I) =card(H), 

(B) (Vi)(i€ I —> card(&;) = card (H) ). 

It is easy to prove an existence of a family (F£ )g<oy of subsets of the group H such that 
(Fz)eez, is a family of all closed subsets of the space H for all i € J, where every such a 
subset Fz appears card(H)-times in the sequence (F¢)zcz, and has a positive A-measure. 

Assume that (g¢)¢<@,, is a @-sequence of all elements of the group H. For an arbitrary 
ordinal number € < @y, denote by Hz the subgroup of H generated by the E-sequence 
(8n)n<e. Using the method of transfinite recursion, define a family (Y¢)g<oy of subsets of 
the space H such that the following conditions hold: 

(a) (VE)(Yn) (É < @7 & EEN > HAY, =0). 

(b) (VE)(E < on > Ye NR £0). 

(c) (VE) (E < @p — Y; is the class of intransitivity of the group He). 

Assume that, for an ordinal number € < @y, a subsequence (Yn)n<é is constructed such 
that the conditions (a), (b), (c) are fulfilled. 
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Since the relation 


card(He(\_J Yq)) < card(&) + Xo 
n<% 


is true, we have 


card (F; \ He ( U Y,)) = card (H). 
n<§ 
Let us put 


ye = te(Fe \He(U Yn), Ye = He (ve), 
J<& 
where T, is the global operator of choice. 
Hence the sequence (Yz)¢<@,, is defined. 
Let us denote by X; the union of elements of the family (Yz)gcz, for i € J. 
It is clear that the family (X;)jcy satisfies conditions 1) — 4), and Lemma 11.2 is 
proved. 


It is not difficult to prove the next proposition. 


Lemma 11.3 Let K be an H-invariant ©-ideal in the local compact 6-compact topolog- 
ical group H such that 
(VZ)(Z E€ K -A,(Z) = 0). 


Then the functional u defined by 
u((XUZ’)UZ") = A(X), 
where X is a Borel subset of H and Z' and Z" are elements of the ideal K, is an H-invariant 
extension of the Haar measure i. 
For the proof, see, e.g., [85], [92]. 


Theorem 11.2 Let H be a locally compact 6-compact topological group such that 
card(H*°) = card(H). Then there exists a family (u;);cr of measures defined on some 
o-algebra of subsets of H such that: 

1) card(T) = 22; 

2) (Vt)(t € T — the measure u, is an H-invariant extension of the Haar measure i); 

3) (ve)(Ve)(teT &t' ET &t Ft! py, and uy are orthogonal ! measures). 


We will need the following lemma. 
Lemma 11.4 Let H be a locally compact o-compact topological group such that 


card(H*°) = card (H). 


Then there exists a family (A ;) jey of subsets of the group H such that: 
1) card(J) = 2°%4(Ħ); 


1 u and uy are called orthogonal if there exists X € S(H) such that 4 (X) = 0 and uy (H \ X) = 0. 
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2) for an arbitrary sequence (jx)ken from indices from the set J, the intersection 


N Ai 
keEN 
where 
(Vk) (k en. Aj, =Aj, VA jy =H \A ix) 


is an H-invariant subset of the group H; 
3) for an arbitrary sequence (jx)xen of indices from the set J and for an arbitrary 
closed subset F C H with X(F) > 0, the condition 


card(({) Aj,) NF) = card(H) 
keEN 


holds, where 
(Vk) (k ENA, =Á} VA} =H\Aj,). 


Proof. Let us consider a family (X;)j<7 of subsets of the group H such that the following 
conditions hold: 

1) card(I) = card(H); 

2) (VI (Vi) (iEI&iEI&i#i'— XOX; =0); 

3) (Vi)(VF)(i € I & (F is a closed subset of the group H 

with A(H) > 0) — card (X;N F) = card (H) ); 

4) (VF)(Yg) (I CI & g € H — card(g(U;er Xi)A(Uier Xi)) < card(H)). 

The existence of such a family is guaranteed by Lemma 11.1. 

Let (I;) jez be a family of subsets of I, such that: 

a) card(J) = 2°%4H), 

b) for an arbitrary sequence (jx)x<x of indices from the set J we have 


N Tk = 0, 
keN 


where 
(Vk)(kKEN > Tj, = 1;,V1j, =I \;). 


Note that the existence of such a family is guaranteed by Theorem 11.1. Now, for an 
arbitrary index j from the set J, we put 


Aj=|] X: 


iel; 


It is easy to verify that the family (A ;) jey satisfies all conditions of the lemma, and thus 
Lemma 11.4 is proved. 


Proof of Theorem 11.2. Let (Aj) j<y be a family of subsets of the group H whose 


existence is stated in Lemma 11.4. For arbitrary f : I > {0;1}, denote by (Af) jes the 
family of subsets of the group H defined by 
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Aj, if f(j) =0, 
H\A;, if f({)=1. 


Let Ky be the H-invariant 0-ideal generated by the family (Af) jeJ- Then it is easy to 
verify that the ideal K satisfies all conditions of Lemma 11.3. Let us denote by wy the H- 
invariant extension of the Haar measure produced by the ideal Ky. We obtain the family 
(Zp) rem of H-invariant extensions of the Haar measure À such that 


jet af={ 


® = {0,1}. 


Denote by S the H-invariant o-algebra of subsets of the group H, generated by the 
union 
F(H)UB(H)U((\) {Aj}). 
je® 
Also, assume that 
VAS EP > uy =Fyls). 


If we consider the family of H-invariant measures 


(Ur )rer = (up) fee, 


we can easily conclude that this family satisfies all conditions of Theorem 11.2, which 
completes the proof of the theorem. 

It is of interest to consider the question of constructing a maximal (in the sense of 
cardinality) family of orthogonal invariant extensions of the Haar measure in the locally- 
compact topological group H for which the condition 


card(H*®°) > card(H) 


holds. 
In this direction, the following result is of interest. 


Theorem 11.3 Assume that the Generalized Continuum Hypothesis is valid. If an infi- 
nite space E satisfies the condition card (E¥°) > card(E), then the maximal cardinality of 
the orthogonal family of 6-finite measures defined on the space E is equal to card(E). 


Proof. Assume the contrary. Then there exist a o-algebra S of subsets of the space E 
and a family (u,);<7 of orthogonal probability measures on S such that 
card(T) > card(E). 
Applying Lemma 11.1, we have 
E=} E;, 
iEQ 
where card (Q) < Xo, and 


(Vi)(i € Q —> card (E;) < card(E)). 
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If card(E) < Xo, then we can assume that E; contains only one point of the set E. 
For an arbitrary index ¢ € T, there exists an index i, € Q such that 


Li; (E; ) = inf{u, (A) Ej CA &AE S} >0. 


Let us consider the measurable hull B;, of the set E;, and define the functional z, on the 
o-algebra 


So = {Y|(A(Xiica)((Vi) (ie I > 


— (X; € S) & (Y= 2 (eoz 


N, 


by 
1 
m E;iNX;)) = —— ur (Bi, OX; )- 
(2 ( iNX;)) u (B; ) (Bi ir) 
Let us verify the correctness of this definition. 
Assume that 


L (ENX) = VP (Einy), 


icEQ icQ 
where 
(VIGER —>X ESY ES). 


Suppose for a moment that 
71, ((Xi,\¥,) 0B,) > 0. 

Then we obtain ui? ((X;, \ ¥;,) Bi, NE;,) > 0. On the other hand, we have 
(X; \¥;,) NB;,)NE;, =0 


because E£; OX, = E; QY; . 
This is the contradiction and the correctness of the definition of the functional 7, (t € T) 
is proved. 
It is easy to verify that 77, is a probability measure for all t € T. 
Note that (T, )rer is an orthogonal family. 
Assume 
K, = {tlt € T & 7, (E;) = 1}. 


It is clear that T = UicoK;, where 
(Vi) (i € Q — card(K;) < card(E)). 


Let us consider two cases. 
I. Let card(E) < Xo. Then, for an arbitrary index i € Q, the set Æ; is a subset of the 
space E with only one point. Since 


card(T) < » card(K;) < card(Q) = min{card(Q), Xo} < card (E), 
iEQ 
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we have a contradiction with the condition 
card(T) > card(E). 
II. If card(E) > Xo, then applying the Generalized Continuum Hypothesis, we have 


card(T) < Ẹ card(Ki) < X 2°74") < 
iEQ iEQ 


< card(Q) x card (E) < Xo x card (E) = card (E), 


and we also obtain a contradiction with the condition card (T) > card(E). This completes 
the proof of Theorem 11.3. 


Theorem 11.4 Let H be a locally compact 6-compact topological group and À be the 
Haar measure defined on this group. Then there exists a family (u;);<r of orthogonal mea- 
sures such that: 

1) card(I) =card(H). 

2) (Vt)(t € I > u is an H-invariant extension of the Haar measure i). 


Proof. Let (X;) <7 be the family of subsets of the space H whose existence is formulated 
in Lemma 11.2. For arbitrary i € J, define the H-invariant measure 77; by the formula 


By((X;NA) U [(H \ Xi) NB]) = A(A), 


where A € B(H),B € B(H). 
If we denote by So an o-algebra generated by the family of sets (X;);icz U B(H), and 
consider the family of measures 


(ui)ier = (Hilo Jier, 


then Theorem 11.4 will be proved. 


Now, we will consider an application of the method of independent families of sets, in 
particular, the method of constructing nonelementary nonseparable invariant extensions of 
the Haar measure for an uncountable o-compact locally compact topological group H with 
card(H*°) = card(H). 

We want to recall some definitions from measure theory which will be applied in the 
sequel. 

Let (E,G,S,u) be an invariant measurable space with invariant measure. An ele- 
ment X € S is called w-almost G-invariant if the condition 


(Vg)(g € G — u(g(X)AX) =0) 


is fulfilled. 
Let (E,G,S,u) be a space with an invariant measure and X be a y-almost G-invariant 
subset of this space. Following [85], the function 


ux:S>R 
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defined by the formula 
(VZ)(Z € S > ux (Z) =u(X NZ) 


is called a component of the measure u associated with the set X. 

Analogously, the component uy of the measure u is an elementary component of u if, 
for arbitrary Z € S with u(Z) > 0, there exists a subsequence (g;)zen of the group G such 
that 


A G-invariant measure u is nonelementary if it does not have any elementary compo- 
nent. 
Also note that the function p,, defined by 


(VX)(VY)(X ES &Y €S—p, (X,Y) =u(XAY)), 


is a quasimetric defined on the class dom(u) = S of all u-measurable subsets of the base 
space E; 

The pair (dom(u),P,,) is called a metric space associated with the measure u. 

The measure u is called separable (nonseparable) if the topological weight a(u) of the 
metric space (dom(u),P,,) associated with the measure u satisfies the condition 


a(u) < X: (au) > X1), 
where N; denotes the first uncountable cardinal number. 
The following lemma is valid. 


Lemma 11.5 Let E be an uncountable base space with card(E*°) = card(E). Then 
there exists a nonatomic probability measure P such that the following conditions hold: 

a) (VX)(X CE & card(X) < card(E) — P(X) =0); 

b) the topological weight a(P) of the metric space (dom(P),p~) associated with 
measure P is maximal, in particular, is equal to 2°" d(E). 


Proof. Denote by S the algebra of parts of the space E generated by the union{E,0}U 
{Ajticy, where (A;)ic, is the family of subsets of the space E constructed in Lemma 11.4. 
All elements of the algebra S have the form 


1 
U (AYO n..- nav?) Z, 


where p is an arbitrary natural number, {0;1}? is the set of all functions from the set 
{1,---,p} into the set {0;1}, (A; )1<r<p is a sequence of pairwise distinct elements from 
the family (A ;) jej and, finally, for arbitrary y € {0;1}? andr € {1,---, p} 


wr) _f Aj, if w(r)=0; 
Zy € {O;E}, A; a PyGj=1 


Using the property of the family (A;)jc7, from the equality 


1 
U (a ananz = 
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= U Ana z, 
we{0;1}? 
we have 
ZyAZy = 0 
for all y € {0,1}?. 
This phenomena allows us to define correctly a measure P by the following formula 


1 
PEWA nena "nae YL MZy), 


yE{0;1}? yE{0;1}? 
where 
1, ifX =E, 
POE A { 0, ifX 0. 


It is easy to verify that the functional P is a finitely-additive extension of the measure 
à. Note that P is a also finitely-additive function and, therefore, is a measure defined on 
algebra S. It is sufficient to show that, for an arbitrary positive real number € with 0 <€< 1 
and for an arbitrary sequence (Y;)x<ey such that 


a) (Vk)(k E N => Y; € S), 
b) (Vk) (k E€ N > Year C Yp), 
c) (Yk) (k € N > P(X) > £), 


d) P(Yo) < +%, 


the condition 


[#0 


keN 


holds. 
Note that an arbitrary set Y, (k € N) can be represented by the formula 


Yee: Wl] (AYO Anaye nz). 
ye{0;1}7k 


Without loss of generality, we can assume that the sequence of classes 
({(Aj, : 1 <r < pr})ken 


is increased by inclusion. 
By using the validity of the condition 
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we can deduce that such a set exists for an arbitrary natural number k. We can easily 
conclude that there exists a sequence (z) ken Such that: 


a) (Vk) (k € N — (ZET) \ 2) = 0 & (ZĘ) > e); 


Wr+1 
b) (Vk) (k EN —> WYr+1 (i) = y(i) forl <i< px). 
Therefore, 
(Vk)\(kEN > ZW =E) 
and we obtain 


k 
EN 


Hence it follows that the condition 


(1% 40 
keEN 
is fulfilled. 


Thus, P is a measure defined on the algebra S. According to the Carathéodory theorem, 
this measure can be extended in a unique way on the o-algebra generated by 


{E;O@}U{A; : jeJ}. 
Let us denote by P the extended measure. Finally, we denote by the functional defined 
by 
(VX) (VX")(VX")(X € dom(P) & X' C E & card(X') < 
< card(E) & X" CE & card(X") < card(E) > 


— P((X\X')UX") = P(X)). 
By using the condition card(E*°) = card(E), we conclude that the functional P is the 
extension of the probability measure P. 


Let us observe that a( P) = 2°”4(®). If we consider the family (Aj) jez of sets, we find 
that 


ranted ee 1 
VIVY ES & EJ & JEJ > polAj Aj) = P(AjAA;) = 5). 


This completes the proof of Lemma 11.5. 


The following lemma is valid. 


Lemma 11.6 Let H be a o-compact locally compact topological group with 
card(H*°) = card(H). Let 


F (H) ={Y|Y CH & card(Y) <card(H)}, 


F (Hx H)={Z|Z CH xH & card(Z) < card(H)}. 


Let u be a probability measure defined on the space H such that 


(VY)(Y € F(H) + u(Y) =0). 
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Let À be the Haar measure defined on the topological group H. Let us denote by X the 
extension of À defined by 


(VY)(V¥1)(V¥o)(Y € B(H) & Yı € F (H) & Yo € F (H) > 


MY \¥i) U¥2) = A(¥)). 


Then the functional (u x A) defined by 


(VX) (WX")(VX")(X € dom(ux X) & X' € F (H x H) & 


X" € F (HxH) > (ux T)((X\X')UX") = (ux T)(X) 
is the {e} x H-invariant measure, where {e} is the unit element of the group H. 


The proof of Lemma 11.6 is not difficult and can be obtained by the scheme considered 
in [85]. 


Remark 11.2 It should be noted that the equality 
card(H)*° = card (H) 


is not a significant restriction for a nondiscrete o-compact locally compact topological 
group H. Indeed, it is not hard to prove that any such group is an isodyne topological space 
of the second Baire category. In this context, we apply the result obtained in [90], which 
states that, under the Generalized Continuum Hypothesis, any second category isodyne 
space H satisfies above-mentioned equality. This shows that GCH automatically implies 
the validity of the basic assumption card(H)*° = card(H) which participates in the formu- 
lations of all main statements of this paper. Note also that it is well known in the theory 
of general topology that under the Generalized Continuum Hypothesis, for any nondiscrete 
o-compact locally compact topological group H there exists a such infinite cardinal number 
J that the equality card(H) = 2/ holds. This equality automatically implies the validity of 
above-mentioned equality. 


We have the following statement. 


Theorem 11.5 Let (x;) cz be a family of all elements of some uncountable locally com- 
pact 0-compact topological group H with card (H*°) = card (H). Let (X;)icr be the family 
of subsets of H constructed in Lemma 11.2. 

Define the functional w by 


(Vx) (x € H > W(x) = (%1,2)), 


where i is a unique index from the parametric set I for which x € Xj. 
We conclude that the functional à, defined by 


oe am~ 


(VX) (X € dom(u xT) > Muy (X)) = (wx A) (X)) 


is the H-invariant extension of the Haar measure A, where the extension hu is nonelementary 
if and only if the measure u is nonatomic. 
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Proof. We must show that the domain of the definition of À, is an H-invariant o-algebra. 
This means that aw 
(VX)(Vg)(X € dom(ux dr) & g € H > 


ama~ 


(AY) (Y € dom(u x7) > gy! (X)) = y! Y). 


We also have 


(VX) (VX2) (VX) (YX") (Vg) (X1 € dom(f) & Xz € dom(A) & X’ 


€ F(HxH) & X" € F(HxH) & g €H > (JY;)(AY%)(AY’) 


(SY”)(Y, € dom(fi) & Yz € dom(À) & Y' € F (H x H) & Y" € 

F (H x H) > g(w'(((X1 x X2) \X)UX”)) = wl (Y1 x Y2) \Y’)UY”)))). 
Indeed, 
sT x X2)\X")UX")) = gf [Vjex, (XiNX2) \w (XIN 
VTX”) = [Uien Xi N8(X2))] \ [ey EU [gy 1(X"))] = 
= [Viex, (Xi 8(X2)) \W" (w(a(we1(X))) JEW Ov(gQy1(X")))) = 
= w'((X1 x g(X2)) \w(a(w '(X’))) Uw(g(y1(X")))). 


Let us verify that the measure A, is an H-invariant extension of the measure A. This 
means that the condition 


(VY; (Y2) (Yg) (Yı € dom(71) & Yz € dom(A) & g € H > 


> u(y (Yi x Yo) = ulg (y (Yi x Y2)))) 


holds. 
Indeed, on the one hand, we have 


gT ECY x ¥2)) = 807 (Uses (Y1 x Y2) Xi) = 8(Uren (2 Xi) = 
= g(Y2 N (User, Xi) = [¢(¥2) OM (Uren, X] AY’, 


where X; = {x;} x X; and card(Y’) < card (H). 
On the other hand, we have 


wl (8% x Y2)) = y7! (Yi x g(¥2)) = wo (M1 x 9(¥2)) NUjerXi) = 
= W! (Uver, {xi} x 82)) NX;) = User (g(¥2) VXi) = 


= g(¥2) N (Uxey, Xi). 
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Thus, we get 
ulg (VT (Yi x ¥2)) Aw (E1 x Y2))) = 0. 
From the equality 


haly EY: x Y2))) = Rul"! Y1 x g(¥2))) = hule Y: x ¥2))) 


we have 
Muy x Y2)) = Muley (Y x Y2))). 


Now, we must prove that the measure À, is nonelementary if and only if the measure u 
is nonatomic. 

Let u be a nonatomic measure. 

Suppose the contrary and let, for some X € dom(A,,), a measure A,,|x be an elementary 
component of the measure A,,. This means that the following conditions hold: 

1) X is aA,,-almost H-invariant subset of the space H; 

2) (VB)(B € dom(A,,) > (Ay|x)(B) = Ay(BNX); 

3) (WY)(Y € dom(Ay) & (Ay|x)(Y) > 0 > (Agu )xew) 

((Vk)(K E N > 8x € H) & (Aulx)(X \ Ukens (Y)) = 0))). 

Denote by Z a u x A-measurable subset of H x H for which the equality y~! (Z) =X 


holds. 
Let A; and A> be disjoint elements of the o-algebra dom(u), for which the conditions 


ama a~ 


(ux A)(ZA (Ai x H)) > Oand (ux X) (ZN (A2 x H)) > 0 


hold. 
Let us consider a d,-measurable subset 


Y=w!((A,xH)NZ). 


Note that, for an arbitrary countable family (g,)xen of elements from the group H, we 

have 
Au(X\ U gx(¥)) > 0 
keN 

because yw! (A2 x H) CX \ Uren g(Y) and Ay (wo! (A2 x H)) > 0. 

We have obtained a contradiction, and the nonelementarity of the measure À, is proved. 

Now, suppose Ày is a nonelementary measure and let u be an atomic measure. The latter 
means that there exists an atom A of the measure u. Then the subset X = y7! (A x H) isa 
,-almost G-invariant subset of H and the measure (A,|x)(B) = Ay(X NB)(B € dom(A,,)) 
is an elementary component of the measure À. 

The latter statement is a contradiction and Theorem 11.5 is proved. 


By using Theorem 11.5 and Lemma 11.5, we can prove the following theorem. 


Theorem 11.6 Let H be an uncountable locally compact 6-compact topological group 
with card(H*°) = card(H). Let à be the Haar measure defined on the topological group 
H. Then there exists an H-invariant extension d of the measure À such that: 

1) the measure Ris nonelementary; 
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2) the topological weight of the metric space (dom(A),px) is maximal; in particular, 
it is equal to 2°474(4), 


The proof of Theorem 11.6 can be obviously obtained if we denote by À the measure 
Àp, where P is the measure constructed in Lemma 11.5. 


Remark 11.3 The construction of an H-invariant nonelementary extension of the Haar 
measure cannot be used in the case of a locally compact o-compact topological group with 
card(H*°) + card(H) because if the General Continuum Hypothesis is valid, then the 
group H can be covered by a countable family of H-absolutely negligible subsets of H 
whose every element has cardinality less than the cardinality of the group H. 


The following theorem is valid. 


Theorem 11.7 Let H be an uncountable locally compact 6-compact topological group 
with card(H*°) = card(H). Let à be the Haar measure defined on the topological group 
H. Then there exists a maximal (in the sense of cardinality) orthogonal family (h;);er of 
H-invariant nonelementary extensions of the Haar measure with card(T) = 2 such 
that : 

1) (VIN(V (IET & jE T > dom(à;) = dom(à;)); 

2) (Vi) (i€ T > (Aj) is maximal & o(A;) = 2°74), 

Proof. Let (4,);<7 be an orthogonal family of probability measures such that: 

A) (Vt)(t € T — ù is a nonatomic probability measure defined on H); 

B) (Wt1)(Vt2)(t1 ET & t E T — dom(@,, ) = dom(ŭ, )); 

C) (vt)(VX)(t€T & X CH & card(X) < card(H) > p(X) = 0); 

E) card(T) = gee, 

By Lemma 11.5, we can construct the measure P defined on the set E = H. Denote 
by (a, x P)*(t € T) the extension of the probability measure i; x P obtained by means of 
elements from the class ¥ (H x H), where 


F(HxH)={Y|Y CH xH & card(Y) < card(H)}. 


Let f be a one-to-one correspondence between the sets H x H and H. Let us consider 
the family (f((a@,; x P)*))rer of measures defined by 


(Vi)(VX)(ie T & X € dom((a, x P)*) > 
> f(t x ®)™)(F(X)) = Gi x P)(X)). 


Using the method of construction of nonelementary extensions of the Haar measure 
considered in Theorem 11.5, we can put 


(Vt) (t ET — Àr = (ix Py) 


It is easy to verify that the family (A,);<7 of measures satisfies all the conditions of 
Theorem 11.7. The theorem is proved. 


Let us recall the following well-known notion of a density point. 
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Let u be some extension of the n-dimensional classical Lebesgue measure /,, and X be 
some u-measurable subset of R”. A point x € R” is called a density point of X with respect 
to the Vitali standard system generated by the family of all n-dimensional cubes of the space 
R” if 
i MXN [x-hyx+h]") 
h-0+ 2”. h” 

Recall that an arbitrary D,„-invariant extension of the measure l„, where D, denotes the 
group of all isometric transformations, is called a D,,-measure. 


=1. 


Note that the method considered above gives a solution of one problem formulated by 
A.B.Kharazishvili [85] (see p. 200, problem N9). 


Problem 11.1 Does there exist a D,-measure u in the Euclidean space R” such that 
some u-measurable subset has only one point of density with respect to the Vitali standard 
system generated by the family of all n-dimensional cubes of the space R”? 


We are going to discuss this problem for the 1-dimensional classical Lebesgue measure 
h. 
Let A; be the standard Lebesgue measure defined on the space [0; 1]. It is easy to verify 


that A, x l is a Dj -invariant measure, where D is the group of transformations of the space 
(0; 1] x R defined by the formula 


a4 fh} x Di, 


where {/} is the identity transformation of the interval [0; 1], D; is the group of all isometric 
transformations of the real line R. 
Let 
F ([0; 1] x R) = {Y|¥ C [031] xR & card(Y) < c}. 


It is easy to verify that the functional A defined by 
(WX')(VX")(VX)(X' € F ([0; 1] x R) & X” € F ([0; 1] x R) & 


X € dom(Ay x l1) > M(X \X^) UX”) = (M x L )(X)), 


isa D ,-invariant extension of the measure A, x l4. 
We will need the following lemma. 


Lemma 11.7 Let n > 1 and let c denote the cardinality of the continuum. Then there 
exists a family (X;)ic <(0.1] Of subsets of the Euclidean space R” such that: 
1) (Vi (Vi) (i € [0; 1] & i € [031] & i Fi 4 X;NX; = 0); 
2) ies 051] Xi = R”; 
3) (V P F) (i € [0;1] & F is a closed subset of the space R” with a positive Lebesgue 
measure — card (X;Q F) = ¢); 

4) (YI)(Yg) U C [051] & g € Dy > card(g(Uier Xi) A(Uier Xi)) < 6). 

The proof of Lemma 11.7 can be found in [85]. 


Let n = 1 and (X;);e (0,1) be the family of subsets of the space R which is considered in 
Lemma 11.7. Define the functional y : R — [0; 1] x R by 
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(vx)(x E€ R > w(x) =(i,2)), 
where i is a unique index from the interval |0; 1] for which the condition x € X; holds. 
The following theorem is valid. 


Theorem 11.8 The functional u, defined by 


(VX) (X € dom(R) = u(y! (X)) = 2(X)), 
is a D; -invariant nonelementary extension of the Lebesgue measure l. 


Proof. First, let us show the correctness of the definition of the functional u. Assume 
the contrary and suppose A € dom(À) and B € dom(À) are subsets of the space [0; 1] x R 
such that the conditions 


1) yT! (A) = y7! (B), 
2) AAAB) > 0 


hold. 
Let A(A \ B) > 0. By Lemma 11.7, we obtain the existence of an index ig € [0; 1] and a 
point x9 € R such that 


{io} x {xi} € (A \B) A ({io} x Xi). 
This means that 
Xi EW '(A)\W'(B). 
We have obtained a contradiction with the condition y~! (A) = y~! (B) and the correct- 
ness of the definition of the functional u is proved. 


Let us verify that u is a D;-invariant functional. It is sufficient to verify the validity of 
the condition 


(Va) (vb) (Ve) (Vd) (Vg)(0<a<b<1& —-%<c<d<%& g ED = 


= a(g (W~ ([a; b] x [c;d]))) = HOw (la; b] x [c;d]))). 
Note that 

u(g (y~ ([a;b] x [c;d]))) = u(y" ([a;b] x g([esd]))). 
Indeed, by Lemma 11.7, on the one hand, 


s(w'([a3b] x [esd])) =8(( U X) N [ed]) = 


i€ [a;b] 
=(( U X)Ng(lesd]))\X'UX", 
i€ [a;b] 


where X’ and X” are some subsets of the space R whose cardinalities are strictly less than 
c, and, on the other hand, 


y~ (la;b] x [c;d])=( (U X) Ng(le;d]). 


i€ [a;b] 


178 Gogi Pantsulaia 
By the inclusion 
g(We'([ab] x [esd])) Awe "([a;] x g([esd])) E XUX", 


we have 
u(a(w !([asb] x [c;d]))) =u (la; b] x g([esd]))). 


Finally, by the D,-invariance of the measure A we have 
u(g(wo! (la;b] x [c;d]))) =u (la; b] x g(lc;d]))) = 


= X( [a:b] x g([esd])) = (fa; b] x [c;d]) = u(y * ([a;b] x [esd])). 


The nonelementarity of the measure u can be established by the scheme considered in 
the proof of Theorem 11.5. Theorem 11.8 is proved. 


The basic result is formulated by the following theorem. 


Theorem 11.9 There exists a u-measurable subset of the space R which has only one 
density point with respect to the Vitali standard system generated by the family of all open 
intervals of R. 


Proof. Let us consider a u-measurable set y~! (K), where K is the closed square whose 


vertices are at the points (0;0), (4,4), (130), (4, =). Let x € R and {(ay,bx)}xew be an 


arbitrary sequence of open intervals, fundamental at the point x. By using the construction 
of the measure u, we have 


7 1—2|x|, <4 
im OON) _ f 1h Msa 
ee BD o aag 


In particular, this means that the set y~! (K) has only one density point (x = 0) with 
respect to the standard Vitali system generated by the family of all open intervals of the real 
line R. 


Remark 11.4 Applying the scheme proposed in theorems 11.8 and 11.9, we can con- 
struct a D,-invariant nonelementary extension un of the classical Lebesgue measure J, in 
the Euclidean space R”, for n > 2, such that some y,-measurable set would have only 
one density point with respect to the standard Vitali system generated by the family of 
all n-dimensional cubes of the space R”, and the topological weight of the metric space 
(dom(un), Pu, ) Would be maximal, in particular, be equal to 2°. 


Chapter 12 


Separated Families of Probability 
Measures 


Let (E,S) be a measurable space. 


Definition 12.1 A family of probability measures (u;)jcy defined on a measurable 
space (E,S) is called weakly separated if there exists a family (X;);<; of measurable subsets 
of E, such that 


(VI (IEI & j €I >uj(X;) = 8G, j)), 
where 8(i, j) denotes Kronecker’s function defined on the Cartesian square 7° of the set 7. 


Definition 12.2 A family of probability measures (u;)icy defined on a measurable 
space (E,S) is called strictly separated if there exists a disjoint family (X;),., of measurable 
subsets of the space E, such that 


(Vi) (ie T > ui(X;) = 1). 


It is clear that an arbitrary strictly separated family (u;);c7 of probability measures is 
weakly separated. 

In connection with the definitions above, see [73] where the structure of weakly sepa- 
rated and strictly separated families of probability measures is investigated. 


In the general theory of statistical decisions there often arises a question of transition 
from a weakly separated family of probability measures to the corresponding strictly sepa- 
rated family. In this context, the following result is of particular interest. 


Theorem 12.1 Jn the system of axioms (ZFC) the following three conditions are equiv- 
alent: 

1) The Continuum Hypothesis (¢ = 2%? = X; ); 

2) for an arbitrary probability space (E,S,u), the u-measure of the union of any family 
(E;)ier of u-measure zero subsets, such that card (T) < c, is equal to zero; 

3) an arbitrary weakly separated family of probability measures, of cardinality contin- 
uum, is strictly separated. 
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Proof. 

1) — 2). Let (E,S,u) be an arbitrary probability space and let (£;)j<; be a family of u- 
measure zero subsets of E, such that card(/) < c. Applying condition 1 ), we have card(/) < 
œ, where œ denotes the cardinality of the set of all natural numbers. Finally, applying 
semiadditivity of the measure u, we obtain 


u(Uic1Ei) < X U(E) = 0. 


icl 
The implication 1) — 2) is thus proved. 


2) — 3). Let Wg be the first ordinal number of cardinality of the continuum, let (Ue )e<ey A 
be a family of probability measures defined on a measurable space (E, S) and suppose that 
there exists a family (Xg)g<o » of measurable subsets of E such that 


(VE) (VT) (É x Wp & Tx Wp > ug (Xr) = 8(E,7)), 
where 6(€,7) denotes Kronecker’s function on the Cartesian square 
[0; œ [x [0; œf 


of the set [0; ag]. 
Let 


(VE)(E < Wy >Y; = Xz \ UX). 


t<E 


Utilizing the condition 2), we conclude that (Yz)z@, is a disjoint family of measurable 
subsets of the space E, such that 


(VENE < œ > He (Ye) = 1). 
This means that the implication 2) — 3) is proved. 


3) — 1). For arbitrary x €]0; 1|, define the o-algebra B, of subsets of the space A, = 
]0; 1[x]0; 1[ by 


B= { Y|Y C Az & (card(YN( { x } x]0;1[)) < Xo)v 


(card(({ x} x]0;1D\Y) < Xo) }. 
For arbitrary x €]1;2[, denote by B, the o-algebra of subsets of the space A> defined by 


B, = {Y|¥ C A & (card(Y¥ n (JO; 1[x {x-1 })) < Xo)V 


(card((J0; [x {x-1}) \Y) < Xo) } 
Let us put 
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S= AN Be 
x€]0;1[U]1;2[ 


It is clear that each element of the families 


( {x} x]051[)xejo.1j and (JO; 1[x {x1 } )xej:21 


belongs to the o-algebra S. 
Define the family (Ur)rejo: 1[U}1:2[ Of probability measures by 


1, if card(({t} x]0;1[) \Z) < Xo, 
(Vt) (t eoulz = f 0, if card(({t} x]0;1[) NZ) < Xe ) 


. ts iPeara (OA NAE, 
Veau =f O. ifearac(l0 ix {P11 \AZV< Ke) 


’ 


for Zes. 
Let us consider the family (X;)rejo; 1[U}1;2; Of measurable subsets of the space A>, where 


meaw] oip aeih, teat) 


It is clear that the family (u )te]0;110]1:21 of probability measures is weakly separated, 
because of 


(Vti )(Yt2)((t1;t2) € (10; 1[U]152[)? > un (Xn) = 8(41,42)), 
where 8(.,.) denotes Kronecker’s function defined on the Cartesian square 
(10; 1[UJ1;2[)* 


of the set ]0; 1[U]1; 2]. 

From condition 3) we have that the family (Ur )reJo.1[U}1:2[ of probability measures is 
strictly separated. This means that there exists a family of disjoint measurable subsets 
(¥;)rejost[uji;2[ Such that 


(Vt) (t €]O; 1[U]1;2[— u (Y) = 1). 


We may assume, without loss of generality, that Y, C X; for all £ €]0; 1[U]1;2[. Let us 
consider the sets A = U,cjo.1, ¥ and B = Uyeji:2/ Yr- 
It is clear that A and B do not have common points. On the other hand, we can write 


(Wx) (x €]0; 1[— card(( { x } x]0;1[) NB) < Xo & 


& card((JO;1[x { x } JNA) < Xp). 


Denote by (Cg) txo, Some injective transfinite sequence of horizontal segments of the 
space Ap. It is clear that 
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card(AN( LJ Cze)) < Xox Ri =X. 


Exo) 
We have to prove that the orthogonal projection of the set 
AN ( U Cz) 
EX@| 
on the interval ]0;1[x { 0 } coincides with this interval. 
Indeed, let a be an arbitrary vertical segment of the space A>. Since, 


card(BNa) < Xo, 


there exists an ordinal index &) < @; such that the point of the intersection of Cz, and a 
belongs to the set A. This means that the set A N (Ue <o, Ce) is projected on the whole 
interval ]0; 1[x { 0 } and,therefore, 


Qo < X]. 


Remark 12.1 Note that the implication 1) — 3) was obtained in [73]. The validity of 
the implication 3) — 1) was established in [133]. 


Remark 12.2 M.Coldstern (5.08.2002) offers a different proof of the equivalence of the 
conditions 1) and 2). His proof is based on the following fact: 


Fact A: There is a measure space and a family of X j-many measure zero sets whose 
union is not measure zero, and not even measurable. 


Notice that Fact A is true in the usual axiomatic set theory (e.g.,in ZFC). 

One proof of Fact A reads as follows: 

Take any uncountable set X. Consider the o-algebra of those subsets of X which are 
either at most countable or whose complement is at most countable. Define the measure u 
by letting u(C) = 0 and u(X \ C) = 1 whenever C is countable. This is a complete measure 
and serves as an example for Fact A. 

Here is the second example (proposed by the same author) with an incomplete measure. 

Consider the o-algebra of Borel sets equipped with the Lebesgue measure. 

Then there is a family of X ;-many measure zero sets whose union is not measurable. 
This example can be found in [44](see Volume 5, Exercise 511X)). 


Remark 12.3 In the system of axioms (ZFC)&(=CH)&(MA) the family of probability 
measures (Ur) reJ0;1[U}1:2[ considered in Theorem 12.1, is an example of a weakly separated 
family of probability measures, which is not strictly separated. 


Remark 12.4 It is reasonable to note that the pair { A,B } constructed in Theorem 
12.1 is similar to the Sierpihski partition of the unit square ]0; 1[? (see, e.g., [163]). 


Remark 12.5 Applying the well-known results of Cohen and Gödel (see [27] and [53]), 
we conclude that each of the following sentences: 


-“for an arbitrary probability space (E,S,u) the u-measure of the union of every family 
(Ej) icr of u-measure zero subsets, such that card (I) < c, is equal to zero”; 
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-“an arbitrary weakly separated family of probability measures is strictly separated, 
whenever its cardinality is not greater than 2*o” , 


are independent of the theory ZFC. 


Let us consider the question of transition from a weakly separated family of probability 
measures to the strictly separated one, when the family of probability measures is defined 
on the so called Radon metric space( About the notion of a Radon metric space, see, e.g., 
[86],[173]). 


The next auxiliary proposition plays the key role in our further consideration. 


Lemma 12.1 Let (E,p) be a Radon metric space. Let u be an arbitrary 6-finite Borel 
measure defined on E. Then there exists a closed separable subspace E(u) of E such that 


u(E\E(u)) = 0. 


Remark 12.6 We remind the reader that a cardinal number is real-valued measurable 
if there exists a continuous probability measure defined on the class of all subsets of some 
set of cardinality a. In connection with Lemma 12.1, we must also recall that an arbitrary 
complete metric space (E,p) whose topological weight is not a real-valued measurable 
cardinal, is a Radon metric space (cf. [88],p.48,Theorem 7). 


The following important result is essentially due to Martin and Solovay (cf.[113]). 


Lemma 12.2 Let (F,p) be a separable complete metric space equipped with some 
probability Borel measure u. If (Ei)icr is a family of u-measure zero subsets of F, such that 
card(1) < c, then (in the system of axioms (ZFC) & (MA)) the outer measure u* of the set 


E =| E; 


icl 
is equal to zero. 


Proof. Let ¢ > 0. We must find an open set including E which has u-measure < €. Let 
P be the collection of all open sets of measure < £; and for p,q € P let p < q mean p C q. 
We first show that the set P satisfies the c.c.c. Let Q be a pairwise incompatible subset of 


P: Let i 
Qn = {p E Q: m(p) < (1- 538)}- 
It is enough to show that Q, is countable. 
Let E’ C F be a countable set everywhere dense in F. 
For each p € Q,, choose p C p so that Dis a finite union of open balls with center at £’ 
and rational radius such that 


= € 
U(P—P) < Sr 
Since all such finite unions constitute only a countable family, it suffices to show that if 

p and q are distinct members of Q,, then p 4 g. Suppose p = g. Then 


puq C (p\p)Ugq, 
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so i 
u(pUq) < Z+ — me SE: 

This implies that p and q are compatible, which contradicts p,q € Q. 

For i € I, let D; = {p € P : E; C p}. Using the relation u(E;) = 0, we easily conclude 
that D; is dense in P. By Martin’s axiom it follows that there is a subnet D of P which meets 
every Dj. 

Let G be the union of the members of D. Then G is open. From D; 1D # 0 we find that 
E; CG,soE CG. 

It remains to show that u(G) > £ leads to a contradiction. By Lindel6f’s theorem, G is a 
countable union of sets in D. It follows that there is a finite union G of sets in D such that 
u(Gı) > e€. But since D is a subnet, some member of D includes G; and hence has measure 
> eg. This is a contradiction, and Lemma 12.2 is proved. 


The following theorem is valid. 


Theorem 12.2 Let (F,p) be a Radon metric space. Let (uj)icy be a weakly separated 
family of Borel probability measures with card (T) < ¢, defined on (F,p).Then,in the system 
of axioms (ZFC) & (MA), the family (u;)jez is strictly separated. 


Proof. Note that an arbitrary Borel probability measure u defined on the space (F,p) 
has the property 


(VJ) (W(Xi)ier)((card (J) < 2*° & (Vi) (i€ J > 


— u(X;) = 0) > (UX) = 0) 
ied 
Indeed, by Lemma 12.1 applied to u, there exists a separable closed support F (u) in 
(F,p). Let us consider the set 


UX = (Ux) OF wU [EF u) A(X]. 
iJ ied icJ 
Using Lemma 12.2, we conclude that the set (Uj-7X;) Q F(u) is a u*-measure zero 
subset of F (u). Note that the outer measure of the set 


(F\ F(u)) (LX) 
ied 
is equal to zero, because u(F \ F (u)) = 0. 
Let (ui)icz be a weakly separated family of Borel probability measures with card (J) < 
c. Let us represent this family as an injective sequence (uz)¢@,, Where the first ordinal 
number of cardinality J is denoted by @g. Since the family (uz )e.~, is weakly separated, 
there exists a family (X¢)z.,, of Borel subsets of the space F, such that 


(VE) (Vt) (E € [0; Mal & T E [0; Oa[— we (Xx) = 8(6,7)), 


where 6(.,.) denotes Kronecker’s function on the Cartesian square [0; @,[* of the set [0; @q|. 
Let us define an ®-sequence of subsets (Bz )g zo, of the metric space F, such that: 
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)(§ < Oa — Bz is a Borel subset in F); 
)(§ < Oa > Be C Xe); 
1)(VT2)(T1 < Oa & T2 < Oa & T1 FT > Br, NBa = 0); 
)(T < Oa `> u(B:) = 1). 
Take Bo = Xo. Let, for § < ®q, the partial sequence (B;),¢ be already constructed. It 
is clear that 


a(l B:)=0. 


t~E 


This means that there exists a Borel subset Y; of the space F, such that 


U B: C Yg, me(Ye) = 0. 


t~E 


We put Bg = Xz \ Ye. Now, it can easily be verified that the @y-sequence (Bz)z2@, of 
disjoint measurable subsets of the space F is constructed so that 


(VENE = Ou > we(Be) = 1). 


Remark 12.7 Theorem 12.2 generalizes the main results obtained in [132] and [180]. 
Similar results are also discussed in [85],[88],[91],[127] and [131]. 


The next remark shows that all complete metric spaces can be assumed to be 
Radon(under some additional set-theoretical hypothesis). 


Remark 12.8. The following conditions are equivalent: 
a) an arbitrary complete metric space is a Radon space; 
b) there does not exist a real-valued measurable cardinal. 


Proof. a) — b). Assume the contrary and let J be a real-valued measurable cardinal. 
Let u be a continuous probability measure defined on the class of all subsets of J. 

Let us define a metric space (V,p) by: 

I)V=J; 

2) (Vx) (Vy) (xEV &yEV > p(x,y)=lifx Æ y, and p(x,y)=0 ifx=y). 


It is clear that (V,p) is a complete metric space whose topological weight is equal to J. 
The measure is not concentrated on a separable closed subset, because such a subset is at 
most countable and, hence, has u-measure zero. 

b) + a). Let (V,p) be an arbitrary complete metric space and W be its topological 
weight. By using the validity of the condition b), we have that W is not a real-valued 
measurable cardinal. In view of Remark 12.6, we conclude that (V,p) is a Radon metric 
space. 


Chapter 13 


On Ostrogradsky’s Formula in ⁄ 


In 1826, M.Ostrogradsky proved that if D is a non-empty region in R? with boundary dD 
and A = (A,,Ay,A;) is a continuously differentiable vector field, then the volume integral 
of the divergence divA over D and the surface integral of A -n over the boundary dD are 
related by 


f avaav= f A-nds, (13.1) 
D oD 


where divA = As + sae + sae , n(x, y,z) = (cos(Q),cos(y),cos(B)) denote an external 
normed normal of the boundary ðD at the point (x,y,z) E€ ƏD and A -n = A,cos(@) + 
A, cos(y) + A,cos(B), respectively. This mathematical statement describes the physical fact 
that, in the absence of the creation or destruction of matter, the density within a region of a 
space can change only by having its flow into or away from the region through its boundary. 

In 1834, M.Ostrogradsky generalized his result in the case of n-dimensional Euclidean 
space R”. In particular, he has established the validity of the following formula 


=—db, = — ds, 13.2 
È ax (13.2) 


d 
[y OAK g Ligt 
D 
where b,, denotes an n-dimensional classical Borel measure on R”, f is a continuously 
differentiable function on R” which defines a boundary ðD of the region D C R” by the 
equation 


fx, Xn) =O, (13.3) 
A = (Ax) 1<k<n is a continuously differentiable vector field on R”. 


Ostrogradsky’s formula holds in all cases when the field A and its divergence divA do 
not approach infinity in D. It is also valid when the divergence approaches infinity in such 
a way that the integral in the left -hand of the formula (13.1) is convergent. 


The physical meaning of the divergence of a field depends on the nature of the vector 
field A. For instance, for the velocity field v of a gas flow divv is equal to the rate of 
relative expansion of an infinitesimal volume of gas and divpv is equal to the density of 
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mass sources. If the mass of the gass remains constant in the process of its flow we must 
have divpv = 0 (in general case the mass can recieve an increment, positive or negative, 
resulting from a chemical or some other reaction in which the mass can change). At the 
same time we can have divv > 0, divv < 0 or divv = 0 depending on whether the gas 
expands, contracts or does not change its density in the process of flow. 

Our simple example demonstrates that Ostrogradsky’s formula plays an important role 
in the theory of vector fields, when the vecor fields are finite-dimensional. Here naturally 
arises the following problem: 

Whether Ostrogradsky’s formula can be generalized in the case of an infinite- 
dimensional vector field defined on the Hilbert spase 42? 

In this chapter we present one application of the method elaborated in Chapter 7 for the 
partial solution of this problem. 


Here we preserve the main notations introduced in Chapter 7. 


For arbitrary J C N, we put 


lo(J) = { (xe)eez € RI & yx <œ}, (13.4) 
keJ 
Ty((Xk) ker) = (ees (13.5) 


It is clear that, if card(J) < œ, then 
h(I) =R!. (13.6) 
One can easily demonstrate, that 
B((J1 UJ2)) = B(4:(Ii)) x B(2(J2)) (13.7) 


for Jı, J2 C N with Jı NJ2=0, where B(-) denotes a Borel o-algebra of the corresponding 
space. 


Lemma 13.1 A functional uy, defined by 
(WX) (X € BLD) = wy(X) = vs(Tj"(X))) (13.8) 


for J CN, is a translation-invariant Borel measure in (J) which gets a numerical value 
one on the cube 


1 
[0.4]. (13.9) 


ie] 
Lemma 13.2 Let Jı, J2 C N such that Jı O J2 = 0. Then the following condition 
(VX1)(VX2)(0 < uz, (X1) < œ & 0 < py, (X2) < œ% > 


> Hy, (X1) x My, (X2) = uzun (X1 x X2)) (13.10) 
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holds. 
Proof. We have 


Hyun (Xi X X2) = vnum (Thy, (X1 x X2)) 
=f Fags, vo) Odru (Edenu) 
IM S% 
keJ UJ2 


= | frp (Bien) X fry g) (Bien a UH (ica) 


M S& 
keJ, UJ2 


= J fry xy (Bien dAn Keien) x / frico) (Eiend, ((Siien) 


II Sk Il Sk 
keJ1 keJ2 
=v, (Tj (X1)) x Vz (T5, (X2)) =H (X1) xun X2). (13.11) 


This ends the proof of Lemma 13.2. 


Here we introduce some notions of the theory of vector fields in 42. 
Let D; be some Borel subset in 42(N \ { i}) with 0 < my { (Di) < œ and let 


fi: Di £( { i}) 
be any real-valued function on D;. 
The set’ C 42, defined by 
Dp = { (x0 Xii, fil oy XiX) Xi) 
: (X0, p, Xi—1;Xi41; t) € Di} ` (13.12) 
is called a surface generated by the function f;. 
We say that f; is differentiable at the point (xx),en\,i if there exists (Ck)ken\ { i} € 


fo(N\ { i}) ando: &(N\ { i}) — R with the property 


lim o((ho,--- ,Ai-1,hi41,°°+)) =9, (13.13) 
Leen ei hg 0 


such that an equality 


Fil (%0 + Axo, +++ X41 FAM 1,Xi41 tA, ++)) — filo y Xi-1,%415°°')) 


= » CyAx, +6(Axo,+++ ,Axi—1,Axi41,°°-) > (Axx)? (13.14) 
keN,k#i keN,k#i 
holds for arbitrary 


(Axg)cen cgi € £2(N\ {i} (13.15) 
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If a function g(x) = fi(ao,--+ ,ak—1,4k +x,ak+1, + )) is differentiable at 0 € R, then 
the value dgr (0) is called a partial derivative of f; with respect to the value x, (k € N\ { i}) 


at point a = (aj) jen\ { i} and is denoted by oh (a). 

Note that if x; = f;((x0,-*- ,Xi-1,Xi+1,°++)) is differentiable in above-mentioned sense 
at the point (a j) jen { 7, then Ck = É (aj) jen { }) for arbitrary k € N\ { i}. 

Note also that if x; = fi((xo,--+,%i-1,%i41,°::)) is differentiable at the point 


(aj)jen\ {i> then a surface Ty has a tangential plane my at the point M = 
(a0, +: ,4i-1, filao, »4i-1,4i+1,°**),4i41,°*+) which is defined by: 


dfi 
nu = {(xr)ken| (hen ELN) E } ga, (arem { ip) (k — aK) + 
keN\ { i} OK 
(xi — fi((@o, +++ ,ai—1,đi+1;:+))) = OF. (13.16) 
We say that a Borel subset D C 42(N) is simple in the i-th direction if there exists a 
Borel subset D; € 42(N\ { i}) with 0 < uy { (Di) < œ% and the differentiable functions 
y and yý defined on D; such that 
1) (Vx) (x € Di 3 YP (x) < BY (x); 


2 D= { (xe)ken| (xo; =: Xi-1,Xi41,°°°) E€ Di & 
PP (o „Xiz ee) < Xi < PO G Xiz Xi by (13.17) 


A subset D C 42 (N) is called simple if it is simple in the i-th direction for every i € N 


and S;NS; =0 for 0 <i < j< œ, where S; =T uw Uryw fork €N. 


pl pl) 


Let M € S; and Ty be a tangential plane to the surface S; at the point M. A normed vector 
nj, is called an external normed normal of the surface S; at the point M, if cos(< (nh, ei)) > 
0, ny L Ty when M € Py, or cos(Z(niy,e:)) < 0, ny L Tm when M € Tyo- A vector 

2 1 
—nj, is called an inner normed normal of the surface S; at the point M and is denoted by 
nm: 

A simple Borel set D is called a cube-set if ny, L e; for every different i, j € N and 
M; € Si. 

Remark 13.1 Note that a set []jen|x;,x;+ = [is the cube-set in 4% for arbitrary (x;)ien € 
b. 


Let D C 42(N) be a cube-set in above-mentioned sense. 
A surface integral of the first order from the function g : 42 (N) — R along i-th surface 
S; of D is denoted by f s; 84s; and is defined by 


ca fe UM) o z Í e ee ee 
h= h Seana ayy 0 Jp Solon re eM 
(13.18) 


where 
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Mk = (x0, ER U A Xi- Xit t Xit) for k = 1,2, 


+ ay ay aw") 

Ay og 2 ye ep M), 
+ _ awl) avy) aw) 

2) =N a Ta Fee) (M2). 


If the series ) | fi s; 845; is convergent then its sum is called a surface integral of the 
first order from the function g : £,(N) — R along the surface ðD and is denoted by J,5, gds, 
i.e., 


ds = f, sds 13.19 
f sas 3 85s (13.19) 


A surface integral of the second order from the function g : 42 (N) — R along the surface 
OD (in the i-th direction) is denoted by f3 gdun ti, and is defined by 


[seen = f slor wea PP o easterly") eis) Gta 


f, elor xi PP (x0, Xiz Xith J Xit Jaana: (13.20) 


We need the following auxiliary proposition, which can be considered as an analog of 
Fubini theorem in 5. 


Lemma 13.3 Let a Borel set D be simple in i-th direction and g be a uy-integrable 
function defined on D. Then the following formula is valid 


wh) (xo; Ai Xi. ) 
[see = img gdu ti dun ti): een) 


PP Go xiii) 


Proof. We put v;(-) = unq} (Di) x unga E lDa, where unga C |D:) denotes a condi- 
tional measure. Let us consider a product measure 4{;, X Vj. 
Let show that 


(VX) (X € B(D; x OHH) > un (X) = (ug x vi)(X)) (13.22) 


It is clear that the sets of the form X; x X2, where X; € B(({i})) and X € B(D;), 
generate a o-algebra of subsets of D; x Ltn. Actually, 


(ut xv;)(Xı x X2) = uş (X1) x Vi(X2) = uş (X1) x Un \ {i} (X2). (13.23) 


Using Lemma 13.2, we have 


Mri} (X1) x unga (X2) =n (X1 x X2). (13.24) 


Now, using Caratheodory’s well-known result we conclude that 
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(VX) (X € BUD; x f2({i})) > un(X) = (Mga x vi)(X)). (13.25) 


Consequently, 


(VX)(X € B(D) — san (X) = (ga, xVi)(X)). (13.26) 


Using Fubini theorem, we establish that 


i Cee, ; Ja 
, EaU fi JAUN {} = 

Di BO (xo, Xi-1 Xit1 5) H ii 
j a j y d( ) d 
Di PP (xop Xi-1 Kit 7") B R d z 


(13.27) 


This ends the proof of Lemma 13.3. 


The main result is formulated as follows. 


Theorem 13.1 Let D be a cube-set in €)(N) and let A = (Ai)ien be a continuously 
differentiable vector field in l> such that 


= y Ai ~ f OA; 
eS os dun = | Sd. (13.28) 
i i=1 l 


Then the following formula is valid 


| divAduy = I, < Tu (A), my >% ds, (13.29) 
D xdD 


where < -,- >¢, denotes an usual scalar product in b2. 


Proof. Using Lemma 13.3, we have 


P (xop ene OA; 
‘ pate | i d a= 
JE a m= f Wi aeai Ox; Mt) MN\ {i} 


=f (i+1)(4:(x0, x11, P r Xe) Xi) 


-A;(xo i xi PP (00 ipta tan dung = 


=a Ai(M,)cos(Z(nm,*,e;)) Ai(M2) cos(Z(nm,* ,e:)) 
=(rix f Liane a e Ne 
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=f (i+ 1)A;cos(Z(ny" ,e;))ds; 


=F jí (i+ 1)A;cos(Z(ny* ,e;i))dSk 
k>1 


= S, Geo es. (13.30) 
xdD 
Following (13.28) and (13.30), we have 


[paiva = [Sa -È [4 


s HE (i+ 1)A;cos(Z(ny*,e:))ds 
i=1’* 


=) (i+ 1)A;cos(Z(nm” ,e;))ds 


=| <Tq1(A),mmt) >e, ds. (13.31) 
*dD 
This ends the proof of Theorem 13.1. 


Remark 13.2 Under our notations, the formula (13.2) can be rewritten as follows 


if divAdu ry... ny} = ie < Tisi (A), ni >o ({1,-,n}) dS, (13.32) 


where < -,+ >,({1,... n}) denotes an usual scalar product in 42({1,:-:,n}) = R”. By this 
reason the formula (13.29) can be considered as a generalization of Oa s formula 
(13.2) for cube-sets in 42. 


In context of Theorem 13.1, the following simple example is of interest. 


Example 13.1 Let A be a field in 4 defined by 


nix; 
A((Xi)iew) = (= iew, (13.33) 
and let D = Aj, where 
1 1 
Ap = | [lbi- >. 1+ s 13.34 
i II! IGT sa41)! (13:34) 


for b = (bi)ien E by. 
Then, following Theorem 13.1, we have 


<T! (A).n >ads= J È duy = 
M A) me) >a ds= | D Sede 


ie: Y dun =( ee f duy =e*-1. (13.35) 
R> 1 


Chapter 14 


On Generalized Fourier Series 


In this chapter we present one application of a partial analog of a Lebesgue measure in 
Banach spaces with basis. In particular, in the Solovay model we introduce generalized 
Fourier series in infinite-dimensional separable Banach space with basis and investigate 


some of its properties. 


Here we preserve the notations given in Chapter 7. 


Lemma 14.1 Let Cg = hg + (0, 1N\E for B € [0, x] (xk > 0) and hg € RAMO., Then 


Fy pctomi{B}Cp (Bk (Siien\ (ay) = He | (8x) N lO, xl) 


for arbitrary (gx, (gi)ien\{a}) € Sk X [lieno Si 
Proof. Note thatif B € f,-'(gx)N[0,x¢[, then 


HT (80) ( T Eein ALB} x Cp) = 


icN\ fk} 


#(( II A7')((gdien\3) Cp) = 1. 


icN\{k} 


If B € [0,xe[\ fz (84), then 


#((fe edx TI fi ')((eidicm cay) V({B} x Cp)) =#(0) =0. 


icN\ fk} 


Hence, we have 


yee {B}xCp (8k; (Si)ien\ {x}) = 


HA (ed X(T] Aedini E {B} x Cp)) = 


icN\ {k} Pe[0,x[ 


HA ex T] Fedenn A {BEX Cp))+ 


icN\ fk} Bef ' (gx) M[0.xel 


(14.1) 


(14.2) 


(14.3) 
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HA ex T] Fedenn E {B}xCp)) = 


iEN\{k} PEON | (sx) 
#(fe (8) N [0, xf). (14.4) 
This ends the proof of Lemma 14.1. 


Lemma 14.2 Let B be an infinite-dimensional separable Banach space with absolutely 
convergent basis T = (ez)zken. We set 


A(h) = (Xk)ken (14.5) 
forh = Y¥kenxrek E€ B. Then in Solovay’s model, a functional uy, defined by 
ur(X) = wn (A(X)) (14.6) 


for X C B, is a translation-invariant diffused measure which gets a value one on the set 
A= {Leen er : (Ox)een € [0, 15}. 


Proof. The functional ur is a measure, because 


ur( È Xx) Sun ACÈ X) = Y un (A(X)) = Y} ur (X:)- (14.7) 


keN keN keN keN 


The functional ur is translation-invariant. Indeed, for h € B we have 


ur(X +h) =un(A(X +h)) = un(A(X) +4 (h)) = un(A(X)) =ur(X). (14.8) 


Since uy is the diffused measure, for h = } pen xek € B we have 


ur({h}) = un({A(A)}) = unl re)een }) = 0. (14.9) 
The last relation means that ur is also a diffused measure. 
Clearly, 
yr (A) = ww (A(A)) = sn ([0, 1) = 1. (14.10) 


This ends the proof of Lemma 14.2. 


Let J CN. We set By = {b = X zen Okek : DE BK OL > Oif k € Jando, <O0ifk ¢ J}. 
It is clear that B = } jcn By. 
Let (bx) xen be a family of elements in B, such that 


È | [bel] < 2. (14.11) 
keN 
We set 
P(bi,---)={} arb : (te) een € (0, 1M}. (14.12) 


keN 
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Clearly, P(b,,---) can be considered as an infinite-dimensional parallelepiped in B gener- 
ated by the family of vectors (bx) xen. 
Let b € B. A formal series 


E CPLO up(Pler, ++ see-1 Beets ))ee (14.13) 
keN 


and a sequence of real numbers 


((—1) +1 (P(e, akd ,€k—1;b,€k+1, TE -)))keN ; (14.14) 


where J is a unique subset of N for which b € By and Indj(-) denotes an indicator of the set 
J defined on N, are called a generalized Fourier series and a family of generalized Fourier 
coefficients of the element b in the basis I’, respectively. 


Theorem 14.1 Let B be an infinite-dimensional Banach space with absolutely conver- 
gent basis T = (ex) xen and let b € B. Then, in Solovay’s model, the generalized Fourier 
series of the element b € B in the basis T coincides with its representation in the same basis. 

Proof. Let b = } enxe. By the definition of the infinite-dimensional parallelepiped 
P(e1,-++ ,€x—-1,0,ex41,°++) we have 


P(e1,+++ ,€x-1,b,€k415°7*) = Uaec ni ) eito}, rei} = 
iEN\{k} icN 


Vey e[0,1[ Uong elo Me { $ aerton, }, xieit Oxer} = 
ieN\{k} ieN\{k} 


Uae (CUaengeoamMmot Z weta J, xei) t orxer). (14.15) 
ieN\{k} ieN\ {ky 


Hence, we have 


A(P(e1, ++ ,€4-15D,€k+15°**)) = Uae, {ore} x ([0, 1/8 Hon (xa) iem). 


(14.16) 
If x, =0, then we have 
Mr(P(e1,°+* ,@k-1,0,ex41,°**)) =MN(A((P(e1,- ++ ,ek-1;,b,ek41 t: )) = 
HN (Uage(o,1({0} x ([0, 14 +04 (i)ien g) Sun} x RY) = 0 = xe. 
(14.17) 


Now assume that x, > 0. By the definition of the measure ur, we have 
ur(P(e1,: +: 5x10, ee+1,°°+)) = MN(A((Plei, +: ,ek-1,9,ee+1,°°+)) = 


unl $ frou} x ([0, 19+ 014 (7) cern (a9))- (14.18) 


OE [0,1 
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We set 
Da, = [0, 1M +0 xien (14.19) 


We have 


un(A(P(e1, cate Ck—-1,0,€k 41, oe )) = | Fragen ({euex} <Da) (8) dAn (8). 


Tien Si 
(14.20) 


Using Fubini theorem and Lemma 14.1, we have 
I. SEaren} xDa,) (g)dAn (g) = 
f i: Frppeton){Br}*D p, (Bk (Si) ien\ (ay) Am fay (liier tay EA (8r) = 
k Y Tien tx} Si Te 


i f ; Fp clam) Bu} xCp, (ks (Biene dAn (43 (liier lde (84) = 
k Y Tlie gx} Si 


Los Bee GUO. Den leienda le) = 


JEEE DDS din ledien dTe 


icN\ {k} Si 
[ #(f, | (gx) N [0x Dd Aga (Bx) = xxl: (14.21) 


The validity of the formula (14.21) can be obtained analogously for x; < 0. 
This ends the proof of Theorem. 
Remark 14.1 Note that if there exists a basis 1* = (e{)xen in B, then always exists 
an absolutely convergent basis T = (ex)zen. In this direction we can set T = (ek)keN = 
(speek) ken Tf (xk)ken are coefficients of the representation of the element b € B in the 


basis T, then (yx) xen, defined by 


yk = 2* ez ||x, (k EN), (14.22) 


are coefficients of the representation of the element b € B in the basis T*. 
Corollary 14.1 Let B be an infinite-dimensional separable Banach space with a basis 
T = (ex)gen such that ¥ pen |\ex|| < œ. Then in Solovay’s model for b € B we have 


b= £ (1P (P(e, -+ ,ek-1;b,€k41;"**))€k, (14.23) 
keN 


where J is a unique subset of N for which b € By. 
Let Lx be a vector space in B, generated by the vector eg for k € N and let Lẹ} be a 
cospace of Lx. Let < ex, > be a linear functional which gets a numerical value one on ex 


On Generalized Fourier Series 199 


and which is identically equal to zero on Le. respectively. Then, in Solovay’s model, we 
have 


(Vb) (b EB—>< ep,b >= (—1)/74i©) + (P(e1,- ie (RAO eS g -))). (14.24) 


Corollary 14.2 Let (H,< - >) be an infinite-dimensional separable Hilbert space 
with an orthogonal basis T = (ex)xen such that ¥ zen |\ex|| < œ. Then, in Solovay’s model, 
forh € H we have 


<er, h >y= |lex||?(—1) "9+ up (P(eq, ++ ,ek-1,h,ek41; +), (14.25) 


where J is a unique subset of N for which b € Hy. 
Corollary 14.3 Let R” be a finite-dimensional Euclidian vector space with a basis 
T = (ex) 1<¢<n. Then for b € R” we have 


n 
b= (-1) OM ur(P(e1, + ,ek-1,b,€kt1,** ,en))er, (14.26) 
k=1 
where J is a unique subset of {1,--- ,n} for which b € R?, ur is a Lebesgue measure which 
obtains a numerical value of one on the parallelepiped P (e,,--- én). 


Remark 14.4 Note that (14.26) is equivalent to the well-known Crammer’s formulas 


det(e ,- a Ck—-1,0,€k+1, wee ,€n) 
= —— (1 XK <n), 14.27 
i det(e1,--- ,€n) (I Sk<n) ( ) 
where det(a1,--- ,an) denotes the determinant of the matrix defined by the family of vectors 


{ap:1<k <n} CR". 
Indeed, one can easily check the validity of the following equality 


|det(b1, -+ ,bn)| = un(P(e1,: +> ,ek)jur(P(bi, +: ,br)), (14.28) 


where u, denotes a standard Lebesgue measure on R”. 
Using (14.28) and the simple fact that there exists a unique subset J C {1,---,n} such 
that b € R', (14.27) can be rewritten in the equivalent form 


xp = (—1) PUO (Pler, 64-1, e415 "+ yen) (14.29) 


for k € {1,---,n}, where Indy(-) denotes an indicator of the set J defined on {1,--- ,n}. 
Remark 14.5 By using the technique elaborated in Appendix 15.3 and in papers [2],[3], 
one can obtain analogous results in the system of axioms ZFC. 


Chapter 15 


Appendix 


15.1. On one problem of J.R.Christensen 


We begin our discussion with some notions of “small” sets in abelian Polish groups intro- 
duced by J.R.Christensen in [28]. 

Let (G,+,p) be an abelian Polish group and let L be the class of all Borel probability 
measures on G. Let gi denote a completion of u € L. 

Definition 15.1.1 A class U(G) of subsets of G, defined by 


U(G) = (| dom(p), 
HEL 


where dom(fl) denotes a domain of ff, is called a class of all universally measurable subsets 
of the abelian Polish group (G, +,p) . 


Definition 15.1.2 Following [28, p.30], a universally measurable set S is called a Haar 
zero Set if there exists a probability measure u on U (G) such that u(S +h) = 0 forh € G. 
The measure u is called “testing” measure for S. 


In 1973 J.R. Christensen posed the following 

Problem 15.1.1 ([28],Problem II,p.38). Let (Aj) jcr be a family of universally measur- 
able pairwise disjoint subsets of the abelian Polish group (G,+,p) which are not Haar zero 
sets. Is then I at most countable ? 

Since in locally compact abelian Polish group G the notion of “Haar zero sets” coincides 
with the notion of “Haar measure zero sets”’(cf.[28]), and the Haar measure on G is 6-finite, 
we easily conclude that the answer on above-mentioned problem in such groups is positive. 

Now let N denote the set of all natural numbers. 

Let R” be a group of all real-valued sequences defined on N with the usual addition 
operation “+”. Let a metric p on R” be defined by 


oo 


lxi —yil 
V(xiien, Yiliey € R” iien, Viien) = } =). 
( ( i)ieN (viien > P((xi)iew (yi) eN) Laatu. 
Note that then (R”,+,p) is an infinite-dimensional abelian Polish group. 
The purpose of the present section is to give a negative answer on the above-mentioned 
problem in (R”,+,p). 
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In the sequel we need some auxiliary propositions. 

Lemma 15.1.1 Let u be an arbitrary probability measure on U (R®). Then there exists 
a compact subset K C R® such that u(K) > 0. 

This lemma immediately follows from the inner regularity of Borel probability mea- 
sures in Polish spaces(cf. [86]) and the simple fact that K € U(R®). 

Lemma 15.1.2 Let K be any compact set in (R®,+,p). Then there exists a family of 
closed intervals (|a;,b;|)icn such that 


Kc Į [la;bd. 


iEN 


Proof. For arbitrary i € N we set Uq p) =] — k; k[xR\{®. It is clear that (Ug x))ken is 
the family of open sets in (R”,+,p) such that 


R” = Uken U{i k). 


Since (U; x))xen covers K, for i € N there exist k; € N such that K C] —ki;ki[x RN (i € N). 
If we set [a;;b;] = [—k; — 1;k; +1], then we obtain 


K C Nien] — kiski[xR\ C Miewlanbi] x RY = [] laid). 
ieN 


This ends the proof of Lemma 15.1.2. 
Lemma 15.1.3 Let J be an arbitrary subset of N. We set 


Ay = {(xiiew : xi > Oforie lS & x; <OforieN\J}. 


Then A, is an universally measurable (moreover, Borel) subset in (R”,+,p) which is not a 
Haar null set. 
Proof. We set 


ee [0,of, ifieJ, 
(view +B, = 4 F20]: Ary 


(Vi) (iE N > Ci = R\\Ù x B;). 


It is obvious that C; is a Borel subset in (R”,+,p) for i € N as well their intersection NjeyC;, 
which exactly coincides with A;. Since an arbitrary Borel subset is universally measurable, 
we deduce that A, is universally measurable. 

Now let assume the contrary and let u be a “testing” measure for Ay. By using Lemma 
15.1.1, we conclude that there exists a compact set K in (R®,+,p) such that u(K) > 0. By 
using Lemma 15.1.2, there exists a family of closed intervals ([a;,b;]);cy such that 


Kc Į] [la;bd. 
icN 
We set 


o 0) _ f —max{|a;|+1,|b|+1}, ifieJs 
WCE No ={ marla ti Pri arene 
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Then, for ho = (nO) ic N we get 
H(A; +ho) > u((Ay +0) OK) =u(K) > 0, 


which contradicts to the assumption that u is a “testing” measure for Aj. 
This ends the proof of Lemma 15.1.3. 


Our main result is formulated as follows. 


Theorem 15.1.1 ® = {A; : J C N} is the continual family of universally measurable 
(moreover, Borel) pairwise disjoint subsets in the abelian Polish group (R®,+,P) every 
element of which is not Haar zero. 

Proof. By using Lemma 15.1.3, we must show only that ® is a family of pairwise 
disjoint subsets and the cardinality of ® is equal to c, where c denotes the cardinality of the 
continuum. 

Assume the contrary and let Aj, and Aj, be two different elements of ® such that Ay, N 
Aj, #9. Without loss of generality we can assume that J; \J2 40. Let h = (hi)iew € 
Aj, MA, and ig € Jı \J2. Then for hj, we get , hj, > 0 (because h € Aj,) and hi, < O(because 
h €Aj,), which is not possible and we have proved that ® is the family of pairwise disjoint 
universally measurable subsets in (R”,+,p). 

Note that 

card(®) = card({J:J CN }) =c. 


This ends the proof of Theorem 15.1.1. 


Remark 15.1.1 Theorem 15.1.1 gives a strict argument for applications of non-6-finite 
Borel measures in infinite-dimensional analysis. Note here that such applications were 
considered in Chapter 7( cf. interpretations 7.1—7.5). 


Remark 15.1.2 The result of Theorem 15.1.1 is belonging to Dougherty (cf. [66, The- 
orem 2.18.2, p.59). Other interesting investigations in general groups concerning with the 
Problem 15.1.1, can be found in [66, Chapters 2,5]. 


15.2. On one question of R.Baker 


Let R be the real line and R” stand for the space of all real-valued sequences, equipped 
with the Tychonoff topology (i.e., the product topology). 

Let us denote by B(R®) the o-algebra of all Borel subsets in R”. Further, let R be the 
class of all infinite dimensional rectangles R € B(R®) of the form 


R= ] [(az;bi), —% < ai < bi < to, 
i=1 


such that O < Į J2; (b; — ai) := limno J] (bi — ai) < œ. 
Let T; be the set function on R; defined by 
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R.Baker[2] proved that the functional 1, defined by 


(VX)(X € B(R™) > Ay (X int al; :Rj E Ry &X CUR R}}), 


is a translation-invariant Borel measure on R”. 
Now, let R be the class of all infinite dimensional rectangles R € B(R®) of the form 


R= | [R;, Ri € BR), 
i=1 


such that a 
0 < Į [m(R;) := lim T]m(Ri) < 
j more 


where m denotes one-dimensional classical Borel measure on R. 
Let T be the set function on 2, defined by 


R.Baker[3] proved that the functional 15, defined by 


(VX)(X € B(R™) — M(X )= init X (R; : Rj E Ro &X CUR Rj}) 


is a translation-invariant Borel measure on R” and posed the following question: “We do 
not know whether or not the measure A (i.e., A2) coincides with the original version (i.e., 
with the measure A, ).” 


To resolve this question we need some standard notions. 

Let u; and u2 be two measures defined on the measurable space (E,S). 

Definition 15.2.1 ([54],p 124). We say that u1 is absolutely continuous with respect to 
Mo, in symbols u1 < un, if 


(VX)(X € S & (X) =0 > mı (X) =0). 


Definition 15.2.2 ([54],p 126). Two measures u; and uz for which both uw; < u2 and 
My <p are called equivalent, in symbols u1 = u2. 


The answer to above-mentioned question is contained in the following assertion. 

Theorem 15.2.1 The measures i, and d are not equivalent and hy <4. 

Proof. Let show that the measure A, is not absolutely continuous with respect to the 
measure Ap. 

We set X 

(Yk)(k E N > A = ¥ Al”), 
i=2 

where AP = [3i;3i+ 4] for i € N. 

Let consider a Borel set E = [ J}; Ax. 
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On the one hand, we have 


oo 


E) =i) tR; :Rj ER & E CUR Ri} =T([ ]4) = 
k=1 


IQ (Ax) )= lim JJ (Ax) = lim = =0. 


n 
n— oœ 
=1 


On the other hand, a set E is not leo by the union of any countable family of 
elements of R. 
Indeed, assume the contrary and let 


j)jeN = = (TI al): 3b )) jen 
k=1 


be a countable family of elements of ® which covers E. 


We have M 
E=TJ&=T]¥ 4") 


keEN keEN i=2 


For j € N we choose AW ) such that 


Then [] jen A? C E and 
VHG EN >R; NTA =0). 
k=1 
We obtain a contradiction and thus, E is not covered by the union of any countable family 


of elements from Rı. Following convention [2], any infimum taken over an empty set of 
real numbers has the value +æ. It follows that à; (E) = œ. Thus, we get 


M(E) =0 < œ = 14 (E). 


Now let show that the measure Ay <A . This fact follows from the inclusion Ry C R3. 
Indeed, if à (X) = 0, then 


V=) eR; : Rj E Ro &X CULIR; 


HEY (R; :RjE Ri &X CULIR} =A (X) = 0. 


This ends the mee of Theorem 15.2.1. 

In context of R.Baker’s measures we state the following 

Conjecture 15.2.1 The function fr(cf Chapter 7,p. 118 ) is measurable for arbitrary 
E € B(R) and the functional u defined by 


(VEE € BRN) —u(E)= | fole)dTnls)) 
TT Sx 


keN 


coincides with “Lebesgue measure” on RN constructed in [3]. 
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15.3. Representation of Baker measure in the sense [2] by A. 
Kharazishvili’s measures [87] 


Let RN be the topological vector space of all real-valued sequences equipped with the Ty- 
chonoff topology. Let us denote by ‘B(RN) the o-algebra of all Borel subsets in RÙ. 
Let (aj) jc and (b;) icy be sequences of real numbers such that 


(vi (ic N> a; < bj) 


and 


0< [](bi-ai) <œ 


keN 
We put 
A(A,n) =Ro x- xR, x []Ai 
i>n 
for n € N, where 
(Vi (ic N> R; =R&A; = [a;3b,(). 


We put also 
A= BEY & Ba= UnenA(A,n). 
icN 
For an arbitrary natural number i € N, let consider the classical one-dimensional Borel 
measure u; defined on the space R; = R. Let A; denote the restriction of the measure u; on 
the interval Aj. 
For an arbitrary n € N, let us denote by v,, the measure defined by 


Vn = I] pi x | YA, 


l<i<n i>n 
and by V, the Borel measure in the space RN defined by 
(VX)(X € B(RY) > ¥,(X) = v, (X NA(A,n))). 


Remark 15.3.1 Note that a class of sets 
n+p 
A=4{Xx [|] lazbil: X € B(R" x | [lazb:D, n, p EN} 
i>n+p i=1 


is an algebra of subsets of A (A,n) and the functional A defined by 


n n+ 
A(X x I] [a;;b;|) = (J [ui x at Ki) (X) x I] (bj —a;) 
i>n+p i=1 i=n+1 i>n+p 


is a O-finite measure on A. By using Charatheodory theorem, this measure has a unique 
extension on ‘B(A(A,n)), which is denoted by JJ}; ui X Tis, Ai- 

Using the same arguments applied in proofs of Lemma 5.1 and Theorem 5.1, one can 
prove the following assertions. 
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Lemma 15.3.2 For an arbitrary Borel set X C RÙ there exists a limit 


va(X) = lim ¥,(X). 


n— oo 


Moreover, the functional v4 is a nontrivial ©-finite measure defined on the Borel o-algebra 
B(R) which 


Let G4 denotes a group of all admissible translations (in the sense of invariance) of the 
measure V4. Then we have 


Lemma 15.3.2 The following conditions are equivalent: 

1) g= (81,82) € Ga; 

2) (Si)ien € 41; 

Now let K be a class of all positive sequences (ax) xen of RN such that 0 < Then ap < %. 

Let (ak) Ken; (Dk) keN € K. We say that (Ak) keN SS (bk) keN if and only if ViTkew [0.44] = 
VIen lba]: 

Lemma 15.3.3 The relation ~ is equivalence on K. 

Proof. 


I. Obviously, (ax) xen ~ (Ax) ken because View 10,¢2) = Ven [0,a%)° 


IL If (ax)een ~ (de)ken then Vy, foa] = VIent]: Evidently, Vrpen{o,b] = Ven 0.41) 
and we deduce that (by) cen ~ (Ak) ken. 


MI. If (ak) ken jad (bk) ken and (bk) ken = (Ck) KEN; then Ven [0.a%] = Ven [0.04] and 
ee = Vojen[0,ce]> Which follows Vyq,_.. [0,04] = VIent]: Hence, we obtain (ax) ken ~ 
Ck )keN: 


Lemma 15.3.4 Let (ax)xen, (bk)ken € K are not equivalent. Then Vy,-.{0,a;,) + 
VT (0.511. 
Proof. Let show that 
Vieno.) ([ [10,44] TJ (0, b4) =0. 
keN keN 
Assume the contrary. Then 
Viento, [ [10,44] 9 TJ [0,22]) > 0 
keEN keEN 


and by using metrically transitivity of Vyz,_..{0,a,| and Vyq, _,,[0,b,)> We conclude that there exists 
a countable ¢;-configuration D* of TT,en[0, ax] A Teen 0, bk] such that 


VIen 0.44] Brien [0,ax) \P*) = Vrtren 0,04) (Brien [0.b:] \D") = 9- 


Clearly, 
Vy feers(0.a,] ([ [0,44] 9 [J 10, 2x)) = 


keN keN 
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Veno (T Tl [0, ax] II! [0, bx]) = = VIen [0,min{ ag, nol ]10,min{ar,be}). 
keN keN keN 


Using the technique, applied in Chapter 8, one can demonstrate that 


VIken D:a] = VIent, b] = VIen; min {azb} 


and we obtain a contradiction with the condition 


VIen 0.04] F VIen [0b]? 


because (ax)xen and (bz)zen are not equivalent. 
This ends the proof of Lemma 15.3.4. 


Definition 15. 3.1 Let R; be the class of all infinite dimensional rectangles R € B(R) 
of the form 


R=[[(@i,b), =œ% < ai < bi < œ% 
such that 0 < JJ}; (bk — ap) < œ% 


A translation-invariant Borel measure 4 on RN is said to be a Baker measure in the 


sense [2] if 
MT] (ax,e)) =IK (be — ak). 
k=1 k=l 
Let ¥ be aclass of vector subspaces F in V that the following relation is fulfilled 
(VF)(F EF BLOF ={0O}&L+F=V). 


We set Lt = t( F ), where t denotes a global operator of choice. A vector subspace L+ 
is said to be a linear complement of the vector space L in V. 

Below, by using the structure of A.B. Kharazishvili’s measures, we will construct an 
example of a Baker measure in the sense [2] which, unlike the Baker measure [2] and like 
the Baker measure[3], gets a numerical value zero on the set N”. 


Theorem 15.3.1 There exist a Baker measure in the sense [2] which gets a numerical 
value zero on the set NN. 

Proof. Let consider the classes of equivalence (K;)j<7 of K, generated by the relation 
of equivalence ~(cf. Lemma 15.3.3). Let (a) een EK; fori e/. 

We set Aj = Ten 0, a0”, B; = By, and u; = Va,. 

We put 


(VX)(X € B(R) + U(X)=Y $ wi(X - 9B), 


ie] gelt 
where £; denotes a linear complement of the vector space 4; in RN. 


Let show that A is a translation-invariant Borel measure on IRN such that 


oo 


ACJ [lak bi)) = [ [ (bk -a). 


k=1 k=1 
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Indeed: 
I. Let X = Xren Xz, where Xy € B(RN) for k € N. Then 


ME X)=YV VY ul YX -gNB)=YV $} ul} (Xe —g8) Bi) = 


keN icl get}  keN icl geet  keN 
YY Y uiXrgNnB) =} Y} Y w(Xe-—gNBi) = Y} MX). 
icl geet keN keN icl get keN 


Hence, the functional À is o-additive. 
II. Let show that A is translation-invariant. 
Take into account the equality Ga = 41 (cf.Lemma 15.3.2) and the fact that an arbitrary 


element h € 
mathbbR’ is presented in the form h = hı +h2, where h; € £; and hz € £+, we get 


MX +A)=} $ ui(((X +h +M) — =% VY wil((X +h)-8)+h1)NB:) = 


iel geet icl geet 


YY ui(((X+h2)—8))N(Bi+mM)) =} $ wi(((X +h) — 8) Bi) = 


iI gegt icI gegt 
YY uX -(g-m)0B)=}, } uX —(g—h2) N Bi) = 
il gett icl g—hy cbt 
YY u(X - ENB) = AUX). 
icI gett 


II. Let show that 
(b-ag). 


=J: 


(ax,bx)) = 
1 k 


18 


A 


Il 
ran 


k 


Let K be a class of equivalence of K such that (by —ax)xen € Ki). By using translation- 
invariance of A, we have 


oo 


(ak,bk)— (ar)ken) = MT [ (0, 0% —ax)) 
iI 


A 


=]: 


k 


Il 
m 


oo 


Ł $ uil BL (0 bp — ax) — gNB;) = 


il gett k=l 


oo 


Lio (J [0,br- a) - (0,0 e) OBiy) = [ [br —ax). 
k=1 k=1 
One can demonstrate that if Į Jzen(bk — ap) = 0, then A(T Izen (ak; bk)) = 0. 
Finally, A(N”) = 0, because u;(N — gN B;) = 0 for i € I and g, € ¢}. 
This ends the proof of Theorem 15.3.1. 
In context of Theorem 15.3.1 the following theorem is of some interest. 


Theorem 15.3.2 There exists a translation-invariant Borel measure 4, on R which 
satisfies the following conditions: 
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1) A4((0,1]§) = 1; 
2) There exists a rectangle Į [}—; (ax, bx) with O < [Ig (bx — ax) < œ such that 


(ax, bx)) = 0. 


1] 8 


Ai( 


k 


Il 
a 


Proof. We put 


(WX)(X € BIR) > A(X) = $ voiX —gN Boy). 
gelt 


I. Let X = Yen Xz, where Xy € B(RY) for k € N. Then 


(} X) = È Von (YX —gN Boy) = ¥ Vou ($ (Xi —g) Boys) = 


keN gelt keN gelt keN 
L È voip =8gN Bn) =}, } Vous (Xe — 8 N Boy yy) = YA (Xi). 
gelt keN KEN get} keN 


Hence, the functional A; is o-additive. 


II. Let show that A, is translation-invariant. 
Took in an account the equality Gig jy = £1 and the simple fact that an arbitrary element 


h € RN is presented in the form h = hı +hz, where hı € £; and hz € +, we get 


A(X +h) = > Vio,1)§ (((X +h +h2) —g)OBo yx) = 
gelt 


Y vor ((((X +h) — 8) +41) Boy) = 


geet 
Y Vo (((X +2) —8)) A (Bp, +41) = 
geet 
ye Vio, n((X +42) — 8) Boys) = 
elt 
ye Vio,1]§ = (e-h) N Bp n) = 
gelt 
L Von (((X —(g—h2) NBo ys) = 
g—hnett 
Y Voor (X -EN Boy) = %1 (X). 
ZELE 


II. Let show that 
%1 ((0, 1]§) = 1. 


We have 
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= ye Vio,1) ([9, 1]8—gN Boy) = 
gett 


Vio, ([0, 1)‘ —(0,--- ,0) ABosys) = 1. 


IV. Let show that there exists a rectangle []_(ax;b,) with 0 < JI}; (bk —ax) < œ such 
that 


oo 


(I [labo 


k=1 
Indeed, if we set 


co i 7 
ponteiro = E vo 101+ ep Boo 
ya viou(T],1-+(-1)! )NBioays) = 


3 (iim FT AY eg) Ponp ao = 


£ tim [Ja +(-1) i) x (PJN )(T],min{1;1 + (=)=) =0. 


gett” =1 i>n i>n +1 


This ends the proof of Theorem 15.3.2. 

By using theorems 15.3.1 and 15.3.2, we give 

Corollary 15.3.1 R. Baker’s measure A[2] (unlike the classical n-dimensional Borel 
measure b, on R(n > 1)), does not have the property of uniqueness in the class of all 
translation-invariant Borel measures on R which gets a value one on the standard cube. 

Remark 15.3.2 Note that the measure À is absolutely continuous with respect to the 
measure A, but the converse relation is not valid (cf. Theorem 15.3.2, condition 2) ). It 
means that the measure A and A, are not equivalent. In this context we must say that there 
does not exist a Borel measure u on R” which is translation-invariant, absolutely continuous 
with respect to the classical n-dimensional Borel measure b,,, gets a value one on [0, 1]” and 


b, AL. 
Now let u be a Haar measure on [0; 1}. 
We say that a Borel subset X C RN is a standard cube null set if 


(Va)(a € RN > u(X +an [0;1]ï) = 0). 
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We denote the class of all standard cube null sets by §.C.N.S.(R¥). 

Let v be any Borel measure on RN. We denote the class of all v-null sets by N.S.(v). 

Here naturally arises the following: 

Problem 15.3.1 Does there exist a quasi-finite translation-invariant Borel measure v on 
RN such that N.S.(v) = 5.C.N.S.(RY)? 

The answer on this problem is contained in the following assertion. 


Theorem 15.3.3 The measure à is solution of Problem 15.3.1, i.e., 
N.S.(M1) = S.C.N.S.(RY). 


Proof. Let show that 
S.C.NS(RY) C N.S.(M1). 


We set 
Z™ = {(zi)ien € ZN : card({i: z: # 0}) < 0}. 


For X € §.C.N.S.(R) we have 


uxX=} Vo, n (X —gNBo yy) = 


gel 
È von (X -8n Y, (0,10) = 
gelt fEZW) 
E È vow(X—-gn((0,1N+f)) = 


gelt fEZ®) 


ys Vio,w(X —8— fN [0, LS 
gett feZ) 


E } u&-g-Ffn0,1[) =0. 
gelt FEZN) 


The last relation means that X € N.S.(A1). 
Now let X € N.S.(à1). Then we have 


u(X +an([0, 1]8) =a. (X +an[o, 18) <A, (X +a) = 41 (X) = 0. 


The last relation means that X € $.C.N.S.(RN). 
This ends the proof of Theorem 15.3.3. 
Remark 15.3.3 If we consider R.Baker’s measure À, constructed in [2] or [3], then we 

observe that 


S.C. N.S (RA \N.S.(A) £0. 


Indeed, following Theorem 15.3.2, there exists a rectangle [],en(ax;b,) such that 


MTTken (443 bx) > 0 and d (Men (ae: bx)) = 0. 
It can be proved that the following inclusions 


N-S (AL) C N-S (A(2)) C N-S )(= S.-C. N.S (RN) 
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are strict, where by A(1) and A(2) we have denoted “Lebesgue measures” on RN constructed 
in [2] and [3], respectively. 


Following [70], a set X C RN is called shy if it is a subset of a Borel set X’ for which 
u(X' +v) = 0 for every v € RN and some u such that w(K) = u(B) for some compact K. 

The class of all shy sets in R we denote by 5.S.(R'). 

In context of Theorem 15.3.3 the following assertion is of some interest. 


Theorem 15.3.4 There does not exist a quasi-finite translation-invariant Borel measure 
v on RN such that 


N.S.(V) = S.S.R). 


Proof. Assume the contrary and let v be a such measure. Since v is a quasi-finite 
measure there exists a Borel subset U C RN such that 0 < v(U) < œ. From inner regularity 
of Borel probability measures on RN there exists a compact set K C U such that 0 < v(K) < 
v(U). Since K is shy set (cf.[70], Fact 8, p.225), we conclude that K € $.S.(IRN), which 
means that 


S.S.(R)\ N.S(v) £0. 


This ends the proof of Theorem 15.3.4. 

Remark 15.3.4 Let u, be an n-dimensional standard Borel measure defined on the n- 
dimensional vector subspace L C RN, where n € N. Let L+ be a linear complement of L in 
RN. Then the functional àn defined by 


(VX)(X € BRN) > M(X) = E mX — 20) 
gEL+ 


is called an n-dimensional “Lebesgue measure” on RN, 
Since the n-dimensional “Lebesgue measure” on RN is translation-invariant quasi-finite 
Borel measure, we can easily establish that N.S.(An) C S.S.(RY) for n € N. 


Note that non-o-finite quasi-finite translation-invariant Borel measures were not under 
consideration in mathematics. Below we present another interesting (in our sense) con- 
struction of such measures in some metrizable (with complete invariant metric) topological 
vector spaces and indicate their connections with geometry in corresponding spaces. 


Proposition 15.3.1 Let (B,||-||) be a non-empty Banach space. Then there exists a 
quasi-finite translation invariant Borel measure À (which is not 6-finite) in B such that for 
an arbitrary broken line AoA; - - -A p defined by 


AoA 1°: ‘Ap = [AoA fU- -U [A p—1Ap] 
we have 
p-l 
M(AoA1---Ap) = YP (lAr Aall. 
k=0 
Proof. Let Bo be a unit sphere in B, i.e., 


Bo ={h:h€B & ||h|| = 1}. 
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For hı,h2 € Bo we say that hı ~ hp if and only if hy || A2. It is clear that ~ is relation of 
equivalence on Bo. Let (K;)jey be a family of all equivalent classes in Bo. Let (a;)jcz be a 
family of elements of Bg such that a; € K; for i € I. 

Let T; be a line which is parallel to the vector a; for i € J and which contains a zero of B. 
Let TŁ be a linear complement of the vector space T; for i € J. Let u; be the one-dimensional 
classical Borel measure on I; which 


uil{txa;:0<t<1})=1. 


We put 
(VX)(X € B(B) > MX)=}, $}, wi(X -8g0T;)). 


icI ger} 


Now one can easily check that all conditions formulated for the measure A in Proposi- 
tion 15.3.1, are satisfied. 


Proposition 15.3.2 Let R? be a three dimensional Euclidean vector space. Then there 
exists a quasi-finite translation invariant Borel measure u (which is not 6-finite) in RÌ such 
that for an arbitrary Polyhedron P C R? we have 


u(B(P)) = S(B(P)), 
where B(P) denotes the surface of the polyhedron P and S(B(P)) denotes the surface 
area of P. 
Proof. Let Bo be a unit sphere in R3, i.e., 


Bo ={h:h E R? & ||h||= 1}. 


For hı,h2 € Bo we say that hı ~ hz if and only if hı || h2. It is clear that ~ is the relation of 
equivalence on Bo. Let (K;)jcz be a family of all equivalent classes in Bo. Let (ai)icr be a 
family of elements of Bo such that a; € K; for i € I. 

Let T; be a plane which has a normal a; for i € J and which contains a zero of R?. Let 
TŁ be a linear complement of the plane T; for i € I. Let u; be a standard two-dimensional 
classical Borel measure on T}. 

We put 

(VX)(X € BIR’) >u(X)= F Y, w(X— en). 
ie] gert 

Now one can easily check that all conditions formulated for the measure u in Proposition 

15.3.2 are satisfied. 


15.4. “Gaussian Measure” on RY 


Let RN be the topological vector space of all real-valued sequences equipped with the Ty- 
chonoff topology. Let us denote by ‘B(RN) the o-algebra of all Borel subsets in RY. 
Let A= [ J;en (ai, bi) be an infinite-dimensional rectangle such that 


0< ee» —®(a;)) < %, 
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where ® denotes the distribution function of the one-dimensional standard Gaussian ran- 
dom variable (i.e., P(x) = [Xe~ 7 for x ER). 
We put 
A(A,n) =Ro x +- x R, x []Ai, 
i>n 
for n € N, where 
(VI (EN >R; =R & A; = [a;3b;(). 


We put also 


A=[JAi. 


icN 
For an arbitrary natural number i € N we denote by u; the one-dimensional standard 


Gaussian measure on R; = R. Let A; denote the restriction of u; on the interval A;. 
For an arbitrary n € N, let us denote by v, the measure defined by 


Vn = I] pi x | YA, 


1l<i<n i>n 
and by V, the Borel measure in the space RN defined by 
(VX)(X € B(RN) > V, (X) =v,(X NA(A,n))). 


Remark 15.4.1 Note that a class of sets 
n+p 
A={X~x [J lazbil: X € B(R" x T][aizbif), n,p EN} 
i>n+p i=1 


is an algebra of subsets of A (A,n) and the functional A defined by 


n n+p 
A(X x I] [a;;b;|) = [Ju x I] A(X) x I] (B(b;) — ®(a;)) 
i>n+p i=1 i=n+1 i>n+p 


is a finite measure on 4. By using Charatheodory theorem, this measure has a unique 
extension on ‘B(A(A,n)), which is denoted by JJ}; ui X [isn Ai- 

Using the same arguments applied in the proof of Lemma 5.1 and Theorem 5.1, one can 
prove the following assertions. 


Lemma 15.4.1 For an arbitrary Borel set X C IRN there exists a limit 


va(X) = lim V,(X). 


n—-oo 


Moreover, the functional V, coincides with the Standard Gaussian Borel measure T defined 
on the Borel 6-algebra B(RN) which 


va(A) = T] (Pbi) - (a). 


k=1 
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Let Ga denotes a group of all admissible translations (in the sense of quasiinvariance). 
Then Kakutani’s well-known result (cf. Corollary 4.4) admits the following equivalent 
formulation. 

Lemma 15.4.2 The following conditions are equivalent: 


1) g= (81,82) € Ga; 
2) (8i)ien € £2; 


One can easily prove the following Lemma. 


Lemma 15.4.3 Let (gx)ken ¢ l2. Then va Lv), where 
(VX)(X € B(RY) = v(x) =va(X — gM Ba) 


and 
Ba= UnenA(A,n). 


Let introduce the notion of “Gaussian measure” on R”. 


Definition 15.4.1 A Borel measure u on RN is called a “Gaussian measure” on RN, if 
for an arbitrary infinite dimensional rectangles R € B(RÙN) of the form 


R= [ [ (a;b), — oœ < ai < bi < ©, 


k=1 

which 5 T 
0 < J [(®(br) -P(ar)) := lim T](® (bx) - P(ar)) < %, 
k=1 k=1 

we have 5 

H(R) = Hew — (ax) 

=I 

and 


u(R +c) =u(R), 


for all c € 44, where (+ denotes a linear complement of 4. 

Theorem 15.4.2 There exists a “Gaussian measure” on RN and it is translation- 
quasiinvariant. 

Proof. We put 


(vX)(X € BIR) > A(x) = $ r(x -8). 


gcly 


I. Let X = Yyen Xz, where Xy € B(RY) for k € N. Then 


MY X= L rN} &—-s) = VY r} (%-8)) = 


keN gel keN gels keN 


E EM —-g)= YY ks) = YAK). 


gely keN KEN gets keN 
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Hence, the functional À is o-additive. 
II. Let show that for an arbitrary infinite dimensional rectangles R € B(RÙ) of the form 


R= J [ (a;b), — oœ <a; < bi < %, 
k=1 


which 0 < [Jk (® (bx) — P(ax)) < œ, the equality 


holds. 
Indeed, we have 


lim [[(@x) -— ®(ax)) = | [(E(b1) — ®(a))- 
k=1 
ll. Letce lt. Then we will have 


A(R+c) = Ł T(R+c-g)= 


gels 
L T(R- (g-c¢))= }, T(R-8) =MR). 
gE ZEO 


IV. Let show that À is translation-quasiinvariant. 

Take into account that a group of all admissible translations (in the sense of quasiinvari- 
ance) Ga coincides with @) and that an arbitrary element h € RN is presented in the form 
h= h; +h, where hı € b and h? € l+, we get 


MX +h) >04 F r(((X +h +M) -8)) > 0 = 


gcly 


L M((X+h2)—g) +1) > 0 <=> 


gely~ 


L T((X +h2)—g) >O > 


gels 


E TX- (8 -Mm)) >0 = 


geht 
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L T(X-(g—h2)) >04 
g— ho bot 
L T(X —2) > 0 <== M(X) >0. 
gel 

This ends the proof of Theorem 15.4.2. 

Remark 15.4.1 Note that the “Gaussian measure” 4 on RN (like the “Lebesgue mea- 
sure” on RN(cf.[2],[3])) is not o-finite. 

Remark 15.4.2 The role of the measure v4 for construction of the “Lebesgue mea- 
sure” on R‘[2] is same as the role of the standard Gaussian measure I for construction of 
the “Gaussian measure” on RY. By this reason, A.B. Kharazishvili’s measure v4 can be 
considered as the standard Lebesgue measure on RN, 


We say that a Borel subset X C RN is a standard Gaussian null set if 
(Va)(a € R >T(X +a) =0). 


We denote the class of all standard Gaussian null sets by $.G.N.S.(RY). 

Here naturally arises the following: 

Problem 15.4.1 Does there exist a quasi-finite translation-quasiinvariant Borel measure 
von RN such that N.S.(v) = $.G.N.S.(RY)? 

The answer on this problem is contained in the following assertion. 


Theorem 15.4.3 The “Gaussian measure” on RN is the solution of Problem 15.4.1, i.e., 
N.S.(A) = S.G.N.S.(R). 
Proof. Let show that 
S.G-N.S (RÙ) C NS-A). 
For X € S.G.N.S.(RN) we have 


=) 1G) = 


ely 
The last relation means that X € N.S.(À). 
Now let X € N.S.(A). Then, for an arbitrary a € R, we have 


MX) = 0 => UX +a) = 0 = T(X +a-(0,---)) =9, 

which means that X € $.G.N.S.(RY). 
This ends the proof of Theorem 15.4.3. 
Remark 15.4.3 Let y, be the n-dimensional Gaussian measure defined on the n- 


dimensional vector subspace L C RN. Let L+ be a linear complement of L in RN. Then 
the functional I, defined by 


(vX)(X € B(RN) > T,X) = Yo hX -82)) 
gEL+ 


is called an n-dimensional “Gaussian measure” on RN, 

Note that the n-dimensional “Gaussian measure” and the n-dimensional “Lebesgue 
measure” on RN (both defined by any n-dimensional vector subspace L C RN) are equiva- 
lent, which follows N.S.(Ta) = N.S.(An) (n € N). Following Remark 15.3.3, we deduce 
that N.S.(Tn) C S.S.(RY) forn €N. 
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15.5. On one question of P.Komjath 


The present section is devoted to investigation of P. Komjath’s well-known question, which 
is formulated as follows. 

Question 15.5.1 ( [160], Question 1.1, p.2) Suppose that every set of size X; has 
Lebesgue measure zero. Does it follow that the union of any set of &, lines in the plane has 
Lebesgue measure zero? 


P.Komjath’s Axiom, denoted by (KA), is the following statement: 
every set of size X; has Lebesgue measure zero. 


Following Question 15.5.1, the principal object of this axiom is to settle the following 
problem: 


Does the union of any set of X; lines in the plane have Lebesgue measure zero? 


We have the following assertion. 

Theorem 15.5.1. In the system of axioms (ZFC) & (MA)(cf. Chapter 12) the following 
three sentences 

1) X; < 2%; 

2) (KA); 

3) For an arbitrary natural number n > 1, the union of any set of X; n—1-dimensional 
planes in R” has Lebesgue measure zero, 

are equivalent. 

Proof. 1) — 2). Let X = {x; : i € I} be a subset of R, where card(J) = X1. Since 
X, <2¥*°, using the result of Lemma 12.2, we conclude that 41 (X) = 0 and the validity of 
the implication 1) — 2) is proved. 

2) — 3). Let (Tj)ie7 be any set of X; n— 1-dimensional planes in R”. 

Since every set of size X; in R has Lebesgue measure zero, we conclude that card(R) > 
X1. Using again the result of Lemma 12.2, we conclude that 


ln(VieT;) = 0 


and the validity of the implication 2) — 3) is proved. 
3) — 1). Let X be any subset of R of size X1. We put 


Y = Urex {x} x R. 


Applying condition 3 ) for n = 2, we have ¢2(Y) = 0. 
Since Yo = Uyxex {x} x [0,1] C Y, we conclude that 02(Yo) =0. Applying Fubini theorem, 
we have 
€5(Yo) = €1(X) x 41 ([0,1]) = 41(X). 
Finally, we obtain 
A(X) = £2(Yo) < L(Y) =0. 


Since every set of size X; in R has Lebesgue measure zero, we conclude that card(R) > 
X; and the validity of the implication 3) — 1) is proved. 
This ends the proof of Theorem 15.5.1. 
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Remark 15.5.1. Gödel showed that theory (ZFC) & (CH) (equivalently, theory 
(ZFC) & (MA) &(CH)) is consistent, since it is valid in the Constructible Universe(cf. 
[25],p 21). Martin and Solovay proved that statement (MA) & (=CH) is consistent with 
(ZFC)(cf.[25],p 33). Summarizing above-mentioned facts and applying the result of Theo- 
rem 15.5.1, we deduce that each of statements 

(MA) & (KA); 

(MA) & =(KA); 

is consistent with theory (ZFC). 

In particular, we deduce that the system of axioms (ZFC) & (MA) & (KA) is 
consistent if (ZFC) is consistent. Moreover, theories (ZFC) & (MA) & (KA) and 
(ZFC) & (MA) & =(CH) are equivalent. 

By using the result of Theorem 15.5.1, we get 

Corollary 15.5.1. In the system of axioms 


(ZFC) & (MA) & (KA) 


the union of any set of X; lines in the plane has Lebesgue measure zero. 
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